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Preface

| wrote the following book as my senior thesis at the University of Washington which allows me
to graduate with the distinction “graduated with departmental honors.” Graduating with
departmental honors is of course an achievement that anyone should be extremely proud of. The
attachment of this distinction to my graduation record however is not the main reason for why |
chose to write this book, rather it lies on a much more personal level which | think is important
to explain.

During my second year at the University of Washington as an undergraduate | took an
undergraduate course on topology and differential geometry with Professor Steve Mitchell. For
the differential geometry course we used a textbook on differential geometry written by
Manfredo P. Do Carmo, of which we covered the first four chapters. In approximately the same
time period | also self-studied the calculus of variations using a book written on the subject by
I.M. Gelfand and S.V. Fomin. Gelfand and Fomin’s book is a wonderful book that | enjoyed
very much and it gave me an incredible new power that allowed me to solve problems that |
couldn’t even dream of solving before.! The most important thing that it did however is it gave
me a completely new way to approach differential geometry.

In that course on differential geometry we studied the differential geometry of two dimensional
surfaces sitting in R and our approach did not use any kind of variational techniques. In my
opinion however, approaching differential geometry without the use of variational techniques
can produce a rather awkward point of view of the subject because it might obscure the true
variational origin of many of the concepts studied in this field. For instance, after doing quite a
bit of foundational work in that course we went ahead and defined geodesics on surfaces as unit
speed curves y(t) that lie on the surface and that satisfy the property that their geodesics
curvature is constantly equal to zero, which we wrote as:

kqly]l = 0.

And then we went on to study many properties of geodesics. However, to me as a student back
then this looked like a completely random definition of a type of curve that seemed to come out
of nowhere. What was for example so special about these curves that warranted so much
attention? The reason that | now imagine for why people first studied geodesics was not because
they satisfied the above seemingly random definition, but because they had the property that they
locally minimized arclength — a variational property. Indeed, the question of what is the shortest
path on a surface is a natural question that people must have considered back then and the above

11 warn those who are thinking about reading Gelfand and Fomin’s book though that the authors drop almost all
rigor after page 27, which is 13% of the way towards the end of the book.



equation for the geodesics is in fact the Euler-Lagrange differential equation that seeks to find
the extrema of the arclength functional. So the very defining equation for geodesics is of
variational origin.

My thesis advisor argues otherwise on the point of geodesics. He argues that geodesics are a
natural extension of the lines in the plane to curved surfaces because lines have the property that
they do not curve in any direction. Indeed, suppose that you are a two-dimensional creature
sitting on a two-dimensional curved surface with no notion of up or down (or more accurately:
no notion of up or down in the normal direction to the surface). Then if you would analyze a
curve that satisfies the property that its geodesic curvature is constantly equal to zero with your
“curvature-0-meter,” you would pick up zero curvature because the curve is not curving in any
direction known to you.

During the summer between by second and third year at the University of Washington | was able
to develop an approach to differential geometry using the calculus of variations that I learned
from Gelfand and Fomin’s book. And during that same time, | was also able to think of a new
approach to the calculus of variations than what Gelfand and Fomin present in their book.
Gelfand and Fomin take the approach of finding the extrema of a functional J over the space of
functions by defining its variation @[h] as the linear functional that describes the functional J’s
linear behavior locally to a curve y(x):

Jly + h] = Jly] = @[h] + e[h]|[Al|

where €[h] = 0 as ||k|| = 0. The notion of locality in the domain of the functional is of course
created by defining a norm on the space of functions. Then Gelfand and Fomin rigorously prove
that the variation of the functional is zero at an extremum and then proceed to derive the Euler-
Lagrange differential equation from there. This approach is very powerful; however, it does
become a little bit more difficult to use when you get to more advanced topics such as variational
problems with subsidiary conditions.

The approach that | thought of uses a concept that I like to call “flows.” These flows that |
construct deform the curve that you are trying find out whether it is an extremum of your
functional in a way that is parametrized by one variable ¢t. Then | take the composition of the
functional with these flows and then use one variable calculus to arrive at necessary conditions
for the extremums of functionals of certain forms. Not quite of course, there is a bit more work
that goes into it. For example, in order to relate the extremums of the functions of ¢ that you get
from these sorts of compositions to the extremums of the functional that you are analyzing you
have to show that these flows move through the space of curves continuously. And you have to
consider a very large class of flows that pass through your curve. But the whole idea again is to
convert the variational problem into something that is very intuitive: one variable calculus. And
my approach has the benefit that it is easily applicable to more advanced variational problems
such as variational problems with subsidiary conditions. Not only that, these flows allow one to
study more global properties of functionals.

| do think that the reader should be aware that my thesis advisor was against my usage of the
word “flow” to define such structures. He makes the valid point that flow is a concept that is



already used in differential geometry to mean a completely different mathematical structure. His
suggestion to me was to use words such as “variation” or “one parameter family” when talking
about such structures. However, my argument is that | define flows in the field of the calculus of
variations and not in differential geometry, and since the word “flow” doesn’t seem to have a
standard meaning in the calculus of variations | feel like I am not causing much trouble by giving
them the name “flows.” In addition, I really do like the imagery that the word “flow” brings to
the concept since it accentuates the fundamental idea behind these structures in that they
resemble a sort of movement in the space of functions. Personally when I think of flows, in my
head | imagine the contour lines that resemble the movement of water in a river.

The calculus of variations also gave me the power to realize how the differential geometry that
we did in that differential geometry course can be generalized into higher dimensional spaces. At
one point during that summer | realized how to generalize the definitions of surface curvatures
for (n — 1)-dimensional surfaces sitting in R™ for general n € Z, and | knew that my
generalizations were correct because they satisfied higher dimensional versions of many of the
theorems that we covered in that differential geometry course.

A very large percentage of the mathematics that | do in this book represents what | discovered on
my own during that summer using the two books that I mentioned above. | say this only for the
purpose to warn you. The approach that is presented in this book passed through only the
creative powers of one single mind and thus does not have the advantage of having been refined
by centuries worth of mathematicians. But | do think that it might have the advantage of
presenting a new or fresh perspective to the subject.

Since I like to discover things for myself, I don’t like to look in contemporary literature to learn
about how modern mathematicians approach mathematical subjects before I give sufficient
thought to them myself. Other than the two sources mentioned above, I haven’t looked at any
other works in the fields of the calculus of variations and differential geometry and so for this
reason I don’t know how others approach these two subjects. My thesis advisor has informed me
however that my approach to this subject is completely standard and thus I don’t want anyone to
get the idea that there are original results in this book. And | never suspected otherwise.

This book is structured in the following way. The first part, which is constituted of the first three
chapters, develops the calculus of variations. The second part, which comprises the next three
chapters, develops differential geometry using the calculus of variations developed in the first
part. This way I think one can get a very systematic approach to these two fields and see how one
is used to develop the other. | would also like to make the comment about what many people
seem to describe as: my unorthodox writing style. My mathematical writing style sometimes
tends to be a bit conversational in nature. Many people have advised me against writing in this
manner, but the way | see it is that | love mathematics and with my writing style | strive to share
my enthusiasm and passion for mathematics with all of my readers. For this reason, at times the
language used in this book might more resemble a transcript of a lecture rather than a formal
textbook. I just can’t do anything about that, it’s how I write. | have a sort of unconscious drive
in me that strives to embed my character as a human being into all of my writing.



I will be submitting this book as my senior thesis at the end of this academic year. However, over
the summer | would like to add additional material to this book that I wasn’t able to include in
this edition, including two new chapters on further interesting topics. In addition, | would
probably like to rewrite some of the sections that explain surface parametrizations and surface
curvatures to make them a bit more clear and concise. | will post this book and the most up to
date edition on my personal website
https://sites.math.washington.edu/~hgrebnev/D&Writings/Z_PDF_Documents_1/The Calculus of
Variations and Variational Differential Geometry.pdf. If you do choose to read this book, please
make sure that you have the latest edition of my book which you can find on the above website.

If you have any comments, would like to make suggestions about this book, or would like
clarification on anything that I write in this book, please feel free to contact me at
hgrebnev@uw.edu.

Haim R. Grebnev
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Notation:

e [a,b] denotes a bounded closed interval. In other words when | write [a, b] | mean the set
of real numbers x such that a < x < b and a and b are real numbers such that a < b.

e Anintegral of the form f: means that a and b are finite real numbers such that a < b.

e For amapping @, dom(®) means the domain of .
e For a mapping @, ran(®) means the range of ®.

e Foraset E € R", let E denote its boundary.

e Foraset E € R", let E™™ denote E’s interior:

E"™ = E\ 0F

In other words, E™ denotes everything that is in E but that isn’t on the boundary of E.
E™ s always an open set.

e Forafunctionh: E € R - R, h{®(x) denotes the zeroth derivative, which is the
function itself. In other words, h(® (x) = h(x).

e Forx € R"andr € R,, let B,.(x) denote the open ball of radius r centered at x:

B.(x)={y eR": |ly — x| <r}.

e Asubset E € R" is called a “discrete set” if for every point in E there exists an open ball
around it so that that point is the only point of E sitting in that ball. Symbolically this
means that:

Vx € E Ir e R,, B.(x) N E = {x}.

People often call the points of a discrete set “isolated points” since qualitatively one can
describe them as being isolated by a positive distance from the rest of the set.

e When a parametrized curve y : [t,, t;] = R™ is called non-singular, this means that
y'(t) never vanishes (meaning y'(t) is never the zero vector).

e When a real-valued function F : R™ — R is called non-singular, this means that its
gradient VF never vanishes (meaning VF is never the zero vector).

e Aplane in R™ will mean a linear subspace of dimension n — 1. Some people use the
word hyperplane for this.

e If U S R"is an open subset of R™, then CX[U, R™] is the set of k-times continuously
differentiable functions of the form ¥ : U - R™.



Chapter 1: Basic
Elements of the
Calculus of Variations

“It is just a matter of unraveling the definitions.” — Steve Mitchell

Section 1: Introduction

With this chapter we will begin the study of the calculus of variations. We might as well start off
with the question: what in the world is the calculus of variations? The calculus of variations is an
important branch of calculus that studies the question of how to find extrema of quantities that
depend on functions. Usual differential calculus studies the question of how to find extrema of
quantities that depend on several variables (i.e. functions of the form F : R® — R), while the
calculus of variations studies the question of how to find the extrema of functions of the form J :
S — R where S is some set of functions. The class of such functions J : S - R where S is some
set of functions has been given a special name: they’re called “functionals.” So in essence, we
can say that the calculus of variations is a branch of calculus that studies the question of how to
find the extrema of functionals.

Functionals play many important roles in mathematics and physics since many useful quantities
can be represented as mappings from a space of functions to the real line. Let us look at some
examples of functionals:

Example 1.1.1: Let the functional / : S — R be given by:
Jly()] = y(0)

where the domain S of this functional is the set of all real-valued continuous functions y(x).
Here ] takes any real-valued continuous function y(x) and returns its value at x = 0.

Example 1.1.2: Let the functional / : S — R be given by:
Jly()] = Jax {y(x)}

1



where the domain S of this functional is the set of all continuous functions y(x) over the
compact interval [a, b]. For any continuous function y(x) this functional returns the maximum
value that y(x) attains on the interval [a, b] (that such a maximum number exists follows from
the Extreme Value Theorem). This functional is often used in mathematics (as we will soon) in
order to define a norm on the space of continuous functions over a compact interval.

Example 1.1.3: Let the functional / : S — R be given by

b
qun=fjl+@%wfm

where the domain S of this functional is the set of all continuously differentiable functions y(x)
defined on the compact interval [a, b] (we have to restrict the domain of J to all continuously
differentiable functions y(x) or else the above integral might not make sense). The above
integral is the arc-length integral. So basically, the above functional takes a function y(x) and
outputs its arc-length over the compact interval [a, b]. This is called the arc-length functional.

Example 1.1.4: Let S be the set of all decreasing real-valued differentiable functions y(x) over
the compact interval [a, b] that satisfy the boundary conditions:

y(a)=A and y(b)=B

for some fixed numbers A > B. For any function y(x) in this set let the functional J : § - R
return the time for a point particle to slide down the curve y(x) under the influence of gravity
(disregarding friction) from the point (a, A) to the point (b, B) (here “curve” means “function of
one variable” such as y(x)).

Note 1.1.5: As we did in the previous example, we will often interchange the words “curve” and
function of one variable. If we were to be more precise we should be saying the “curve generated
by the graph of the function of y(x) (our function of one variable).” But as a matter of
convenience we will be loose with this terminology. If we want to make a distinction between a
general curve and a graph of a function, we will sometimes say “parametrized curve” instead of
just plain old ““curve,” but this doesn’t matter too much at the current moment since we won’t
encounter parametrized curves for some time.

Example 1.1.6: As a more general example, we can write down a functional in the form:
b

Jy) = [ Fxy(,y6)da

a
where F(u,v,w) : R® - R is a continuous function and the domain of the above functional is
the set of all continuously differentiable functions y(x) over the compact interval [a, b]. For
example, the functional in Example 1.1.4 is the special case F(u, v,w) = V1 + wZ.

With these examples in mind, what are some problems that the calculus of variations studies how
to solve? Here are some examples:



Example 1.1.7: (The planar arclength minimizing curve problem) Of all the differentiable curves
y(x) that connect two fixed points (a, A) and (b, B), where a < b, which has the smallest arc-
length? To reformulate this problem in terms of functionals, let S be the set of all differentiable
curves y(x) over the compact interval [a, b] that satisfy the boundary conditions:

y(a)=A and y(b)=B

(remember, as mentioned in Note 1.1.5 here “curve” means “function of one variable”). Then
this problem is the same thing as finding the minimum of the arc-length functional / : S - R

given by:
b
y] =f /1+y’2dx
a

(I'was too lazy — as | will often be — to write the argument of y in the above equation). So in
other words we have to find the curve y(x) in S that minimizes the above integral. Of course, the
reader should immediately guess that the answer to the above problem is the straight line
between the points (a, A) and (b, B).

Example 1.1.8: (The Brachistochrone Problem) Of all the decreasing differentiable curves y(x)
that connect the points (a, A) and (b, B) (where b > a and A > B), which curve has the smallest
transit time for a point particle to slide down the curve from the point (a, A) to the point (b, B)
under the influence of gravity (disregarding friction)? Again let us reformulate the problem in
terms of functionals. Let S be the set of all decreasing differentiable curves y(x) over the
compact interval [a, b] that satisfy the boundary conditions:

y(a)=A and y(b)=B

As we will show later, the transit time for a point particle to slide down the curve from the point
(a, A) to the point (b, B) under the influence of gravity (disregarding friction) is given by:

fb f1+y’2
a

J29y

"<

where g is the acceleration of gravity constant towards earth (g = 9.8 meters/second?). With
this we get that the Brachistochrone problem can be reformulated as the problem of finding the
curve that is the minimum of the above functional. The curve y(x) in S that minimizes the above
integral is called the Brachistochrone curve. We will later find an explicit equation for it.

Example 1.1.9: A more general type of problem that the calculus of variations studies how to
solve is the minimization of a functional / : § — R of the form:
b

Iyl = f F(x,y,y")dx

a



over some domain S. The previous two examples were of this form where in the minimizing
curve problem we had that F(u, v,w) = v1 + w? and in the Brachistochrone problem
F(u,v,w) =V1+w?/,/2gv.

Unfortunately, in the calculus of variations there are no standard ways developed for finding the
extrema of all types of functionals. In fact, the relative scope of functional extremum problems
that the calculus of variations can currently solve is rather small. The functional extremum
problems that the calculus of variations primarily focuses on solving are the problems of finding
the extrema of functionals that can be represented in the form (or of similar form):

b

Iyl = f F(x,y,y")dx.

a

We’ve seen at least two examples of such functionals so far. Fortunately, many of the functional
extremum problems that arise in mathematics and physics fall into this category and so without
further delay we begin the study of how to find the extrema of functionals in this class.

Section 2: Distances and Flows between Curves

One of the questions that might arise is, why is the calculus of variations called the “calculus of
variations.” Looking at the type of problems that were described in the previous section that the
calculus of variations studies, this field does indeed look like calculus. I mean just like calculus,
the calculus of variations studies the problem of finding extremums of certain types of functions
(functionals to be precise). But why is it called the calculus of “variations?”” What exactly is
“varying” in our case? Well the short answer is that just like we did in calculus, the calculus of
variations approaches the problem of finding extremums of functionals from a local point of
view. In other words, in order to find extremums of functionals the calculus of variations first
looks for “local extremums” of functionals. And what does it mean for a curve, say Y (x), to be
an extremum of a functional J[y]. It means that locally to Y (x) the values of J at curves near

Y (x) is either always bigger or always less than the values of J at Y (x). Thus the approach that
the calculus of variations must take in order to find the local extremums of functionals requires
one to be able to analyze the value of the functional ] at nearby curves to the extremum. This
analysis is classically done by “varying” the potential extremum curve just a little bit and looking
at how the values of the functional J change as the you are doing the variation. Hence the name,
“the calculus of variations.”

When | first heard this idea of varying curves just a little bit and analyzing the values of the
functional at those new curves as you do the variation, | was completely overwhelmed. |
wondered how on earth are you going to try varying in all possible ways? And | was right to be
overwhelmed since the space of functions of one variable/curves is huge! But there are ways to
overcome this obstacle and one way is to define derivatives of functionals over the space of
curves. Another way is through an idea called “flows.” Both approaches work equally well, and
we will take the approach that uses the second concept, the concept of “curve flows.” Let’s
begin.



Calculus of variations borrows its main ideas directly from ordinary differential calculus. How
does one for example in normal differential calculus find the extrema of a function of the form
F : E € R" - R? The main idea is to first find all points x € E in the domain of F that are
either local minima or local maxima of the function. In more symbolic terms, the first step is to
find all points x € E such that either of the following happens:

36§ >0 VheE:|h—x| <8, F(h)=F()
or
36 >0 VheE:||h—x| <6, F(h) <F(x).

If the first case happens, then x is a local minimum. If the second case happens, then x is a local
maximum. After finding all such points, we try to see if any of these points are global extrema of
the function F. We only look for global extrema among these sets of points (local extrema that
is) because all global extrema are necessarily local extrema. Sometimes functions may not have
global extrema. But if they do, they must belong to the set of local extrema.

The idea in the calculus of variations is exactly the same. In order to find the global extrema of a
functional /, we first find all of its local extrema. Easier said than done since in order to even
define “local extrema” of a functional we must first define some sense of “closeness” between
two elements of a functional’s domain. For this purpose, we will need to define a distance
function in the space of functions.

Before we proceed any further, let us introduce a notation.

Notation 1.2.1: Suppose that E © R™. Then for any positive integer k, let C¥[E] denote the set
of all functions of the form F : E — R such that all their kth order and lower partials are
continuous on E. A more symbolic way to say this is that a function F (x, x,, ..., x,,) € CX[E] if
for any set of non-negative integers {a,, a,, ..., a,} such that a; + a, + - + a,, < k, the partial:

gaitazttanp aE}Ll aGp

a a an — a;
0x,10x,” ...0x," ;.1=1 6x]. J

is continuous on E. Let C°[E] denote the set of all continuous functions on E and let C*[E]
denote the set of all functions such that all of their partials are continuous.

There is a technicality that we need to address. For a function F € C*[E], when we say that
¥a;

?[nj—lajai. is continuous at a boundary point x € dE of E we mean that F can be extended to a
j=19%;

n .
92i=1% f

function 7 € C*[R] where E c R and x € R™ such that ————- is continuous at x. In other

-, 0x

J=177]
words, we mean that we can extend the function F onto a bigger set that contains the point x in
its interior and the same partial of the extended function is continuous at that point. This is a
small technicality that’s needed since technically partials of functions are defined only on open
sets.



Note 1.2.2: It should also be noted that in order to check that a function F belongs to C¥[R], it is
sufficient to check that all of F’s kth order partials are continuous. From multivariable calculus
we know that this will imply that all of F’s lower order partials are also continuous.

The above notation will simply make it easier for us to write down the domain of many of the
functionals that we will be encountering.

Now where were we. Ah yes, we said that we needed to define a notion of distance in a space of
functions. For this we make our first definition.

Definition 1.2.3: Let E be a compact subset of R. The way we will define the norm of a function
y(x) € C™[E] is by:

n
— (k)
Iyl = ;%x{p &)

(We look at compact subsets E of R so as to guarantee by the Extreme Value Theorem that all of
the above max{y ™ (x)} actually exist).
X

It is easy to check that the above definition agrees with the usual notion of a “norm” on a space
(meaning that it satisfies the 4 axioms of a norm). There are of course other ways to define a
norm of a function y(x) € C™[E], but as we will see in the rest of this book this turns out to be a
very convenient norm to work with. With this definition of a norm of a function we can now
define the distance between two functions y, (x) and y, (x).

Definition 1.2.4: Let E be a compact subset of R. For any two curves y, (x), y,(x) € C™"[E], we
define the distance between them by:

n
Iya = y2ll = ) mazx [P0 - P}
k=0

Again one can check that the above definition of “distance” does agree with the usual notion of
a “distance/metric” on a space (meaning that it satisfies the 4 axioms of a metric/distance
function).

At first glance one might say that the above definition of distance between two curves is pretty
awkward. Why do we for example look at all of the possible derivatives of these two curves in
order to determine how close they are? | mean, can we just look at how far they are in value and
define that as their distance. The following example will help answer this question by showing
that the more derivatives we look at, the more accurate sense we get at how close two curves
resemble each other.

Example 1.2.5: Let us take the two curves y,, vy, : [0,1] — R defined by:

yi(x) = x



1
ya(x) = Wsm(lOOx) +x
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Figure 1: Graph of y; (dark blue) and y, (green)

Notice that the distance between these two curves when viewed as curves sitting in the space
C°[0,1] is:

1
— = — = —= —2
ly: — ¥l xrer%gflg]{lyl(x) v2(x)[} 100 1074,

a pretty small number. While the distance between them as viewed as curves sitting in the space
co,1] is:

1

ly: — yall = xgl[%]{lyl(x) — ¥, ()1} + xrg[%]{lyi(x) — (0} = Toot1~L
a fairly big number. So from the perspective of continuous functions (€°[0, 1]) these curves are
really close because the distance between them is a mere 10~2. However, the distance between
them from the perspective of continuously differentiable functions (C1[0, 1]) is pretty big, nearly
a whole big 1. This make sense since in value over the interval [0, 1] the functions do not stray
too far from each other. On the other hand, in terms of their tangent forms (first derivatives)
these two curves don’t resemble each other at all. One of them is really straight while the other
one is very wiggly.

This example illustrates the point that the more derivatives you look at the more accurate
description you get of how close two curves resemble each other. This is why the definition of
the distance between two curves, being a measure of how much they resemble each other, looks
at the maximum number of possible differences of derivatives between two curves in order to tell
how far apart they are.



Now that we have a notion of distance between curves, we are now in a position to define what it
means for a curve to be a local minimum or local maximum of a functional. It’s defined in an
exactly analogous way as it is done for real-valued functions of several variables.

Definition 1.2.6: Suppose that we have a functional J : S € C*¥[E] —» R where E is some
compact subset of R. Then Y (x) € S is called a local minimum of the functional ] if:

36 >0 VheS:||h=Y| <6, J[h] =][Y]
and Y(x) € S is called a local maximum of J if:
36 >0 VheS:||h=Y]| <6, J[h] <]J[Y].

The statements in the above definition are actually pretty intuitive. For example, in the definition
of Y (x) being a local minimum the above logical statement is merely saying that there exists a
distance § > 0 such that the value of the functional at any curve h € S in the domain that is
within a distance of § from Y is going to be bigger that J[Y]. This is indeed what a local
minimum should be and that is why we have defined it so in the above definition. The same goes
for the local maximum definition.

Definition 1.2.7: Suppose that we have a functional J : S € C¥[E] — R where E is some
compact subset of R. Then Y (x) € S is called a global minimum of the functional J if:

vhes, Jlh] =]J[Y]
And Y (x) € S is called a global maximum of the functional J if:
vhes, J[h] <]J[Y]

In our quest to gain a better understanding and handle on the space of curves, we defined a sense
of distance on the space of curves C™[E]. With this we were able to define local extrema of
functionals. However there is one more key ingredient that we need in order to get a sufficient
handle on the space of curves so that we can finally start actually looking for the local extrema of
functionals. The key ingredient is to define a sense of movement in the space of curves.

In one variable differential calculus, we were able to find the derivative of a differentiable
function f(x) at the point x, by letting x approach the point x, on the x-axis and taking the
limit:

£/(x) = lim
X—>Xo

f&) = f(xo)
— )

We were also able to do a similar thing in multivariable calculus with gradients. In the calculus
of variations we will want to do a similar thing, but in order to do that we need to define some
sense of movement in the space of curves (just like how we had x approach x, in the above
calculation/definition of f'(x)). For this we define an n-smooth linear flow:

Definition 1.2.8: An n-smooth linear flow is a function A : [a, b] X [t,, t;] = R of the form:
A(x, t) =y, () + y2(x) - ¢

8



where y, (x) and y, (x) are two functions (or “curves”, since we often use the word “curve” for
“real-valued function of one variable”) such that y,,y, € C"[a, b].

We will not think of n-smooth linear flows as merely functions of two variables with the above
form. For every fixed time t, € [t,, t,], we look at A(x, t,) as a curve in C™[a, b]. Thus as the
time variable t varies across the interval [¢,, t;], the curve A(x, t) changes/“flows” as t changes.
In other words, as t changes the “curve” A(x, t) moves through the space C™[a, b]. Thus n-
smooth linear flows give us the notion that we wanted of a type of movement in the space

C™[a, b]. We will look at an example of n-smooth linear flows in Example 1.2.9.

The “linear” part in the name “n-smooth linear flows” comes from the fact that the above
equation for A resembles an equation for a line in R™:

a+ bt
where a, b € R™. Thus, we can think of n-smooth linear flows as lines in the space C"[a, b].?
Example 1.2.9: Take the 3-smooth linear flow A : [0,5] x [0, 1] — R defined by:
Alx,t) = 2x + t(4 + x? — 2x)

At time t = 0 we see that the curve A(x, 0) is the line 2x over the interval [0, 5]. Attimet =1
the curve A(x, 1) is the curve 4 + x2 over [0, 5]. Indeed, we can visualize the flow A by plotting
A(x, t) for several values of t. The following graphs are plots of the curves A(x, 0), A(x, 0.33),
A(x,0.66), and A(x, 1) respectively.

2 In fact, for the curious reader this should suggest that it’s possible to define more general types of flows, not just
“lines” in the space C™[a, b].



As one can see, over time A(x, t) goes from looking like the straight curve 2x to looking like the
curve 4 + x2. In this example, we could informally say that the flow A(x, t) flows from the
curve 2x to 4 + x?2 in the space C3[0, 5].

While write down n-smooth linear flows A(x, t) as functions of two variables that map from the
set [a, b] X [t,, t;] to R, we rather interpret them as functions of ¢ that map from the time
interval [t,, t;] to the space of curves. In other words, for every fixed t € [t,, t;] we think of
A(x, t) as a curve of the variable x. Seeing this interpretation of A(x, t) you might then ask: why
don’t we instead just write linear flows A as maps from the time interval [t,, t,] to the space of
curves C™[a, b]. After all, if we think of linear flows A as just a bunch of curves that depend on
the time variable t € [t,, t;], why don’t we just write n-smooth linear flows as maps of the form
A : [ty, t1] = C™[a, b]. The answer is that we do, and we will do this using the canonical form of
the linear flow.

Definition 1.2.10: Let A : [a, b] X [t,, t;] = R be an n-smooth linear flow as defined in
Definition 1.2.8. Then the canonical form of A(x, t) is the function:

K : [tOﬂtl] - CTl[a’ b]
defined by:
A(t) = Ax, t)

where in this case A(x, t) on the right-hand side denotes the curve of the variable x for every
fixed t.

Example 1.2.11: Take the 3-smooth linear flow in example 1.2.9. What is its canonical form
A(t)? Figuring out the canonical form is merely a question of notation/function form. For each
t € [0,1], we have that A(t) is the curve:

Alx,t) = 2x + t(4 + x? — 2x)
where t is held constant. So we have that:
A(t) = 2x + t(4 + x* — 2x) € C™[a, b].

The difference between an n-smooth linear flow A(x, t) as defined in Definition 1.2.8 and its
canonical form A is really just a matter of reformulating the same thing in different function

10



form/notation. Both forms are useful. The classical two variable notation allows us to do more

+
calculus on the flow such as considering partials of the form 2—2~ pyww J, which we will need in our

derivation of the Euler-Lagrange Differential Equation (Theorem 1.3.3). The canonical form A
however lends itself more to the study of how the linear flow moves through the space C"[a, b].
In other words, the canonical form allows for a more topological study of linear flows rather than
a calculus one.?

One very important topological property of n-smooth linear flows is that they flow/move through
the space C™[a, b] continuously. This is stated precisely in the following theorem:

Theorem 1.2.12: Let A : [a, b] X [to, t;] — R be an n-smooth linear flow and let A : [¢t,, t;] —
C"[a, b] be its canonical form. Then A(t) is a continuous function.

Proof: The proof of this theorem isn’t difficult and it’s merely a task of unwinding the definition
of the norm on the space C™[a, b] and what it means to be a continuous function. Intuitively the
reason for why this theorem is true is that at every point in time t € [t,, t;], we can find an upper
bound for how fast the first n derivatives of A(t) change with time. Since the norm of a curve in
C™[a, b] is defined using the first n derivatives of the curve, we can get an upper bound for how
far a linear flow moves in the space C™[a, b] in a small amount of time. Now let’s do this
rigorously. To prove this theorem with rigor is just a game of inequalities. What do we have to
do in order to prove that A is a continuous function? We have to prove that:

Vt, € [to, t;] Ye>0 35>0 V€ [tot1]:lt—t,]1<8,  ||A() —AE)| <e.

This merely comes from the -6 definition of the continuity of a function at every point of its
domain. Pick any t, € [t,, t,] and any € > 0. We want to prove the existence of sucha § > 0.

For any t € [t,, t;], we have that:
dk
2 (30) - 2 (3w)||.

n
1) - K| = ) max {
x€[a,b]
k=0
Since A(t) = A(x, t) for all x € [a, b] and t € [t,, t;] (see Definition 1.2.10), we get that for
Vk € {0,1, ...,n},

dk (A( )) (’)kA(x, t)
oxk -
Thus, we can rewrite the equation before in a more convenient form:

n

1) — At)|| = Z max {
k=0

O%A(x,t)  9FA(x, t,)
0xk dxk

L

x€[a,b]

Since A is a linear flow, it can be written down in the form:

3 Topology is a branch of mathematics that studies continuous maps. Knowledge of topology isn’t required here.
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Alx,t) = y1(x) +y,(x) - ¢

for some y;,y, € C™[a, b]. Plugging this into the previous equation gives us that:

n dky
_ _ 2
} = |t =] Z ax, { Tk (x)‘}-
k=0
If suddenly discover that y, = 0, then notice that this equation trivially implies that A is
k ~ ~
2 52 (x)|} = 0 and so ||A(t) — A(t,)|| would always be

dxk

n dky
IR - el = ). max fle -0 G o
k=0

continuous (because then Y-, max {
x€la,b]

k
zero and thus always less than ). So, suppose that y, # 0. Then Y-, max {|d ykz (x)|} #0
x€[a,b] I dx

k
and so notice that if we now set § = ¢/ Y-, max {|d 3;2 (x)|}, we then have what we want: for
x€[a,b] Ul dx

Vt € [to, t1] : [t —t5] <6,

d*y
)

d*y, <5 C
ao Of <00 e

n

B € Z dkyz( B
T max{dkyz (x)|}k_oxrer%2,’§] Dk D[ =&
k=0 vefap] U dxk B

n
IA®) — At = It — o ;xg%]{

And so this § > 0 works. With this we have proved the theorem.

Section 3: First Results

With our newly acquired understanding and handle on the space of curves that we got in the
previous section, we can now arrive at some of our first results. The following is a fairly
straightforward but very powerful lemma.

The proof of the following lemma comes from Gelfand and Fomin’s book on the calculus of
variations.

Lemma 1.3.1: Let n be a fixed non-negative integer. Suppose that a(x) € C°[a, b] is a
continuous function such that for any h € C™[a, b] that satisfies the boundary conditions:

h(a) = h(b) = 0,

the following integral is equal to zero:

b

fa(x)h(x)dx = 0.

a

Then a(x) = 0 on all of x € [a, b].

12



Proof: The whole idea behind this lemma is that if @ was nonzero at some point x, then by a’s
continuity we would know that locally to x, @ would also be nonzero. From there we would be
able to construct a function h € C™[a, b] that is zero everywhere except near x where h spikes

up:

-+ ! ! ! -‘\h ' I ' ' ' | >

Then intuitively in terms of area we could see that with this h the integral f; a(x)h(x)dx would
be nonzero, which would be a contradiction since we said that for all h that satisfy the above
boundary conditions the integral f: a(x)h(x)dx = 0. Now let us do this formally and
rigorously. If you, dear reader, can or want to think of a way to rigorize and formalize the above
arguments into a full proof of the lemma yourself, then I urge you to do so and skip the rest of
this proof (it is much better to think of your own proofs to theorems rather than reading them). If
not, here we go!

We will prove this lemma by contradiction. Suppose not. Suppose that it was not true that

a(x) = 0onall of [a, b]. Then a(x) is non-zero somewhere in [a, b]. In fact, | claim that this
means that we can always find x, € (a, b) (the interior of the interval of [a, b]) such that

a(x,) # 0. Why is this so? Well, by the fact that it is not true that a(x) = 0 on all of [a, b], we
get that there exists a point x; € [a, b] such that a(x;) # 0. If x; is in the interior of the interval,
then x; is the x, that we want. Now if it happened that x; landed on the boundary of the interval
[a, b], then by the continuity of & we can always choose x, that is in the interior of the interval
[a, b] and that is close enough to x; such that a(x,) # 0. So we have proved that there exists a
point x, € (a, b) such that a(x,) # 0.

Let us suppose that a(x,) > 0 (the case a(x,) < 0 is treated in almost exactly the same way)
Pick any € > 0 such that € < a(x,) (my professors’ favorite such & was always @ for some

reason). By the continuity of a at x, we know that there exists a 6 such that the values of a(x) in
the interval [x, — &, x, + &] will be bigger than or equal to & and such that [x, — &, xy + &] will
still lie in the interval [a, b]. Now define h(x) by:

0 if x€&l[xg—06,x0+0]

" é[(x — (xo — 5))((950 +6) — x)]n+1 if  x&[xo—8% +8]

13



This is a curve that is zero everywhere except it spikes up on the interval [x, — &, x, + §]. If one
wants to get a feel for how the spike in the above h looks like, | recommend graphing it for
various values of x,, &, and n. It’s a useful technique for writing down an equation for the graph
of a spike. It’s not hard to see that h € C"[a, b] and since [x, — §,x, + &] S [a, b] (by
construction) we get that our h(x) does indeed satisfy the boundary conditions for h in the
statement of the theorem.

Now we have that:

b Xo+6
j a(x)h(x)dx = j a(x) [(x — (o — 8)) (o + 8) — x)]"" dx
a X9—06
Xo+6
> j e[ (x = Cro — 8)) (Gxo + 8) — )] dx
Xo—06
Xo+6
= ¢ j [(x = G0 — 8)) (Gxo + 8) — )" dx > 0
Xo—06

(the last integral is > 0 because it is the integral of a positive function (except at the endpoints)
over an interval of positive length). And so we get that:

b

fa(x)h(x)dx > 0.

a

But this is a contradiction since we said that the above integral must be zero for all such h. Thus
a(x) must be zero on the whole interval [a, b].
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Some people might recognize the above lemma in its interpretation through inner products on a
vector space of functions. In other words, Lemma 1.3.1 can be interpreted as follows. For any
fixed non-negative integer n, consider the real vector space:

V={h€eCab]:h(a)=0 and h(b) = 0}.

In other words, this is the vector space of n-times continuously differentiable functions on [a, b]
that vanish at a and b. Notice that this is a subspace of the bigger vector space of all continuous
functions on [a, b]:

X = Ca,b]

coupled with the inner product:

b
(f,g) = f F)g()dx.

Then what Lemma 1.3.1 says is that if « € X is a vector such that (a, h) = 0 for any vector h €
V7, then «a is equal to the zero vector. In other words, the only vector in X that is orthogonal to the
subspace V is the zero vector. Symbolically this is written as V4 = {0}. This interpretation of the
above lemma has an important significance in the calculus of variations and we will return to it
at the end of the chapter in order to see how it presents an interesting analogy between the
calculus of variations and multivariable calculus. However, if you didn’t fully understand this
interpretation then that’s all right since we won’t use it anywhere else in this book.

In multivariable calculus, we found local extrema of real-valued functions by first finding all of
the points in their domains where their gradient is equal to zero (since a necessary condition for a
point to be a local extremum of a real-valued function is that its gradient is zero at that point).
Analogously, the following theorem presents a necessary condition for a curve Y (x) to be a local
extremum of a type of functional. The following necessary condition is called the “Euler-
Lagrange differential equation” (note the two names attached to this equation!). It is our first
major result in this book. Note that in the following theorem we give a necessary condition for
local extremums. However, since all global extremums are local extremums the following
theorem also acts as a necessary condition for global extremums as well.

Before we get to the proof of the following theorem, let’s discuss the idea behind it. To do that,
let us again rewind back to differential calculus and see how we found extremums of real-valued
multivariable functions of the form F : R? — R. Then we will try and see how we can take and
apply these ideas to the case of functionals. Suppose that we know that the point p = (x, o) IS
a local extremum of F. What condition must it satisfy? As you probably know, it must satisfy the
condition that VF (x,, y,) = 0 (0 on the right is the zero vector). How did we prove this in
calculus class? Well, one way to prove this is to take any line I(t) = (u(t), v(t)) that passes
through our point (x,, y,) attime t = t,. Then, since (xq, yo) is an extremum of F and I(t)
passes through this point at time t = t,, we get that t = t, must be an extremum of the one
variable function F(1(t)) = F(x(t), y(t)) (this argument uses the continuity of I(£)). So we
must have that:
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=0.

t=t0

(P, y®))

Expanding the right-hand side gives is that:

d oF oF
g (FEOY®))| =750 y0) 2 (t) + 5. (o) ' (t0)

t=t0

= VF(XO' yO) ’ (xl(to)' y’(to)) =0

(- between two vectors here always mean “vector dot product”). And so we get that VF (xg, yo) IS
a vector that is perpendicular to (x’(t,),y’(to)). Since the line I(t) can always be chosen such
that (x’(t0), ¥’ (to)) points in any direction, we get that the above equation implies that

VF (x9,v0) = 0 (since the only vector that is perpendicular to everything is the zero vector).
Thus, if a point (x,, y,) if an extremum of F it must satisfy the condition that VF (x,, y,) = 0.

The idea in the variational problem of finding the extremums of a functional is the same. If a
curve Y (x) is a local extremum of a functional, then if we take any linear flow A(x, t)
(analogous [(t) above) that passes through our extremum at t = t,, the one variable function
being the functional composed with this linear flow should have an extremum at t = ¢, (we will
use the continuity of A, or more precisely A, to prove this assertion). Thus the time derivative of
the functional composed with this linear flow should be zero at t = t,. We will then apply the
above lemma (which remember has an interpretation through an inner product) to this fact in
order to derive a necessary condition that our extremum Y (x) must satisfy. Let’s begin.

Theorem 1.3.3 (The Basic Euler-Lagrange Differential Equation): Let J be a functional
defined by:

b

Iyl = j F(x,y,y")dx

a

where F € C2[R3]. Let J ’s domain be the set of curves y(x) € C?[a, b] that satisfy the boundary
conditions:

y(a)=A and y(b)=B

where A and B are two real numbers. Then a necessary condition for the curve Y (x) to be a
local extremum of the functional J is that it satisfies the Euler-Lagrange differential equation:

oF , d(a
55 (Y@ 0) = | 5

F !/

(0 y(),y' () | = 0.

y

Here dF /0y means the partial of F with respect to the argument that holds y (in our case the
second argument of F) and dF /0y’ means the partial of F with respect to the argument that
holds y' (in our case the third argument of F). This kind of “partial notation” may seem weird at
first sight, but it’s standard in the field and becomes completely user friendly as one uses it more
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and more. If the reader is confused or would like to get more clarification on this “partial
notation,” I suggest going to the next example and see how the Euler-Lagrange differential
equation is computed there and then come back to the proof of this theorem.

If we are too lazy to write the arguments in the above differential equation (as | will often be),
the Euler-Lagrange differential equation takes the shorter and nice-to-look-at form:

oF d <6F>

oy dx\ay'

Proof: There are many great proofs of this theorem. Our proof here will depend on the concept
of smooth linear flows that we developed in the previous section.

Suppose that Y (x) is an extremum our functional /. We want to prove that Y satisfies the Euler-
Lagrange differential equation. Take any curve h € C?[a, b] such that h(a) = h(b) = 0 and
form the 2-smooth linear flow A : [a, b] X [—1, 1] — R defined by:

Equation 1.3.4: Alx,t) =Y(x) + h(x) - t.

Notice that this flow A flows with the constant speed h(x) (meaning Z—? (x,t) = h(x)) and it

passes through Y (x) at time t = 0 (meaning A(x, 0) = Y (x)). Now consider the real-valued
function:

b
G(t) =J[A(x, t)] = fF <x,A(x, t),%) dx

of the time variable t. Here what we did is for each time t € [—1, 1] we plugged in the curve
A(x, t) into the argument of the functional J.

The first step in this proof is to realize that since the curve A(x, 0) = Y(x) is a local extremum of
the functional J, t = 0 should be a local extremum of the function G(t) = J[A(x, t)]. Thus, the
derivative of G(t) = J[A(x, t)] should be zero at t = 0. Let’s formally state and prove this
observation.

Lemma 1.3.5: Our function G(t) above is differentiable and its derivative at t = 0 is equal to
Zero:

=0.

d O0A(x,
§'0) = 2 GIAG D)) D) ax

b
d
=—| | F(xA
=gl <x, (e, ), ==

a t=0

Proof: The proof of this lemma is not at all hard. We have that the function G(t) is differentiable
because we can carry the time derivative under the integral sign (since the above integrand is
continuously differentiable and our domain of integration is compact). Now in order to prove
that the above derivative is equal to zero, it is sufficient to just show that t = 0 is a local
extremum of our function G(t). The fact that G'(0) = 0 will then follow from the well-known
fact that the derivative of a function at an extremum is equal to zero.
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Let’s suppose that Y (x) is a local minimum of the functional J. The proof of this lemma in the
case of when Y (x) is a local maximum of the functional J is similar. Then by definition there
exists a § > 0 such that for any h € dom(J) such that ||h — Y|| < &,

JIh()T = JTY (0]

Now, by Theorem 1.2.12 we have that our 2-smooth linear flow A(x, t) flows continuously
through the space of curves dom(J) € C?[a, b]. So there exists a A > 0 such that for any time
t € [—1,1] suchthat |t — 0] < A,

IACxK, ©) — Alx, 0[] = [[ACx, £) =Y ()l < 6.
This means that for any t € [—A, A],
JIAG, )] 2 J[Y ()] = J[Ax, 0)].
Or in other words: for any t € [—A, A],
G = g(0.
So t = 0 is a local extremum of G(t) and thus G'(0) = 0.
[

The above lemma is key because it allows us to relate the necessary condition for the functional J
to have an extremum at the curve Y (x) to the necessary condition for the function J[A(x, t)] of
the one variable t to have an extremum at the point in time when A passes through Y (x) (the
time t = 0 that is).

Now we are ready to do the exciting calculation that proves the theorem. In the previous lemma
we proved that for our linear flow A(x, t):

b
cuncon| =2l [F(xacn el =0
TR N T LALE T ) T
a t=0
Carrying the derivative under the integral sign gives us that:
b
d 0 OA(x,t)
AU CI))) T J E(F <x,A(x. ), —- )) dx
a t=0

b
oF 0A(x,0)\ 0A oF dA(x,0)\ 02A
= j (@ <X; A(X, O), ax ) E (x, 0) + a_y, <x1 A(xl O)I ax axat (xl 0) dx - 0
a

Since A(x, 0) is equal to Y (x) (see Equation 1.3.4), we get that the above equation can be
rewritten as:
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2

b
f(—(xYY) a—(x 0)+a—(XYY) t(X,0)>dX=0-

Since -2 o (x 0) = h® (x) for vk € {0,1} (see Equation 1.3.4), we then get that the above

equation can further be rewritten as:

(G5 w0)
f—h(x)+—h(x) dx =0

(here I’'m too lazy to write — and it makes the equations look shorter — the argument of a—F and

h (x)dx by parts
glves that (remember h(a) = h(b) = 0):

b

f oF
ay

a

With this we get that the equation before becomes:

b b

) [YC I FYCa

a a

b

[ 55 nayax- f (5w = fb (g—i—;—x(%)) h@)dx = 0,

a a a

b
f(@y dx >> h(x)dx = 0.

.. . : : oF oF .
To be explicit, let’s rewrite the above equation with the argument P and P included:

and so:

b

f OF oy yry - L(2F W reorax = o
ayx" dx\oy' >’ xjax ==L

a

Let’s see what we have proven. We have proven that for any h € C?[a, b] such that h(a) =
h(b) = 0, the above integral holds (since the h that we chose to define A was arbitrary from this
set). So, we can apply Lemma 1.3.1 to the above equation to finally get that:

oF . d[oF ,
@(xlyly)_a<a_:yl(xlyly)> -

on the whole interval [a, b]. But this is the extremum curve Y (x) being plugged into the Euler-
Lagrange differential equation! So, we get that our extremum curve Y (x) does indeed satisfy the
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Euler-Lagrange differential equation. With this we have proved that a necessary condition for
Y (x) to be an extremum of the functional J is that it satisfies the Euler-Lagrange differential
equation. With this we have proven the theorem.

[ ]
Amazing! The following is a very cool definition to make right after proving the above theorem:

Definition 1.3.6: Let J be a functional defined by:

b

Iyl = fF(x,y,y’)dx

a

where F € C2[R3]. Let ] ’s domain be the set of curves y(x) € C?[a, b] that satisfy the boundary
conditions:

y(a)=A and y(b)=B

where A and B are two real numbers. Then the variational derivative, or functional derivative,
of the functional J is defined as:

6][]_0F( N d E)F( N
5y 2T 9y YY) T g\ gy Y )

This is the left-hand side of the Euler-Lagrange differential equation. Notice that the necessary
condition proved in the above theorem can now be rewritten in the nice form that a necessary
condition for a curve Y (x) to be an extremum of ] is that it satisfies:

ﬂ [Y]=0

5y

In other words, the variational derivative of the functional /] must be equal to zero at the curve

Y (x). This equation has the benefit that it looks like the analog necessary condition for a real-
valued function of one variable to have an extremum at a point: that its derivative is equal to zero
at that point. We will later see however that multivariable calculus provides a much better
analogy to the calculus of variations rather than real-valued one variable calculus.

Notice the interesting feature of the variational derivative g—; in that it is not a functional. In fact,

it takes a curve y(x) and outputs another curve/function of x, namely the left-hand side of the
Euler-Lagrange differential equation. As we’ll later discuss at the end of the chapter, the
variational derivative is in fact analogous to the gradient function for a real-valued multivariable
function. The variational derivative will play a crucial role in later chapters.

Using the calculus of variations to solve problems is exciting and | would like to show you some
examples of how the calculus of variations is used to solve some classical problems in
mathematics and physics. Up to this point we have developed a theory of necessary conditions
for extremums of functionals (Theorem 1.3.3). However, we haven’t developed any kind of
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theory of sufficient conditions for curves to be extremums of our functionals. For example,
technically for any functional of the form:

b

Iyl = f F(x,y,y")dx,

a

by looking at the solutions to its Euler-Lagrange differential equation we can only tell which
curves have the potential to be extremums of J (since the Euler-Lagrange differential equation is
only a necessary condition for a curve to be an extremum for the functional above). However, at
our current stage we yet have no way to actually prove that the curves that we find are actually
extremums of the functional /. The theory that allows one to prove that a curve is an extremum
of a functional is called the theory of the second variation (kind of like the second derivative of a
function), and we will not develop this theory for some time.*

However, in many cases, such as in the following examples, it is physically obvious (or
“intuitively clear”) that a functional has one and only one extremum. In those cases, what one
often does in order to find the extremum of their functional is they find the solution to the
functional’s Euler-Lagrange differential equation and then claim that that solution is the
extremum that they are looking for. Of course, that’s not really rigorous because the last claim
needs proof. But for those who just seek answers and are comfortable with a little bit of loose
rigor, this is just fine. So, for the purpose of showing the power of the Euler-Lagrange
differential equation in its ability to find extremums, in the following examples | will temporarily
assume this attitude in that I will use my (our?) physical intuition to assume that the functional in
question has one and only one global extremum and that it is the solution to the Euler-Lagrange
differential equation. But the reader should not be discouraged because when we do reach the
chapter on the theory of the second variation of a functional, we will return to every single of the
following examples to prove that the extremum that we found was in fact the extremum of the
functional in question.

An analog of the above attitude in ordinary differential calculus would be to look for extremums
of functions by only looking at their first derivatives and not their second. But again, we will
return to every one of the following examples after we study a bit of second variational theory in
order to rigorously prove that the solutions that we find are actually the extremums of the
functionals in question. Let’s begin.
Example 1.3.7: Let us take the functional:

b

JIy] =f,/1+y’2dx=fF(x.y,y’)

a

defined on the set of curves y(x) € C?[a, b] that satisfy the boundary conditions:

y(a)=A and y(b)=B8B

4 For second variation theory, look at future editions of this book.
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where A and B are two real numbers. Let us find this functional’s minimum. Notice that the
above integral is the arc-length integral. This J is in fact the arc-length functional and so as
mentioned before, the problem of finding the minimum of the above functional is equivalent to
finding the curve y(x) that connects the two points (a, A) and (b, B) and that has the minimum
arc-length. The Euler-Lagrange differential equation of this functional is:

JoF d(aF)_a 14y d( o 142
oy dx\ay) " ay\W Y dx\ay WY ) )
Calculating the partials Z—; and ;_; is like treating y and y' as one would variables and then

taking partials. So :—y( fl + y’2> = 0 because thereisno y in /1 + y'% and aiy,( /1 + y’2> =

!

Yy

. So we get that the Euler-Lagrange differential equation of this functional is:

e R

Multiply both sides by —1 to get that:

1+y’2

d y'

e\ [,
1+y’2

In order to find the minimum of our functional we need to find the solution of this second order
differential equation that satisfies the boundary conditions y(a) = A and y(b) = B (it needs to

satisfy these boundary conditions in order to be in the domain of J). Integrating both sides of the
above equation gives:

=0.

!

_y
’1+y’2

for some constant of integration c. Multiply through by /1 + y’2 and then square both sides to
get that:

=C

vy =c?(1+y?).
From this equation it is easy to see that ¢2 = 1 is impossible. So, we can solve for y'? to get that:
12 _ CZ
1—c?

y
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This equation implies that y' is constant on all of [a, b]. So we get that y must be a line:

y(x) = ax + B,

where a and £ are constants. Great! Now, notice that every of the above calculus and algebraic
step was reversible.® This implies that lines are and are the only solutions to our Euler-Lagrange
differential equation. So our extremum curve must be the line that connects the two points (a, A)
and (b, B). Let’s find the equation for this line. For this, we need to find a and 8 such that:

aa+f =4,
ab + f = B.

Solving this system of equations gives us that:

dA — bB
= ad—bc’
aB —cA
~ad - bc’

And so, the extremum of our functional is:

dA — bB +aB—cA
ad—bcx ad — bc’

With this we have found that the curve that connects the two points (a, A) and (b, B) and that
has the minimum arc-length (or in other words that minimizes our arc-length functional J) is the
straight line that connects the two points (a, A) and (b, B), the equation for which is given right
above. The answer that we got that the shortest path between two points is a line shouldn’t be at
all be surprising to the reader. However, it’s exciting to see how the Calculus of Variations can
give us a proof of this very familiar result.’

y(x) =

For the next example, let us prove a small but very useful identity that often helps make
calculations much shorter.

Theorem 1.3.8 (Beltrami’s Identity): Let / be a functional defined by:

b

Iyl = j F(x,y,y")dx

a

> A reader with a good eye might be worried that the step where we squared both sides of the equation is not a
reversible step. It is in fact reversible because notice that there stands an arbitrary constant. Upon doing the reverse
step of square rooting in that step, any possible negative signs that might pop up will be engulfed by the arbitrary
constant ¢ (meaning ¢ might become —c upon square rooting, but since it’s an arbitrary constant we can always
relabel it to be c again).

& Again, we will come back to this example after we talk about the second variation to actually prove that this is the
minimum of our functional [see future edition of this book].
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where F € C2[R3]. Let ] ’s domain be the set of curves y(x) € C?[a, b] that satisfy the boundary
conditions:

y(a@)=A and y(b)=B

where A and B are two real numbers. Suppose also that the integrand F does not explicitly

depend on x (like for example F = /1 +y'2 F=y2+y'? and F = yZsin(y') are all

examples of where F does not explicitly depend on x. Another way to say that “F does not

- af .
explicitly depend on x ” is that é is zero everywhere).

a.) Then the solutions of the Euler-Lagrange differential equation are also solutions of the
differential equation:

JF
Equation 1.3.9 Flx,y,y) =y 3 (x,y,¥y)=C,

where C is some constant.” Unfortunately the set of solutions of this differential equation is not
necessarily equal to that of the Euler-Lagrange differential equation. But it almost always is, and
part (b) gives an easy-to-use condition for checking when the two set of solutions are equal.

b.) If it so happens that for any solution y to Equation 1.3.9, y’ vanishes only on a discrete set,
then this differential equation is equivalent to the Euler-Lagrange differential equations
(meaning that they have the same exact solutions).

Proof: Let’s first prove part a. Take the Euler-Lagrange differential equation of J:
JoF d ((’)F> _

oy dx\oy’

Calculating the :—x on the left-hand side gives that the above equation becomes:

oF 0% ., 9 .,
ay ayrayy aylzy - v

Now Beltrami must have been really bothered by the g—i term, and so he decided to integrate it. In

order to integrate it in x we need to multiply it by y’ and then add a ;—;,y” term to it (so as to get
this term to be the derivative of F, which is what is meant by “integrating it”). So, take the above
equation and multiply it through by y" and then add ;—;,y” — :—;y” (which is zero) to the left
side. With this we get that the above equation becomes:

"1 would call this the integrated form of the Euler-Lagrange differential equation (the reason for this will be seen in
the proof of this theorem). The purpose of this differential equation is that in the case when the integrand F does not
explicitly depend on x, this differential equation is sometimes easier to handle rather than the original Euler-
Lagrange differential equation of the functional.
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oF oF oF 0%F 0%F

’ 1" yIZ _ — yl/y/ = 0.

R + —_
dy dy’ dy’ dy'dy dy

"no_

H oF , B_F " H i _ a_F ! a_F "
Now we can integrate the term 37 + 3y Y term. Since — (F) = 3y + Y (as planned),

if we take the antiderivative of both the left and right hand sides of the above equation, we get

that:

f(aF - oF  OF , 0°F ,, O0*F ’)d de

— —_— —_ — X = X
ayy ay/ ay/ ayrayy ay,zy y

IS given by:

E tion 1.3.10 F — j <_6F "4 o°F "y —aZF " ’) dx =C
uation 1.3. x
1 ay’y 0y’6yy ay’zy Y

where C is some arbitrary constant of integration. We don’t like having integrals in differential
equations. So what can we do? Let us try integrating the term :—;, y" by parts:

oF oF d (0F oF 0°F , 0°F
y”dx — ay,yr _f ( )yrdx — yl _j- S yuyr y’dx,

oy’ dx \0y’ oy’ ay’ayy dy'?
and so:
oF "y oF | f( d0%F 2 0%F . ,> 'd
X = - X.
ayly ay’y ay,ayy ay,zy y y

Plugging this into Equation 1.3.10 gives that:

v oF ,+j<62F ,2+62F . ) g J(@ZF ,2+62F . ,>d c
- X — x=_C.
y ay'ayy ay,zy vy ay'ayy ay,zy y

The two integrals cancel out and so we get that:

F oF _
ay’y_'

which is the differential equation that we wanted to get. With these algebra and calculus steps we
have shown that any solution of the Euler-Lagrange differential equation is also a solution of the
above differential equation. With this we have proved part (a). Now let’s prove part (b).

The reason why we need such a tricky condition for the two differential equations to be
equivalent is that there was one (and only one) non-reversible step that we did above when we
went from the Euler-Lagrange differential equation to the differential equation F — :—;,y’ =C.
That was the step when we multiplied the equation:

oF 0°F  0°F

@_ ayrayy - ay/Z

Equation 1.3.11

yll=0
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through by y' to get:

) oF 0’°F , 0°%F
Equation 1.3.12 ! y' - Py y'y' =0
y

ay”  ay'dy

(this wasn’t written out as a separate step, but was indicated by the phrase “...So, take the above
equation and multiply it through by y" and then...”). This is not a reversible step since if
Equation 1.3.12 holds, Equation 1.3.11 doesn’t necessarily hold because y’ might be the quantity
that is zero in equation 1.3.12. But in the case that y' is zero only on a discrete set, then by the
o?r
ay'ay”
imply that Equation 1.3.11 holds. With this we get that the condition that y’ is zero only on a
discrete set implies that all of the above steps are reversible. So if this “y’ is zero only on a

2
continuity of the quantity 3—5 - - %y” it is easy to see that Equation 1.3.12 does

: .. . . . . oF
discrete set” condition holds on every solution of the differential equation F — 37 y'=C,

working all of those steps backwards we see that every solution of this differential equation is
also a solution of the Euler-Lagrange differential equation and thus these two differential
equations are equivalent. With this we have proved the theorem.

Example 1.3.13: Let us solve the Brachistochrone problem (see example 1.1.8). Let us say that
we want to build a slide that starts at (0, 0) and goes down to (b, B) where b > 0 and B < 0 and
that has the minimum descent time for a sliding point particle (disregarding friction) that starts at
rest at (0, 0)8. What should the shape of the slide be?

(0,0)
Slide/Curve

(b,B)

Let’s figure out the integral expression for the time of descent for a point particle to slide down
from the point (0, 0) to the point (b, B) along a curve y(x) that connects these two points. Let’s
assume that the curves y(x) for the slide that we are considering all have non-positive derivative
(so as to guarantee that the point particle can even slide down from the point (0, 0) to the point
(b, B)). Let’s take any such curve y(x). By the conservation of energy, we know that
(remember, the point particle starts at rest at (0, 0)):

1 2
Smv® = —mgy

where m is the mass of the particle, v is its total speed, g is the gravitational constant
9.8 meters/second?. Solving for v we get the famous equation:

8 Point particle means that all of its mass is centered at some point, which is sliding down the curve.
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v=,/—-2gy.

Don’t worry, the above quantity is real and never imaginary since y(x) < 0 (because y(0) = 0
and we agreed that y has non-positive derivative). Now partition up the interval [0, b] into many
many small subintervals of equal length. For any small partition interval [x;, x;+4], the descent
time for the point particle to slide down the small piece of curve over this small interval is
approximately:

> ¥y (esn) = ¥\’
\/(xk+1 —x)? + (}’(xk+1) - }’(xk)) \/1 + ( §k+1 — Xk : )

(Xgs1 — X))
V—29y(xi) V—29y Mot

1’ 1+ (J"(xk))z \
X
V=29y(xy)

where Ax = x;,.4 — x;, (remember, all of the partition intervals have equal length). Summing
this up over all of the partition intervals and then passing over to the limit as the length of each of
the partition intervals becomes smaller and smaller gives that the descent time of the point

particle over the whole curve is given by the integral:
2
FJ1+ (') P 1yt
| di = [ ==
o N—29y(x) s \29 Y

So now we can reformulate the problem of finding the curve of minimal descent time from the
point (0, 0) to the point (b, B) as finding the minimum of the functional:

1 ’1+y’2 b

b
Jyl= | =—F=—dx = [ F(x,y,y")dx,
[ =]

whose domain is the set of curves y that satisfy the boundary conditions:

~
=~

X.

y(0) =0 and y(b)=B.

Let us find this functionals minimum by finding the solution of its Euler-Lagrange differential
equation. Since the integrand does not depend on x explicitly, we can apply Beltrami’s identity
to get that any solution of this functional’s Euler-Lagrange differential equation must also satisfy
the differential equation:

12 /2
oF 1 J1+Y° o 1 1ty

Foy o=y 5| == | =C
v 2 vy v\
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for some constant C. We will soon see that all solutions of this differential equation satisfy the
condition in part (b) of Beltrami’s Identity (Theorem 1.3.8). So by solving this differential
equation we will have solved the Euler-Lagrange differential equation as well. Multiply through

the above equation by ,/2g to get that:

/1-{-}/'2 P /1+y’2

-y —|—|=+29C.
J-y W'\ -y

Since C is an arbitrary constant, ,/2gC is also an arbitrary constant and so we can relabel /2gC

to be C again:
/1+y’2 ’ 0 ’1+y’2

Y 5y
Vo T -y

=C.

Calculating the 6iy’ above gives us that the above equation becomes:

1+y’2 12
\ y
C.

= s

Multiplying through this equation by [1 + y’2,/—y and then squaring both sides gives that:

1=-C2(1+y"")y.

Relabeling —C? by € (we can always do this since these are arbitrary constants) and then
dividing through the above equation by (1 + y’z)y gives us that our solution must satisfy the
differential equation:

1 —
(1+y?)y

for some constant C. Honestly, I don’t know how people solved this differential equation. I guess
Bernoulli sat down one day and decided to try plugging in all of the types of curves he knew into
the above differential equation. He probably tried the circle and some other curves. Physics says
that the most efficient curve in terms of descent time must have a vertical derivative at (0, 0) so
that the particle can gain speed in the beginning.® Bernoulli must have first tried those curves. In

C

® An insight due to my father: Igor Grebnev.
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any case, he finally stumbled onto the fact that the class of curves that solve the above
differential equation are the cycloids, which have the parametric form:

x(t) =r(t—sin(t)) + s
y(t) = r(—1 + cos(t))

where r and s are constants. Cycloids represent the curve that a pebble takes when it is attached
to the edge of a wheel when it’s rolling. Let’s check that the cycloids indeed satisfy the above
differential equation. We have that:

dy y'(t) _ —rsin(t) - sin(t)
dx  x'(t) r(1—cos(t)) 1--cos(t)

And so, plugging this into the left-hand side of the above differential equation gives:
1 1 1

(@) () (=0

Simplifying this further gives that the above quantity becomes:

—1 1 111
r (1 —-cos(t))? +sin2(t) r 2-—2cos(t)  2r
1 — cos(t) 1 — cos(t)

which is indeed a constant (meaning here C = ;—Tl). With this we have checked that the cycloids

are indeed solutions of the differential equation ﬁ = C. In fact, using the uniqueness
y o)y

theorems from differential equation theory it is easy to check that the cycloids are the only
solutions to this differential equation.

, OF

Notice that every step above getting from F — y 3y = C to the differential equation (1; =

+y'%)y

C was reversible.1® So working all of those steps backwards we see that the solutions and only
solutions to the differential equation F — y’ :—5, = (C are the cycloids. Now, since the derivative

of cycloids are zero on isolated sets (easy to check), we get by part (b) of Beltrami’s Identity that
the cycloids are also solutions and the only solutions of the Euler-Lagrange differential equation
of our functional. So to find the minimum of our functional we just need to find the cycloid that
passes through our two points (0,0) and (b, B). For specific values of b and B this can always
be done using computers.

With this we get that the minimum descent time curve from the point (0, 0) to (b, B) is the
cycloid that passes through these two points. We have solved the Brachistochrone problem.
Solving this problem without using Beltrami’s identity by directly looking at the Euler-Lagrange

10 See footnote 5 on page 23. It applies here as well.
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differential equation is computationally a much more formidable task. You can try writing out
the Euler-Lagrange differential equation for this functional to see what | mean.

I remember that when our first-year calculus professor posed the Brachistochrone problem to our
class, | immediately became interested in the problem. That same day | went on Wikipedia (the
great source of mathematical knowledge) to learn more about this problem and the legend
surrounding it. The Wikipedia page on this problem indicated that there are several solutions to
this problem (all of which were beyond my reach at the time), one of which is a direct
application of the Euler-Lagrange differential equation. All solutions are variational in nature
and have one or another connection the calculus of variations. In the exercises | wrote up a
problem that suggests a different and very ingenuous approach to this problem, one that use the
concept of light [see future edition of this book].

Section 4: Concluding Words

As | mentioned several times, multivariable calculus provides an excellent analog to the calculus
of variations. In fact, the calculus of variations can be thought of as an infinite dimensional
extension of multivariable calculus. Let J be a functional of the form:

b

Iyl = f F(x,y,y")dx

a

defined on some set E = {h € C?[a, b] : h(a) = h(b) = 0}and let G : U € R™ — R be a real-
valued multivariable function. Here are the analogies between the two:

1. The domains of both J and G are subsets of some vector space.
2. As will be explained in point 4, the variational derivative g—; is the analog of VG. Notice

that the type of elements in the domain and range of both the variational derivative and
gradient are the same. In other words, the variational derivative maps curves to curves
while the gradient maps vectors to vectors.

3. Inthe proof of the Euler-Lagrange differential equation, we proved in Lemma 1.3.5 that
a necessary condition for the functional J to have an extremum at a curve Y is that for
any n-smooth linear flow A(x, t) that passes through Y, the function J[A(x, t)] must
have an extremum at the point in time when A passes through Y. The analog necessary
condition for G to have an extremum at a point x is that for any line I(t) (or “linear
function”) that passes through x, the one variable function:

G(L(®)
must have an extremum at the point in time when [ passes through the point x. [(t) is the
analog of A since as was mentioned right after Definition 1.2.8, n-smooth linear flows
such as A can be called the “lines” of the space C*[a, b] and even E.

The next point explains the analog between how these conditions imply that 5_3], = 0 and
VG = 0 at their respective extrema.
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4. As mentioned after Lemma 1.3.1, Lemma 1.3.1 has an interpretation through an inner
product of the form:

b
(.90 = [ FedgGdx = o

The interpretation is that if a(x) was a function such that (a, h) = 0 for every h €
C?[a, b] that satisfied the boundary conditions h(a) = h(b) = 0, then a = 0. Near the
end of the proof of the Euler-Lagrange differential equation (Theorem 1.3.3) we applied
Lemma 1.3.1 to say that:*

b
f (-

which notice can also be written as:

(% Y], h> ~0

implies that:

O0F d (0F 6]

———( ) =2v=o0

dy dx\dy oy
Now let’s see where the analog is with the multivariable function G. The analog is that a
necessary condition for G to have an extremum at a point x is that for any vector h, the
dot product (which is an inner product):

VG(x)-h = 0.
An analog of the application of Lemma 1.3.1 to the functional J is to conclude from here
that this implies that:
VG = 0.

This is indeed a necessary condition for G to have an extremum at x and it is the analog

condition for the variational derivative g—; to be equal to the zero function (which is the

zero vector in the vector space E = {h € C*[a, b] : h(a) = h(b) = 0}).

5. Another way to see the analog is to view a function h € E € C*[a, b] as a vector with
infinite coordinates with values in each coordinate being h(x) for every x € [a, b].
While a vector in U € R" is a vector with n coordinates. For those who know a little bit
more set theory, the analogy meant here is the analogy between the equations (here [] is
the cartesian product):

dom(J) € 1_[ R
¢€la,b]
dom(G) S 1_[ R

¢pe{1,2,..,n}

11 Here the partials of F are being evaluated at (x,Y,Y") (see the end of the proof of Theorem 1.3.3).
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Chapter 2:
Generalizations of the
Euler-Lagrange
Differential Equation

“— | feel that to do well on the [AP] Calculus BC Test, you just have to memorize a lot of
formulas™ — Person A

“—Yeah” — Person B (author’s friends)

Section 1: Overview (Very Short)

In this chapter we’ll develop some more general forms of the Euler-Lagrange equation. The first
of these generalized forms deals with the question of how to find extremums of functionals that
take multiple curves for their arguments. Following that we will derive the Euler-Lagrange
Differential Equation for functionals whose arguments are not curves, but surfaces or
hypersurfaces.

Section 2: Multivariable Functionals

There are instances in mathematics (as we will encounter) when a functional is dependent on
multiple functions of one variable. An example of such a functional is the functional that gives
the arclength of a parametrized curve in R?:

@001 = [ J@o) + (@)
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Here the functional takes two continuously differentiable functions u, v : [t,, t;] = R and
returns the arclength of the parametrized curve (u(t), v(t)) that sits in R?. As we can see, this is
a functional that takes two functions of one variable u(t) and v(t), and outputs a real number.
This kind of functional that takes more than one of a type of argument (in this case functions of
one variable) is naturally called a multivariable functional. So, we can of course ask the
question of how one proceeds to find the extremums of such multivariable functionals? Let’s
investigate this question. In this section we will only treat the case of multivariable functionals of
two variables (meaning functionals of the form J[u(t), v(t)]). The generalization of all the
results that we will get to the case of functionals with even more variables will become trivial.

This kind of transition from one variable functional theory (which we were doing in the previous
chapter) to multivariable functional theory is analogous to the transition that one does when one
goes from learning one variable calculus to multivariable calculus (a milestone in a
mathematician’s life). So in order for us to make this transition from one variable functional
theory to multivariable functional theory, let’s review how we did this transition in normal
differential calculus.

Suppose that we have a very nice (smooth) function F(x, y). How did we find its local
extremums? Well, the first thing we realized was that if a point (a, b) is a local extremum of
F(x,y), then if we fix the x component to be equal to a and let y be variable we should get that
y = b is a local extremum of the one variable function F(a, y) of the variable y. What is a
necessary condition for y = b to be a local extremum of the function F(a, y)? A necessary
condition is that the derivative of the function F(a,y) aty = b is zero:

i(F(a,y))| P am=o
dy y=p 9Y

If we do the same thing but this time fixing y = b, we get that x = a must be a local extremum
of the one variable function F(x, b) and thus:

oF
=— (a,b) = 0.
0x

d

xX=a

So, we got that a necessary condition for a point (a, b) to be an extremum of the multivariable
function F(x, y) is that the following two equations hold:

E)F( b) =0
ax )=
oF

@(a,b)—O.

We often write this in the more compact form:
VFE(a,b) =0

The idea behind the analog transition in the calculus of variations from one variable to multiple
variables is exactly the same. It turns out that a necessary condition for a multivariable functional
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to have an extremum somewhere is that it satisfies the necessary condition for an extremum in
each variable, just like with the F above. But before we can proceed to prove this, we have to
define some sense of distance in the domain of multivariable functionals. For this, we make a
couple of definitions.

In order to make the statements of some of our definitions and theorems precise and a bit shorter,
let’s agree to the following (quite standard) notation:

Notation 2.2.1: Let [[;-; C™[a, b] denote the set of all vectors of the form
(uy (%), up (%), ..., un (x)) where each w;, (x) is a function in C™[a, b]. Colloquially we might call
elements of [[;:=; C"[a, b] “function vectors” because they are vectors of functions.

Definition 2.2.2: Let (uy (x), u3 (%), ..., un (x)) € [Tf=1 C™[a, b] be a vector of functions each of
which is in C™[a, b]. Then, let’s define the norm of this function vector by:

U, Uy, oy, U = max u .
stz w)ll = max (huell

Where ||u, (x)|| here denotes the norm that we defined on C™[a, b] (see definition 1.2.3). Again,
it is easy to check that this definition of norm satisfies the four axioms of a normed space.

One with a bit of experience in abstract linear algebra might realize that since [[;-; C"[a, b] isa
vector space, the above norm on vectors in []-; C"[a, b] naturally induces the following
definition of distance between two “function vectors:”

Definition 2.2.3: Let (uy (x), uz (%), ..., un (x)) and (v, (x), v, (x), ..., v, (x)) be two function
vectors in [[;-; C™[a, b]. Then the distance between these two vectors is defined as:

| (uy, g,y oo, up) = (W1, V2, e, V)L = 1wy = 1, U = v, up — )l =

max Uiy — v .
cemax Al = viell}

Now that we have defined a notion of distance in the domain of multivariable functionals, we
can now formally define what it means for a function vector to be a local extremum of a
multivariable functional. It’s defined as one would expect it to be.

Definition 2.2.4: Let ] : E € [[}=; C"[a, b] = R be a functional (here E is the domain of ).
Then J has a local minimum at the function vector (v,, v, ..., v,) if:

Ve>0 36 >0 V(ug,uy, ..., uy) €E : ||(uy, Uy, ..., up) — (U1, 05, ..., )| <6,
Jlug, uy, oy uy] = J[v1, v, o, v
And J has a local maximum at (vq, vy, ..., vy,) if:
Ve>0 35 >0 V(uy,uy, ..., uy) € E : ||(ug, Uy, oo, uy) — (U1, 05, o, 1)l <6,

Jlug, g, ey uy] < J[v1, Vg, e, .

Notice that this definition looks just like its one variable cousin Definition 1.2.6. Global
extremums of multivariable functionals are defined just like you would expect them to be.
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Definition 2.2.4: Let ] : E € [[=; C™[a, b] = R be a functional. Then J has a global minimum
at the function vector (v, v, ..., v,) if:

V(uq, Uy, ...,u,) €E, Jlug, Uy, ooy uy] = J[vy, vy, oo, Uy
And J has a global maximum at (vq, vy, ..., vy) if:
V(uq, Uy, ...,u,) €E, Jlug, Uy, oy Uy ] < J[vy, vy, o, Uyl

Now are now finally in a position to state and prove a theorem that gives a necessary condition
for a multivariable functional to have an extremum at some function vector.
Theorem 2.2.5 (The Multivariable Euler-Lagrange Differential Equations): Let J be a
functional defined by:
b
Jlug (), uz (%), .o, upn (X)] = j F (o, uy (20), up (), ooe, U (00, uf (%), 1 (), o, up () ) dix
a

where F € C2[R?™*1]. Let ] ’s domain be the set of function vectors (Uy, Uy, ..., Uy) €
k=1 C™[a, b] that satisfy the boundary conditions:

(ul(a),uz(a), ...,un(a)) = (4,,4,,...,4,) and

(ul (b), uz(b), ..., un (b)) = (By, By, ..., By)

where (A4, 45, ..., A,,) and (B4, By, ..., By) are two fixed vectors in R™. Then a necessary
condition for J to have an extremum at (v,, v,, ..., 13,,) is that the set of functions
v;1(x),v,(x), ..., v, (x) satisfies the system of Euler-Lagrange partial differential equations:

JoF
ﬁ (x, uq (x), u, (%), ...,un(x),ui (x),ué (), ... ,u;l(x))

1

d [ OF / , , )
-zl (2, ug (), uz (%), oo, U (), ug (), U (), oo up (%)) | = 0

JdF
FY (36, ug (), Uz (%), oo, U (), uf (), U (), v, Up (X))

2

d [ OF , / / —
_a<a_ué (x’ ul(x),uZ(X), ...,un(x), u1(x)’u2(x)' ---'un(x))> =0

g (01 (0,1 (), (0,10, (), U, ()

d [ OF
——< (26, ug (), Uz (%), o, U (), uf (3, b (), ...,u;(x))) =0

dx \ du,,
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Remember, here u,, u,, ..., u,, are the variables of the functional J. So when we say that

V1, Vs, ..., Uy Satisfy the above system of Euler-Lagrange partial differential equations we mean
that if we plug in vy, v,, ..., v, into the u,, u,, ..., u,, respectively, we will get that the above
equations hold.

Proof: The proof of this theorem is very short and exactly analogous to how in calculus we
proved that a necessary condition for a differentiable function of the form F : R® — R to have an
extremum at some point is that all of its partials are zero at that point. The idea is to apply the
one variable Euler-Lagrange theorem (Theorem 1.3.3) that we proved in the previous chapter to
each variable component of J.

Take an extremum (v, vy, ..., V) Of J[uy, Uy, ..., u,] (remember, here u,, uy, ..., u, are the
variables of our functional and (v,, v,, ..., 1,,) is our point where the extremum lies). We want to
prove that vy, v,, ..., v, Satisfy the above system of Euler-Lagrange partial differential equations.
FiX u, = vy, us = v3,...,u, = v, but keep u, variable. Consider the one variable functional:

b

Jlug, vg, o, U] = jF(x,ul,vz,...,vn,ui,vé,...,v,’l)dx.

a

Notice here that only u, is variable and the other u,, ..., u,, are fixed to be v,, ..., v,. So, this is a
functional of the one variable u, (x). It is easy to see that since J has an extremum at

(v4, V3, ..., 1), the one variable functional J[u,, v,, ..., v,] of the variable u; must have an
extremum at u; = v; (this merely comes from the definition of extremums and norms defined
above). So we can apply the one variable Euler-Lagrange theorem (Theorem 1.3.3) to the
functional J[u4, v,, ..., v, ] to get that we must have that:

aF ! ! !
a_ul (x, v1(x), v2(x), ..., v (x), v1 (%), v53(X), ..., Uy, (x))

d [ OF , , ' _
Cdx a_ui(x,vl(x),vz(x),...,vn(x),vl(x),vz(x),---,Un(x)) =0.

So vy, vy, ..., 1y, Satisfy the first Euler-Lagrange partial differential equation above. Similarly, if
we fix u; = vy, uz = vs,...,u, = v, but let u, be variable, repeating the above process gives us
that v, v,, ..., 1, must satisfy the second Euler-Lagrange partial differential equation above:

oF

T (x, v1(x), v2(x), ..., v, (x), v1 (%), V5 (x), ..., v,’l(x))
2

dx \ du,

d ( OF
——< (, v, (), V2 (%), .., v (x), 1 (x), V5 (%), ...,v,’l(x))) = 0.

And doing this for each u; gives that the v;, v,, ..., v, must satisfy:

oF

Eh (2, v, (), V2 (%), «er, v, (), V1 (%), V5 (%), .., vy (X))
k
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d
dx

J0F
( 7 (x; vl (X), UZ (X), ey Un(X), vi(X), vé (x)l ey v‘rll(x))) = 0
ouy,

forevery k € {1,2, ...,n}. So the vy, v, ..., v, satisfy this system of Euler-Lagrange partial
differential equations. With this we have proved the theorem.

Again, the proof of the above theorem isn’t difficult and analogous to way the similar theorem is
proved in multivariable calculus. The whole idea behind the necessary condition for a
multivariable functional to have an extremum somewhere is that at that function vector” it
satisfies the necessary condition for an extremum in each of its variables. This theorem will be
crucial in the differential geometry chapters.

In analogy to how we defined the variational derivative (Definition 1.3.6) of a one variable
functional in the previous chapter, we can define the variational gradient of a functional of
several variables.

Definition 2.2.7: Let ] be a functional defined by:
b

Jlug, uy, vy uy] = fF(x,ul,uz,...,un,ui,u'z,...,u;)dx

a

where F € C2[R?™*1]. Let ] ’s domain be the set of function vectors (Uy, Uy, ..., Uy) €
k=1 C™[a, b] that satisfy the boundary conditions:

(ul(a),uz(a), ...,un(a)) = (A4, 4,,..,4,) and
(uy (B), uz(b), ..., un (b)) = (By, By, ..., By)

where (4, 4,, ..., A;,) and (B4, B, ..., B,) are two fixed vectors in R™. Then the variational
gradient, or functional gradient, of J is defined as:

( o] o] i ’un]>

6_ul [uq, uy, ...,un],6—u2 [uy, Uy, ..o, Uy, 'S_un [uq, uy, ...

oF d(@F) oF d(@F) oF d(@F)

ou; dx\ou,/ du, dx\ou,)’ ~'ou, dx\du,
where each of the partials of F here are being evaluated at (x, uq, uy, ..., Up, U3, Uy, ..., Up).
Basically what is done here is we take J, takes its one variable variational derivative in each of

its variables u;, and then form it into one big vector. Then this resulting vector is called the
variational gradient.

VsJluq, uy, ..., uy] =

As we will later see, the role that variational gradients play for functionals has a striking
resemblance to the role that gradients play for multivariable functions. Already we can see this
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with the previous theorem by noticing that the necessary condition stated in Theorem 2.2.5 for
the functional J in that theorem to have an extremum at (v,, v,, ..., 1,,) can be rewritten as:

Vs/lvi, vg, ..., ] = 0.

On the right-hand side 0 is the zero vector in R™. This formula has a striking resemblance to the
classical necessary condition for a differentiable multivariable function to have an extremum at
some point.

Example 2.2.6: (The parametrized planar arclength minimizing curve problem) Take the
multivariable functional:*2

b
JIu@®),v(®)] = f\/(u’(t))2 +(v'(6)) dt

where its domain is the set of (u, v) € [13-, C™[a, b], such that u’* + v'* never vanishes and u
and v satisfy the boundary conditions:

(u(a),v(@)) = (41, 4,),
(u(b)l v(b)) = (Blr BZ)

Another way to describe this domain is as the set of all continuously differentiable non-singular
parametrized curves in R? that satisfy the above boundary conditions (see the conventions
section to see what “non-singular” means). We require that our curves are non-singular (the
condition u'? + v'> # 0) to prevent them from having any kind of “pointy edges.” Notice that
what this functional does is it takes any such parametrized curve and returns its arc-length. Thus,
this is another form of the arc-length functional that we’ve seen before (see Example 1.1.3). We
could call this the “parametrized curve arc-length functional.” So, omitting technical details we
can colloquially say that finding the minimum of the above functional is the same thing as
finding the shortest path between the two points (4;, 4,) and (B, B,).

As you probably know, the shortest path between any two points in the plane is the straight line
that connects the two points (we will rigorously prove this fact in the differential geometry
chapters. We will in fact prove this assertion in any dimensions n). Thus, the straight line is the
minimum of the arc-length functional (it is a global minimum of ] in fact). So, by the previous
theorem we should get that the straight line between (4,, 4,) and (B;, B,) satisfies the system of
Euler-Lagrange differentiable equations:

oF d(aF)_O
ou dx\ou'/

12 Here since the functional has only two variables, | decided to call them u and v instead of u; and u,. The latter
style of denoting variables by “u;,” with the index k is convenient (just like in multivariable calculus) when you
have many variables involved. | also am using t rather than x as the variables for u and v.
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oF d(aF):

v dx\ov’

Let’s check this! The straight line between (4,, 4,) and (B4, B,) is parametrized by:

t—a t—a

b—a b—a
(t) = A (1 t_a)+B t—a
VL = 42 b—a 2h—a

And plugging this into the system of Euler-Lagrange differentiable equations we see that the
straight line does indeed satisfy this system of differential equations:

o (o) = e () = [ () = 0- (=)

" ou

ou dx\ou' dx \ ou’ dx W
u” B u'*u _ 0 B (%)2'0 _ 0
R TN C= D R = S = =)
oF d /0F d d (| o0 d u’
5 @ ov) ~ 3 ()~ aw “’2+”’2)>= &=
v 0 B
CHRTR T GN [CEY N SV Sy (Y N ey B

Our theory holds! Just for fun, let’s compute this functional’s variational gradient. In the above
calculation we computed the variational derivative of J in each of its components:

5 oF d ((’)F) S T
Su  ou dx\ou'/ w'? + p2 w2 +v’23
8] 9F d <6F> " v'4p"
Sv dv dx\ov') [u'? + p'? /u’2+v’23

And so the variational gradient of J is given by:

2 2
6] 6]) u' ulu” " v
Su’dv 12

Ju? 107 T o Z
us+v w4+ v us+v u'c+ v

Notice that everything here looks like multivariable calculus. This is a testament to the
variational derivative and gradient notation!

V5]=(
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As a last remark in this section, | would like to propose a new notation. Since functions of many
variables play a central role in mathematics, it would be convenient to be able to write many
variables in shorthand notation. If we are for example working with a function of n variables, we
often write it as F (x4, x5, ..., X,,). Writing x4, x,, ..., x,, is rather cumbersome (especially if it
turns out that the x;’s are not in fact variables but rather further functions of several variables).
So, | propose the following indexed argument notation. Instead of writing x4, x5, ..., X, the
indexed argument notation writes {x; };-,. So instead of writing:

F(xll X2y weey xn);

the indexed argument notation writes:
F({xi}i=1)-

As you can definitely see, this is much shorter than the normal notation.*® The size difference
however between normal and indexed argument notation is much more dramatic when you deal
with compositions of multivariable functions. For example, suppose that now we want to plug in
a set of multivariable functions hy (v, Y2, <o, Yim)s ha (Y1, V2 <o Vin)s- - oo Bn (Y1, V2, ooy Vi) INEO
the x;’s. Normally we would write this as:

F(hi (V1 Y2, o Ym) ha V1, V2 ooy Yimds oo Bn (1, 2 e, Vi) )-
But what the indexed argument notation does instead is: instead of writing out h; (1, Y2, --» Ym):
Ry (Y1, Y25 wves Yim)se o e (V1 V2, v, Vi), it Writes {hk ({yj};nzl)}:_l. Notice here that the
indexed argument notation uses { }j-; to enumerate over the h;’s and further { }}-; to
enumerate over the y,’s — the variables of the h;’s). So instead of the above expression, the

indexed argument notation writes:
m n
F({m ()

Here the difference between the normal notation and the indexed argument notation is much
more considerable than in the last example. And if one has multiple expressions of this form on
one line (as we will), the indexed argument notation can help greatly reduce the size of the
formulas.

I will not heavily push this indexed argument notation since it’s not standard. There are standard
alternatives such as using vectors to denote a set of variables and functions. I will try to do
everything in this book using normal notation. However, there will be moments in this book
where the notation gets sooooo long that it will become nearly impossible to do the calculations
without the use of some contracted notation. In those cases, | will use the indexed argument
notation.

Let me start off by showing how the indexed argument notation can be used to write down both
the functional and the system of Euler-Lagrange differential equations in Theorem 2.2.5 more

13 Note, {x, }#_, does not denote a finite sequence, it just uses the same curly bracket notation. To differentiate
between indexed argument notation and finite sequences one has to look at the context.
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concisely. In indexed argument notation, the functional in that theorem would be written down
as:

b

Tt (GOYes] = f F (e, Qg ()Y, futf GO Yo

a

Notice that on the right-hand side, the indexed argument notation used separate { }j-;’s to
enumerate over the u;’s and u;,’s. And the system of Euler-Lagrange partial differential
equations in that theorem would be written down as:

oF n , n d ([ OF n , n _
a_ul(x' {ur () }ie=1, {uk(x)}k=1)—a a_u;(x’ {ur (O =1, {ur (O }k=1) | =0

oF
ou,

OF d
9 & (e (0 Y=, Ture (0 J=1) — E( (x, {ure () Y=, {u;’((x)}ﬁq)) =0

oF d [ OF
E Ce, i =, f (=) — o <@ (o, {uge (0) Ye=1, {ue (X)}Ll)) =0

Section 3: Functionals over Spaces of Multivariable
Functions Part 1

Sometimes in life, while strolling through the meadows of analysis, one encounters functionals
whose domain is not a set of functions of one-variable as we’ve been seeing, but a set of
multivariable functions. Indeed, in the previous chapter we’ve been studying functionals of the
form J[y(x)] where y(x) is a function of one variable (the variable being x). But of course, why
should we restrict our functionals’ domains to be sets of one-variable functions when we could
for example consider functionals of the form J[h(x, y)] where h(x, y) is a function of two
variables. So let us develop a theory of functionals over spaces of multivariable functions.

Before we continuous, let me introduce a standard notation that we will often use in this book. If
F(x,y) is a function (real or vector valued) of x and y, let F, and F, denote the partials Z—Z and

oF . . . . . oy . .
F respectively. This is the “Newtonian notation” for differentiation and it often makes equations

look shorter compared to the Leibniz partial notation. As this notation would suggest, Fy, Fy,
9%2F o%*F a%F . . . .
%7 3207’ and 57 respectively. Similar sort of thing goes for third
order partials, fourth order partial, etc. This notation will often help us make our equations
shorter in the cases when they would get rather long and bulky if we used the Leibniz notation

instead.

and F,,,, denote the partials
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Functionals over spaces of multivariable functions have significant application in mathematics
and physics. They for example will play a central role when we study the differential geometry
of surfaces. As an example of a functional whose domain is a set of multivariable functions,
consider the following functional:

= [ e (aen) + () dxay

{(x,y)eRZ:x2+y2<1}

where h, and h,, denote the partials Z—: and z—z respectively. Let us say that the domain of this

functional J is the set of all functions h(x, y) that are continuously differentiable over the closed
unit disk {(x, y) € R? : x? + y2 < 1} (we require that the h’s are continuously differentiable
functions so as to guarantee that the above integral makes sense) and that they satisfy the
boundary conditions of passing through some non-singular space C* curve y(t) in R3 over the
unit disk:

— y floating above
. the unit circle.

v The h’s in the
domain of /] must
pass through this
curve over the

\ unit disk.

; Unit circle

Notice that this integral is the “surface area integral.” So, basically what this functional does is it
takes a continuously differentiable function h(x, y) that satisfies the above boundary condition
and outputs the surface area of its graph over the closed unit disk. Minimizing the above
functional will be the subject of our study of minimal surfaces in the differential geometry
chapters since minimal surfaces are defined as surfaces that minimize surface area.

The theory of functionals over spaces of multivariable functions is developed in almost exactly
the same fashion as we developed it for functionals over spaces of functions of one variable in
the last chapter. As a result, many of the details in the development of this more general theory
are pretty much the same or closely resemble what we did in the previous chapter. For this
reason some of the details in this section are briskly covered since we’ve pretty much already
seen how their done in the lower dimensional case.
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Since we are covering more general types of functionals, the domains of our functionals will tend
to be subsets of C™[E] where E € R™ (see Notation 1.2.1). So we need to define a norm on
these spaces. Let’s define it as follows:

Definition 2.3.1: Let E be a compact subset of R™ and let A(x;, x5, ..., x,) € C™[E]. Then the
norm of h in this space is defined as:

ak1+k2+"‘+knh

IRl = max (21, X2, s X)
. (e1,%2,xn)EE |9 K19 K2 gykn T
kl,kz,...,kn€Z+U{O}~k1+k2+"'+knsm 1 2 n
n
gZi=1kip
B ). a9 i [Ty 02 0 %)
Ky, Kk €24 U{O ey + kg 4otk o j=10%;
>tk
. . 0°J=1"Jh
In other words, we take all possible partials % of h of order less than or equal to m and
H}‘_lax.
= J

add up all of their maxes on E. The fact that these maxes exist is guaranteed by the Extreme
Value Theorem and the fact that E' is compact.

Similarly as we did before, we define the distance between two functions in C™[E] as the norm
of their difference:

Definition 2.3.2: Let E be a compact subset of R™ and let h(xq, x5, ..., X5,), g (X1, X2, ..., Xp,) €
C™[E]. Then the distance between h and g is defined as:

ori=ikip  gi=ikig

h—gl|l = E max .
” g” (x%1,%2,.wXn)EE n axkj n axkj
kl,kz,...,knEZ+U{O}:k1+k2+"‘+anm ]=1 ] ]=1 ]

Notice that Definition 1.2.3 and Definition 1.2.4 that we made in the previous chapter are
special cases of the above two definitions.

Local and global extremums are defined as one would expect them to be:

Definition 2.3.3: Let J[h(xq, x4, ..., X,)] be a functional whose domain is a subset of C"[E]
where E c R™ is a compact subset. Then J has a local minimum at the function
hi(x1, x5, ..., X)) € dom(]) if:

Ve>0 35§>0 Vgedom(J):|lg—hll <6,  Jlgl =J[h]
J has a local maximum at the function h, (xy, x5, ..., x,) € dom(J) if:
Ve>0 3§ >0 Vgedom(J):|lg—hl <6, Jlg] < Jlhq].

Definition 2.3.4: Let J[h(xy, x5, ..., X,,)] be a functional whose domain is a subset of C"[E]
where E c R™ is a compact subset. Then J has a global minimum at the function
hl(xl, X7, ...,xn) € dom(]) if:
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Vg € dom()),  Jlgl =J[hl.

J has a global maximum at the function h, (x4, x5, ..., x,) € dom(J) if:

Vg € dom()),  Jlgl <J[hl.

Notice that these definitions of local and global extrema of functionals are defined almost exactly
the same way as we defined them in the previous chapter. As on could guess, we define smooth
linear flows in C™*[E < R™] similarly to the way we did in the previous chapter.

Definition 2.3.5: Let E € R™. Then an n-smooth linear flow of multivariable functions is a
function A : E X [t,, t;] = R of the form:

A(xy, X9, oo, X, £) = e (Xq, Xg, oo, X)) + Ay (Xq, Xg, o, X)) " €
where h, and h, are functions in C"[a, b].

Again, for any n-smooth linear flow of multivariable functions A(xy, x5, ..., X, t), we will not
think of A as merely a function of n + 1 variables. As with the case of linear flows of curves in
the previous chapter, we will look at A(x4, x5, ..., x5, t) as a function of the n variables

X1, X5, ..., Xp, TOr every fixed t. Thus, our perspective will be that A(xy, x5, ..., x,, t) represents a
sort of movement of functions through the space C™[E] as t runs across the interval [¢,, t;] from
time t, to time t,. Or more artistically speaking, A(xq, x5, ..., x,,, t) is a “flow” of n-variable
functions. The next example helps illustrate this point of view.

Example 2.3.6: Take the 3-smooth linear flow of multivariable functions,
A:{(x,y) ER?:x2+y2<1}x[0,1] » R
defined by:

1 1 ) )
Alx, t) = (Ex +§y> + (2x° + 2y“)t

(in this example our E is the closed unit circle {(x,y) € R? : x2 + y? < 1} and [t,, t;] = [0, 1]).
Basically what this linear flow does is it flows from the plane %x + %y to the cup like surface

Gx + %y) + (2x2 + 2y?) over the closed unit circle. The following images show how the flow
A looks like at times t = 0, 0.33, 0.66, 1 respectively:
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Thus A flows (or “moves”) from the function %x + iy to the function Gx + iy) +
(2x% + 2y?) as the time variable ¢ runs fromt = 0to ¢t = 1.

The canonical form of an n-smooth linear flow of multivariable functions is defined similarly to
its cousin in the previous chapter.

Definition 2.3.7: Let A : E X [t,, t;] = R be an n-smooth linear flow of multivariable functions
as defined in Definition 2.3.5. Then the canonical form of the flow A(xy, x5, ..., x,,, t) is the
function A : [t,, t;] = C"[E] defined by:

K(t) = A(xll xz, ey xn: t)
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where in this case A(xq, x5, ..., X,,, t) on the right-hand side denotes the multivariable function of
the variables x4, x,, ..., x,, for every fixed t.

Just like for linear flows of curves in the previous chapter, canonical forms of n-smooth linear
flows of multivariable functions give more of a topological approach to the study of these kinds
of flows. Analogously, these flows also satisfy the property that they flow through C™[E]
continuously. This is stated precisely in the following theorem.

Theorem 2.3.8: Let A : E X [ty, t;] = R, where E € R™ is a compact set, be an n-smooth linear
flow of multivariable functions as defined in Definition 2.3.5. Then A(t) is a continuous function.

| will leave the proof of this theorem to the reader since its proof is almost identical in nature to
its analog Theorem 1.2.12. Just mimic the same steps as in the proof of that theorem and the
proof of this theorem should come out pretty quickly.

Section 4: Functionals over Spaces of Multivariable
Functions Part 2

In this section we will prove yet another exciting generalization of the Basic Euler-Lagrange
Theorem from the previous chapter. This generalization deals with the necessary condition for a
functional of multivariable functions to have an extremum at some function.

In the previous chapter we often called functions of one variable, such as y(x), “curves” since
their graphs resembled actual curves. In the study of functionals of multivariable functions we
can do a similar thing by colloquially referring to functions of several variables as “surfaces”
since their graphs look like surfaces or hypersurfaces (surfaces with dimension bigger than 2).
The result is that we can informally call a functional of the form J[h(x4, x5, ..., x,,)] a functional
of surfaces. Thus we can say that the main difference between what we are going to do in this
section and what we did in the last chapter is that we will be varying surfaces rather than curves
in order to find the extremums of our functionals.

In what follows, | will present results in the following pattern: the version for functionals of the
form J[h(x, y)] and then the version for functionals of the more general form J[h(xy, x5, ..., x,)].
The reason for doing this is that the calculations involving J[h(x,y)] are easier to visualize than
the calculations for the more general case J[h(xq, x5, ..., x,)]. S0 by doing the J[h(x, y)] case
first, when we do get to the calculations for J[h(x4, x5, ..., x,,)] we will already have a bit of
visual experience backing us up while we try to make sense out of all the symbols involved in
the calculations dealing with the more general case J[h(xq, X5, ..., X;,)]-

In this section we will be studying necessary conditions for extremums of functionals of the
form:

Equation 2.4.1: Jh(x,y)] = U F(x, y, h, hy, hy)dxdy
Q

46



where again h, and h,, denote the partials Z_: and % respectively. An example of such a
functional is the surface area functional given at the beginning of the previous section. With the
surface area functional, we had that F(x, y, h, hy, hy,) = /1 + hZ + hZ.

As in the previous chapter, in order to derive the Euler-Lagrange differential equation for
functionals of the above form, we will need the following simple but powerful lemma:

The proof of the following two lemmas come from Gelfand and Fomin’s book on the calculus of
variations.

Lemma 2.4.2 (Two-variables Version): Let m be a fixed non-negative integer and suppose that
Q < R? is a non-empty open subset of R?. Suppose also that a(x, y) € C°[Q] is a continuous
function such that for vh € C™[Q] that satisfies the boundary condition:

h(x,y) =0 forany (x,y) € dQ,

(in other words, h vanishes on the boundary of Q) the following integral is equal to zero:
ff a(x,y)h(x,y)dxdy = 0.
Q

Then a(x) = 0 on all of x € Q.

Proof: This lemma is proved in almost exactly the same way as we proved its one-dimensional
cousin Lemma 1.3.1 in the previous chapter. The whole idea behind this lemma is that if a was
nonzero at some point (x,, yo) € Q, then by a’s continuity we would know that locally to

(%0, ¥o) @ would also be nonzero. From there we would be able to construct a function h €
C™[Q] that is zero everywhere except near x, where h spikes up:
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Then intuitively in terms of volume we could see that with this h the integral
JJo @ Cx, ) h(x, y)dxdy would be nonzero, which would be a contradiction since we said that for

all h that satisfy the above boundary condition the integral | fﬂ a(x,y)h(x,y)dxdy = 0.

I will quickly cover the details in the proof of this lemma since the details are pretty much
analogous to what we did in Lemma 1.3.1. This lemma is proved by contradiction. Suppose that
there was a point (x,, y,) such that a(x,, y,) # 0. Without loss of generality, suppose that

a(xy, ¥o) > 0 (the case a(xq, yo) < 0 is dealt with similarly). Notice that in this lemma we don’t
even need to bother with the boundary of our set since we agreed to let Q be open. Then, by the
continuity of & we know that a will be positive within some ball of radius » > 0 centered at

(%0, ¥0)-

Now, an equation (one of many possibilities) for an m-times continuously differentiable positive
spike around (x,, y,) that vanishes outside the ball of radius r centered at (x,, y,) is given by:

0 lf (x,y) $ Br(xo'YO)

=cos (rn—z((x - %)%+ (v - yo)z)) + 5) if x € By(xp,¥0)

(I'highly recommend graphing this h for different values of r, x,, and y, to see what it looks
like). Let’s see why with this h we get that:

.ff a(x,y)h(x,y)dxdy = ff a(x,y)h(x,y)dxdy > 0
Q

By (x0,Y0)

This integral is positive (in particularly non-zero) since a(x, y)h(x,y) > 0 in B,(xq, ¥o),

B, (x9,V,) has positive area, and a(x, y)h(x,y) is zero everywhere else. But this inequality then
gives us the contradiction that we need since by the hypothesis of the lemma this integral is
supposed to be equal to zero. So, @ must be zero on all of Q.

A version with the above lemma where there are n variables involved goes as follows:

Lemma 2.4.3 (n-Variables Version): Let m be a fixed non-negative integer and suppose that
Q € R™ is a non-empty open subset of R™. Suppose also that a(x,y) € C°[Q] is a continuous
function such that for vh € C™[Q] that satisfies the boundary conditions:

h(xy, x5, ..xy) =0 forany (xq,%3,..X,) € 0Q,

(in other words, h vanishes on the boundary of Q) the following integral is equal to zero (in this
lemma, let [ denote an integral over a region in R™):

n
fa(xl,xz, X)) h(xq, X9, o Xp) dek =0.
k=1

Q

Then a(x) = 0onall of x € Q.
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Proof: This is proved just like the previous lemma except that here you will need the following
equation for an m-times continuously differentiable positive spike around a fixed point
(x0,, %04, s Xo,,) € Q that vanishes outside the ball of radius r > 0 centered at

(xol,xOZ, ...,xon):
h(xq, X5, o) Xp)

( 0 lf (xlr X2, ---;xn) ¢ BT‘(X()l' xOZ' ...,Xon)

1 n 1 m+1
= T 2 . .
(E cos (r—ZZ(xk — Xo,,) ) + 5) if (1, %2, 0, %n) & Br(xo0,, X0y, 0 Xo,)

k=1

As before, the above two lemmas do have interesting interpretations in terms of inner products
on a vector space of functions. For example, Lemma 2.4.2 can be interpreted as follows. Let Q ©
R? be a non-empty open subset of R? and let m be some fixed non-negative integer. Consider
the real vector space:

V={hecC™Q]:h(x,y)=0 if (x,y)€ dQ}.

In other words, this is the vector space of m-times continuously differentiable functions on Q
that vanish on the boundary of €. Notice that this is a subspace of the bigger vector space of all
continuous functions on Q:

X = C°[q]

coupled with the inner product:
(f,9) = f f O, y)g(x,y)dxdy.
Q

Then what Lemma 2.4.2 says is that if @ € X is a vector such that (a, h) = 0 for any vector h €
7, then a is equal to the zero vector. In other words, the only vector in X that is orthogonal to the
subspace V is the zero vector. Symbolically this is written as V+ = {0}. This is a strong result
that says a lot about how the subspace V sits in X. However, we won’t use this interpretation of
Lemma 2.4.2 anywhere in this book.

We are finally in a position to derive the Euler-Lagrange partial differential equation for
functionals of the form in Equation 2.4.1. In the proof of the following theorem, we will be using
Green’s Theorem on the region of integration Q. Since it’s really difficult to describe all types of
regions that Green’s Theorem applies to, I will not attempt to give a precise statement about
what Q looks like. This is why in the statement of the following theorem, primarily I’m just
going to state that our region of integration Q is a region that Green’s Theorem is applicable to
and go from there. Most “fat” compact regions that we encounter in life will fit the description of
Q in the following theorem.
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In the following theorem we are going to need to precisely define a boundary condition for the
functions h(x, y) in the domain of our functional J. In the case of functionals over the space of
curves y(x), we had that our curves satisfied boundary condition of the form y(a) = A and
y(b) = B where A and B were two real numbers. Here our boundary conditions for our
“surfaces” h(x, y) will be that the pass through some C? non-singular space curve y(t) in R3
above the edge of the set on which they are defined, which we will call Q. The reason that we
want y (t) to be non-singular is to prevent it from having any kind of weird sharp edges (curves
can have such edges if you let their derivatives vanish). And the reason that we want it to be C?
is because it isn’t hard to see that if it wasn’t C? then there just wouldn’t be any C? h’s in the
domain of J that satisfy this boundary condition since the h’s are defined over the boundary of Q.

Theorem 2.4.4 (The Euler-Lagrange Partial Differential Equation for Functionals of Two-
Variable Functions): Let O € R? be a compact subset of R? that Green’s Theorem applies to.
Suppose that Q is the closure of its interior and that its boundary 9Q is a set of zero Jordan
content.* Suppose also that we have a function of the form f : 3Q — R and that the set:

{(x,y,f(x,¥)) € R®: (x,y) € 00}

can be parametrized by a non-singular €2 curve y(t) in R3. This will serve as our boundary
conditions for the function in the domain of our functional. Now, let / be a functional of the
form:

G = [[ 3oy )dxdy
Q

where F € C2[R®]. Let ] ’s domain be the set of “surfaces” h(x,y) € C?[Q] that satisfy the
boundary conditions:

h(x,y) = f(x,y) if (x,y)€0Q

(in other words, the h’s pass through the curve y(t) above Q). Then a necessary condition for
the surface H(x, y) to be a local extremum of the functional J is that it satisfies the Euler-
Lagrange partial differential equation on Q:

aF( h hy, h 0 aF( h, hy, ) g aF( hhyhy) | =0
on (oY hy) = 5 dhy <Y e By ) T gy g, VY T e ) | = T

Omitting the arguments of F, this equation takes the nicer to look at form:

oF a(aF) d [ 0F _0
dh 0dx\0dh, dy ahy -

14 90 being of a set of zero Jordan content means that the integral of any continuous function over 99 is always
zero. In other words, 01 is a negligible set when it comes to integration. Requiring 9} to be a set of zero Jordan
content is a small technicality that we will need in order to rigorously apply Lemma 2.4.2 towards the end of the
proof of this theorem.
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Proof: Suppose that H(x, y) is an extremum of the functional J. We want to prove that H(x, y)
satisfies the above Euler-Lagrange partial differential equation. Take any function g € C?[Q]
that satisfies the boundary condition of vanishing on 9 and form the linear flow A :

Q % [—1,1] - R defined by:

Alx,y,6) = H(x, y) + g(x,y) - t.
Notice that this A is a “linear flow of surfaces” that passes through our extremum H (x, y) at time

t = 0 (meaning A(x,y,0) = H(x,y)) and flows with constant speed g(x, y) (meaning % =
g(x,y)). Now consider the real valued function:

dA oA
G() =J[A(x,y,0)] = ff F (x, y, A(x, y, t),a (x,y, t),@ (x,y, t)) dxdy.
Q

Here all we did was for each time t € [—1, 1] we plugged in the surface A(x, y, t) into the
functional J. Now just like in the proof of Theorem 1.3.3, let us notice that since H(x,y) is an
extremum of /, the function G(t) should have a local extremum at t = 0 since out flow A passes

through H at time t = 0. This would then imply that % (g(t))| = 0. Let’s state and prove this
t=

in a lemma.

Lemma 2.4.5: Our function G(t) above is differentiable and its derivative at t = 0 is equal to
Zero:

d

'(0) = - (lAGx, y, O])

t=0

_a UF Ay 0,22 Gy, 2, y,0) | dxd
_dt x:y; x:y; )ax x;y: iay x,y; X y
Q

Proof: This lemma is proved just like how we proved Lemma 1.3.5 in the proof of the basic
Euler-Lagrange differential equation except that here we are dealing with more variables. We
have that the function G(t) is differentiable because we can carry the time derivative under the
integral sign (since the above integrand is continuously differentiable and our domain of
integration is compact). Now in order to prove that the above derivative is equal to zero, it is
sufficient to just show that t = 0 is a local extremum of our function G(t). The fact that G'(0) =
0 will then follow from the well-known fact that the derivative of a function at an extremum is
equal to zero.

t=0

Let’s suppose that H(x, y) is a local minimum of the functional J. The proof of this lemma in the
case of when H (x, y) is a local maximum of the functional J is similar. Then by definition there
exists a § > 0 such that for any h € dom(J) such that ||h — H|| < 6,

JIh(x,y)] = JTH(x, y)].
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Now, by Theorem 2.3.8 we have that our 2-smooth linear flow A(x, y, t) flows continuously
through the space dom(J) € C?[Q]. So there exists a A > 0 such that for any time t € [—1, 1]
such that |t — 0] < A,

”A(x’y’ t) - A(x,}’» 0)” = ||A(x,y' t) - H(x,)’)” < 6
This means that for any t € [—A, A],

JIACx, y, )] = J[H(x,¥)] = J[A(x,y,0)].
Or in other words: forany t € [—A, A],
g() = G(0).
So t = 0 is a local extremum of G(t) and thus G'(0) = 0.
[ ]

Now we are ready to do the exciting calculation that proves the theorem. In the above lemma we

proved that:
d ﬂF A( t) aA( t) aA( t) |dxd =0
dt x,y; x;y, 1ax x,y; )ay x:y, X y - .
Q t=0
Carry the above % derivative under the integral sign to get that:
d
E( [[ F(xran0. 5 cros @ t)) dxdy)
Q t=0

= ff% x, ¥, Ax,y, t) (x Y, t) (x Y, t)> dxdy =
QO

t=0

ff Oy AGx, 0) (x 0), A( ) 2D

| S\ oY AGY, Y %Y at
6F R . . 0 0A(x,y,0)
L 27 (xy.) (xw <x%>W
o dA(x,y, 0
+o (x y, A(x, y,O) (x y,O) (x Yy ))%)dxd

Wow, our equations are getting quite long (wait till we do this in n-variables!). Now let us plug
in the equation that we had for our flow: A(x,y,t) = H(x,y) + g(x,y) - t into the above
equation. We will get that:
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9
ff al;(xy,H(xy) — (), 5 (xy)>g(xy)

Q

F
+6h (xy,H(xy) (xy) ( y))—( ,Y)

| OF
D (x ¥, H(x, 3’) (x y) ( y)>—(x y) |dxdy = o.

Let us for the time being stop writing the arguments of the partials of F so as to make the
equations shorter. Rewriting the above equation but omitting the arguments of the partials of F
gives:

Bquation 2.4.6: || O 0oy + o2 () 4o 29
quation 2.4.6: o 9@y oh ox X,y T
Q

Now that we have this nice equation, let’s get rid of the annoying d/dx and d/dy partials of g.
How did we do this analogous step in our proof of Theorem 1.3.3? We integrated by parts. Here
we can’t integrate by parts, but what we can do is apply Green’s Theorem. Take the

ff (:: ';“z ;F ag> dxdy term in the above integral. Applying the identity (notice that this
x hy

has a striking resemblance to integration by parts):

3y —(x, y)) dxdy = 0.

(')v d ) ou
uv) ——v
aw ow aw
.dg oF
to each term and — glves us that we can rewrite our term as:
ahx dx 6hy ay

ﬂ JoF dg JoF ag dxd

ah, ox " oh, 9y) Y

ﬂ 9 (0F 6(6F> 0 (9F\ \
axahg Tay\an, 9) " ax\on )9 “ay\an, )9 )

Applying Green’s Theorem to the [f, < (aF - g) +2 (a—F - g)) dxdy portion of the integral
y

oh ay \on
turns the above quantity into:

oF 9 (0F
%( ah, g‘ah g) d"_U (ax ay<ah >>g(x y)dxdy.
(9]

Since g vanishes on 01, we get that the above contour integral is equal to zero and so we’re only
left with:
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[ (360250 s
Q

So, by an application of Green’s Theorem we have proved that our term is equal to:

JoF dg 0F dg o [ 0F
ﬂ(ah ax ah ay)dxy— ﬁ(ax ay<ah ))g(xy)dxdy

We basically “integrated by parts” the integral on the left via Green’s Theorem. Plugging our
term back into Equation 2.4.6 gives that:

ff (ah ox ) - aa_y <§TFy>) g(x,y)dxdy = 0.

Since the boundary of our region of integration Q has zero Jordan content, the above integral
doesn’t get affected if we only integrate over (’s interior:

d [ 0F
ff (ﬁ‘& x) dy <6h ))g(x y)dxdy = 0.

ant

We rewrote the above integral in this way because we are about to apply Lemma 2.4.2 to this
integral, and technically for this lemma to be applicable we need our region of integration to be
open. Now, let’s write out the arguments of the partials of F S0 as to make the above equation a
little bit more explicit:

0 | OF
I ah(xyﬂ(xy) w5 (y)) 5 5 (xy.H(xy) @5 (xy))

th

0 [ OF

~ay\am, <x y, H(x, y) (x y) (x y)) g(x,y)dxdy = 0.

Great! Let’s review exactly what we’ve proved at this point. We showed that for any function
g € C?[Q] that satisfies the boundary condition of vanishing on 9, the above integral is equal
to zero. Ok, what did we do at this analogous point in the proof of Theorem 1.3.3. We applied
the analog of Lemma 2.4.2 to our equation. So, let us do that here as well! Noticing that the
above equation satisfies all of the hypothesis of Lemma 2.4.2 we get that Lemma 2.4.2 implies
that:
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oF d [ OF
a—h<xy,H(xy) —(x,y), = (y)> x| an. (xy,H(xy) — (0, y), = (xy)>

o [ oF
~ 3y \ an (xy,H(xy) (x,y), == (xy)) =0

on all of Q™. Since the left-hand side in the above equation is continuous, it continuously
extends to the boundary of Q and thus the above equation holds on all of Q (in this argument we
are technically using the fact that Q is the closure of its interior because this then implies that
every boundary point of Q has points where the above equation holds arbitrarily close to it). But
now notice that this equation is H(x, y) being plugged into the Euler-Lagrange partial
differential equation and so we get that our extremum H (x, y) does indeed satisfy the Euler-
Lagrange partial differential equation! With this we have proved the theorem.

|
As before, the following is a really cool definition to make after the proof of the above theorem.

Definition 2.4.7: Let Q and J be the region and function respectively as described in the
statement of Theorem 2.4.4. Then the variational derivative, or functional derivative, of the
functional J is defined as:

5] 9 3 ( oF
6h[ (x y,h,hy, hy) — <6h (x,y,h, hy, hy)) y( o, (x,y, h, hy, hy)>.

This is the left-hand side of the Euler-Lagrange partial differential equation in Theorem 2.4.4.
Notice that the necessary condition proved in the above theorem can now be rewritten in the nice
form that a necessary condition for a surface H(x, y) to be an extremum of the functional J is
that it satisfies:

5h
In other words, the variational derivative of the functional / must be equal to zero at the surface
H(x,y).

Isn’t the above theorem really cool?! It’s a direct generalization of the Euler-Lagrange
differential equation that we had in the previous chapter except that this time we are dealing with
functionals of the form J[h(x, y)]. This will be a crucial theorem to us when we study the
variational properties of surfaces since the above theorem allows us to tell what goes on with a
quantity that depends on surfaces when we vary them. Contain your excitement because now
we’re going to prove a version of the above theorem that involves n variables! Then after the
proof of following theorem, we will look at an example of an application of these theorems.

In the n-variable version, since we are dealing with possibly more than two variables we can’t
apply Green’s Theorem anymore. We can however instead use the Divergence Theorem (which
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by the way Green’s Theorem is a direct corollary of). We could technically have used the
Divergence Theorem in the proof of the above theorem, but the only difference would have been
how we wrote down the contour integral in the above proof notation wise.

Theorem 2.4.8 (The Euler-Lagrange Partial Differential Equation for Functionals of n-
Variable Functions): Let Q € R™ be a compact subset of R™ that the Divergence Theorem
applies to. Suppose that € is the closure of its interior and that its boundary 01 is a set of zero
Jordan content. Suppose also that we have a function of the form f : dQ — R and that the set:

{(x1, 22, o) X, f (1, X2, e, X)) € R 2 (x4, Xy, .., ) € 0O}

can be parametrized by a non-singular €2 curve y(t) in R™*1, This will serve as our boundary
condition for the functions in the domain of our functional. Now, let J be a functional of the form
(in this theorem and proof, let | denote an integral over a region in R™):

n
J[h(xq, x5, o, %)) = fF(xl,xz, vy Xy h, hxl,hxz,...,hxn)l_[dxi
Q i=1

where F € C2[R?™*1]. Let ] ’s domain be the set of “hypersurfaces” h(xq, x5, ..., x,) € C2[Q]
that satisfy the boundary conditions:
h(xq, %0, iy Xp) = f(X1, %2, o, X)  If (X1, Xg, v, Xp) € 0Q

(in other words, the h’s pass through y over dQ). Then a necessary condition for the
hypersurface H (x4, x5, ..., X, ) to be a local extremum of the functional J is that it satisfies the
Euler-Lagrange partial differential equation on Q.:

oF a [ oF
%(xl,xz, Xy Ry, e Ry ) — 52\ (21, %2 ooy Xy By Ry Py o By )

o ( oF
_a__xz ahxz (xlﬁx2ﬁ-.-;xnﬁh;hxl,hxz,...,hxn) — e

d oF
— E m (xll X2y s Xn, h’ hxl' hxz' e hxn) =0

Omitting the arguments of F, this equation takes the nicer to look at form:
OF 0 [ OF d ( OF 0 [ OF _ 0
dh  0xy \Oh,, ) 0x,\0hy, 0x, \Ohy |

n

OF ) ( OF ) o
0h  £u0x;\0hy,

J

or:
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| just want to point out the fact that if we wanted to use the indexed argument notation, then the
above functional and Euler-Lagrange partial differential equation can be respectively written
down as:

JhCxden) = [ F (i by, )] Tdn

Q

and

n
oF 0 aF
({xk}k v h, {hxk ke 1 za— {xk}k vh {hxk}k 1) =0.

As you can see, the indexed argument notation made these expressions nice, short, and explicit
(three things that I like in a mathematical expression). The indexed argument notation helps even
more when stating the further generalization of this theorem.

Proof: As you might have suspected, this theorem is proved just like the previous theorem
except that there are more variables involved. For this reason, | will be a little bit briefer on some
of the details in this proof. Suppose that H (x,, x5, ..., x,,) is an extremum of the functional /. We
want to prove that H (x4, x,, ..., x,,) satisfies the above Euler-Lagrange partial differential
equation. Take any function g € C?[Q] that satisfies the boundary condition of vanishing on 9
and form the linear flow A : Q X [—1, 1] — R defined by:

A(xq, X0, oo, X, £) = H(Xq, X3, o, X)) + g(x1, X2, o, X)) * L.

Notice again that this A is a “linear flow of hypersurfaces” that passes through our extremum
H(xq, %5, ...,X,) attime t = 0 (meaning A(xy, x5, ..., X, 0) = H(xq, x5, ..., x;,)) and flows with
constant speed g(xy, x5, ..., x,) (Meaning Z—/t\ = g(xq, X5, ..., X,)). Now consider the real valued
function:

g(t) = ][A(xllXZﬁ ""xnﬂ t)] =
OA(xXq, X, wny X, t) OA(Xq, Xg, won)y X, )

)

)

j F(xq, %5, o, Xp, A(Xq, X, o)y X, £),
Q

dx, 0x,

n
OA(xq, X5, eony Xy ) nd
") axn ) g xl

Here all we did was for each time t € [—1, 1] we plugged in the hypersurface A(x,, x5, ..., X, t)
into the functional J. Now as before, we need the following lemma that says that % (g(t))| =
t=

0.

Lemma 2.4.9: Our function G(t) above is differentiable and its derivative at t = 0 is equal to
zero:
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d
§'(0) = 7 UIAGE1, %, e 0, O]

t=0

OA(xq, X, wony X, ) OA(Xq, Xg, oon)y X, )

)

)

dx,

d
T (J. F(xy, %5, o, X, A(Xq, Xg, ooy X, £), ox,
Q

n
OA(xq, X, oy Xp, ) Hd
" axn ) g xl)

t=0

Proof: I will leave the proof of this lemma to the reader since its proof goes exactly the same
way as the proof of Lemma 2.4.5 in the proof of the previous theorem, except that in certain
places just more variables are needed to be written in. | bet that you could even literally copy and
paste the proof of Lemma 2.4.5 here and replace all of the (x, y)’s with (x4, x5, ..., x,)’s and
(x,y,t)’s with (xq, X5, ..., X, t)’s to get a valid proof of this lemma.

Now we are ready to do the exciting calculation that proves the theorem. You know, I tried to
write out the following calculations in normal notation, but the length of the equations got way
out of hand. I feel like up to this point | was able to get away with normal notation in this proof.
But for the following, I think that it would be madness on my side to try and write out all of the
following expressions without the use of some contracted notation! So, let us use the indexed
argument notation in the following calculations. In the above lemma we proved that:%°

c;lt <f <{xk}" v A xidk=1,0), { ({xr k=1, t)} ) 1_[ dxl>

Q

Carry the above % derivative under the integral sign (which we can do since the integrand is
continuously differentiable and our domain of integration is compact) to get that:

c?t (f <{xk}k 1 A({xxSk=1, 1), { (Ema 1,1:)} =1>ﬁdxi>

Q i=1 t=0

]i( <{xk}k 1 A{xi k=1, ), { ({xrdk=1t } _ ))

dxl-

N

t=0 i=1

15| tried to write this proof as analogously as I could to the proof of the previous theorem. As you go through these
calculations | recommend at each step finding the analog step in the proof of the previous theorem so that at each
step you have a lower dimensional idea of where in the proof we’re located.
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o3

J. _F<{xk}’,}=1,A({xk}’,}=1, ){ (L tie=1, }
o)

2

j=1

(o5

" A ({x)}k=1,0)
Jat

m=1

OF "N 92A(fx )0, 0) \ T
hxj <{xk};<l=1;/\({xk}71}=1'0) { ({xkJge= 1’0)} ) (e, 0) l:[dxi = 0.

m=1 ax]at

Wow, our equations are getting extremely long if written without the aid of some sort of
contracted notation!'® Let me remind you that we’re doing very advanced calculus and so it’s
understandable that our equations might start looking complicated. Now let us plug in the
equation that we had for our flow: A(xq, X2, ..., Xp, t) = H(x1, X2, oo, Xp) + g(X1, X2, o, Xp) *
into the above equation. We will then get that:

[ (s Y :
% Xk =1/ Xk 1 Xk 1 - g({xk}k=1)
J i

n

0g(adp-D) \ T
) 0x] 1:1[ dxi

Let us for the time being stop writing the arguments of the partials of F and g so as to make the
equations shorter. Rewriting the above equation but omitting the arguments of the partials of F
and g gives:

) JoF JoF (')g
Equation 2.4.10: f —g— del = 0.
dh , x x; |1
Q Jj=1 i=1

= s (e ) {0

j=1 m=1

Now, let’s get rid of the annoying d/dx; partials of g. How did we do this analogous step in our
proof of Theorem 1.3.3? We integrated by parts. Here we can’t integrate by parts, but what we

can do is apply the Divergence Theorem. Take the fﬂ< }lzl aiF aaf

) . dx; term in the

above integral. Applying the identity:

(')v d ) ou
=—(Wv) ——v
BW aw aw
to each o ;7“’ term give us that we can rewrite our term as:
xj 0Xj

16 You haven’t seen anything yet though!
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n

f i ax,<ah > ‘i(%(aii)-g) L_l[dxl-.

Applying the Divergence Theorem to thef < [ 13(1 <aiF . >> * . dx; portion of the
xj

integral turns the above quantity into (let b here denote a hypersurface integral)

#<ap oF g,___aah )dn—f Zax]< ) del

oh,, '3y,

00
where dn denotes the differential normal vector to 0Q. Since g vanishes on 9}, we get that the

above P integral is equal to zero and so we’re only left with

fZax,< > del

So, by an application of the Divergence Theorem we have proved that our term is equal to

(3o 22 )= (S o) o

Q
We basically “integrated by parts” the integral on the left via the Divergence Theorem. Plugging

our term back into Equation 2.4.10 gives:

n n
oF 0 oF
] T Z%(ah > 9{xk}k=1) dei = 0.
Q =1 7 Xj i=1

Since the boundary of our region of integration Q has zero Jordan content, the above integral

doesn’t get affected if we only integrate over ’s interior:

n n
oF a ( oF
- - n —
qint j=1 J i=1
We rewrote the above integral in this way because we are about to apply Lemma 2.4.3 to this
integral, and technically for this lemma to be applicable we need our region of integration to be

open.
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Great! Let’s review exactly what we’ve proved at this point. We showed that for any function
g € C?[Q] that satisfies the boundary condition of vanishing on 9, the above integral is equal
to zero. So, noticing that the above equation satisfies all of the hypothesis of Lemma 2.4.3 we get
that Lemma 2.4.3 implies that:

OF ~~ @ [ dF

o a—x,-(ahxj) -0

j=1

on all of Q™. Or, if we write out the arguments of F:

oF
%(‘{xk}g:l’H({xk} 1){ ({xk}k 1)}m=1>

- o [ oF "
_Z@ ahxj<{xk}z=1,H({xk} o (Gt 1)}m=1) =0

on all of Q™. Since the left-hand side in the above equation is continuous, it continuously
extends to the boundary of Q and thus the above equation holds on all of Q (in this argument we
are again technically using the fact that Q is the closure of its interior because this then implies
that every boundary point of Q has points where the above equation holds arbitrarily close to it).
But notice that the above equation is just H ({xy }=1) = H(xq, x5, ..., x,) being plugged into the
Euler-Lagrange partial differential equation. So we get that our extremum H (x4, x5, ..., X,,) does
indeed satisfy the Euler-Lagrange partial differential equation! Thus we have proved the
theorem.

Definition 2.4.11: Let Q and J be a region and functional as in the statement of Theorem 2.4.8.
Then the variational derivative, or functional derivative, of the functional J is defined as:

6h

| JoF d ( OF
0x,

—_— [h] = % (xl, le ...;xn; h; hxl’ hxz, ey hxn - m (Xl,xZ, ...,Xn, h, hxl’ hxz, ey hxn)>
1

d JF
_E ahx2 (xll xZP -.-;xn; h—; hxl’ hX'z' ey hxn) —
0 JoF
_E ah (xll x2; . xn; h hxl’ hxz’ . hxn)

Or in indexed argument notation:

5 oF (

- 9 [ oF
<] = = (Gedon b (B Za_ (e (1) |



This is just the left-hand side of the Euler-Lagrange partial differential equation in Theorem
2.4.8. Notice that the necessary condition proved in the above theorem can now be rewritten in
the nice form that a necessary condition for a hypersurface H (x4, x5, ..., X,,) to be an extremum
of the functional J is that it satisfies:

6]
Sh

Now that we have the above two theorems, let’s look at an example of their application.

[H] = 0.

Example 2.4.12: (Minimal surfaces) As an example of an application of the above theorems,
let’s derive the partial differential equation of a two-dimensional minimal surface. Minimal
surfaces are defined as surfaces that minimize surface area while satisfying some given boundary
conditions (kind like minimizing curves who minimize arc-length while satisfying the boundary
conditions of passing through two given points). Let’s set up a problem of this sort. Suppose that
Q is the closed unit disk in RZ:

Q={(x,y) e R?: x2 +y% <1}

Suppose also that we have a continuously differentiable parametrized curve y : [0, 2m) —» R3
defined by:

y() = (cos(t),sin(t), f(1))

where f is some continuously differentiable function. This curve y will serve as the boundary
condition for our minimal surface problem.

Now, the minimal surface problem here is to find a surface S that passes through the curve y and
that has the minimum surface area over the unit disk. A pretty cool problem, and it’s easily
handled with our variational theory. For simplicity, let us in this example only consider surfaces
that are graphs of a function h(x, y) over the unit disk. We consider only such surfaces for now
because at the moment we don’t really have the definitions or machinery at our disposal to
consider this problem in terms of more general types of surfaces (such as those that have other
types of parametrizations). In the differential geometry chapters will return and solve this
problem in more generality where we will consider more general types of surfaces and boundary
conditions. That said, we can now reformulate our problem in terms of our variational theory.
Our problem is equivalent to finding the minimum of the following functional

J[h(x, )] = ff /1 + hZ + hidxdy
Q

(notice that this is the surface area integral) where the domain of this functional is the set of h €
C?[Q] that satisfy the boundary conditions:

h(cos(t),sin(t)) = f(t).

Notice that this boundary condition merely says that the surface generated by the graph of h
must intersect the curve y on the unit circle. Let’s find the partial differential equation that h
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must satisfy in order to minimize the above surface area functional (or in other words, to be a
minimal surface).

Notice that in the problem set up here, all of the hypothesis of Theorem 2.4.4 are satisfied. So,
we can apply Theorem 2.4.4 to get that in order for our h to be a minimal surface it must satisfy
the following partial differential equation:

oF 6<6F> 0 [ 0F —0
oh 0x\oh,/ ady\oh,)

F= /1+h§+h§

Plugging /1 + hZ + hZ into F in the above partial differential equation gives us that h must
satisfy (at one point in the following calculation I will use the fact that h,, = h,,,, which is true
since h is twice continuously differentiable):

oF a(aF) d [ OF
dh 0x\dh, dy \oh,

_0(JT+hz+1) _i(%/W)) _i(a(«/Hh—%Jrh%)>
on h

0x dh, dy oh,

where,

yx

d hy 9 hy )
S (| [ [ A— | O —
GX<./1+h,%+h§> ay<,/1+h§+h§
Ry Ry (hxhx + Ryhyy) hyy hy(hehyy + hyhyy)
- 2 2 + 3 2 2 + 3
\/1+hx+hy 1/1+h,26+h32, \/1+hx+hy ,/1+h,2€+h32,
_ —hyx(1 + h2) + 2hyhyhyy — hyy (1 + h2) _ 0
J1+hz+ h§3

Since the denominator term /1 + hZ + hZ is always strictly bigger than 0, we get that the above
partial differential equation is in fact equivalent to:

hax(1 4+ h2) = 2Ry hyhyy + by, (1 + h2) = 0

Wow! So we get that a necessary condition for h to be a minimal surface (or in other words, to
minimize the above surface area functional) is that it satisfies the above partial differential
equation. What a wonderful equation! With this in fact we have derived our first partial
differential equation for minimal surfaces! This is a first step towards the variational study of
minimal surfaces and we will return to this subject in the differential geometry chapters where
we will show that this is a special case of a fact that says that all minimal surfaces have mean
curvature zero.

63



Chapter 3: Variational
Problems with

Subsidiary Conditions
and Cool Applications

“Can thee prove:

r V2m
b[ 2 X x(exl— 1)) dx =In <%>

— Amonomous” — Anonymous person at the University of Washington

Section 1: The Plan

In this chapter we finally get to my favorite subject in first order variational theory. In this
chapter we will be studying how to solve variational problems subjected to certain types of
subsidiary conditions. After that I would like to show you a really cool application that
variational theory has to the proof of Green’s Theorem and the Divergence Theorem and how the
calculus of variations can be used to reformulate Newton’s laws of classical mechanics. The last
topic that we will discuss in this chapter is why solutions to Euler-Lagrange differential
equations are invariant under diffeomorphic maps. This last subject will be very important to us
later on since it will allow us to shorten some of our calculations in the differential geometry
chapters by a lot! In fact, some of the calculations in the differential geometry chapters are nearly
impossible to carry out without this tool since the original un-shortened versions of these
calculations are inhumanly long. We’ll meet them when we get to them.
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Section 2: The Isoperimetric Problems

[See future edition of this book]

Section 3: Variational Problems on Surfaces

The second type of subsidiary condition that the domain of a functional can be subjected to is
that all of the curves in the functional’s domain must lie on a surface. Let’s look at the most
classical example of such a functional. Suppose that we have surface S sitting in R3 that is equal
to the level set of some continuously differentiable function g : R® — R. In other words, let:

S={(x,y,2) ER3: g(x,y,2) = c}.

for some fixed constant c. This type of “level set” representation of a surface is quite natural and
is often a very convenient way to represent a surface. In fact, this type of surface representation
is more general than the usual representation of a surface as the graph of a function that we’re so
often used to. In calculus class you were probably introduced to representing surfaces as the
graph of a function of the form z = f(x, y). But notice that this is merely a special case of the
above type of representation since we can set g(x,y,z) = z — f(x,y) and our surface will now
be the set of points (x,y, z) € R3 that satisfy the equation g(x,y,z) = z — f(x,y) = 0 (in this
case ¢ = 0). The point that I’'m trying to convey here is that the above form of representation of a
surface S is quite natural and we will be studying it (along with other types of surface
representations) in more depth in the differential geometry chapters.

So again, suppose that our surface S has the above level set surface representation through g.
Let’s also add the condition that Vg never vanishes on S. There are two reasons for adding this
condition, the first of which is to prevent the surface from behaving “weirdly” in any way. More
importantly, this condition allows us to easily talk about a tangent space to the surface since then
the tangent plane to the surface at a point p is a plane that intersect p and that is perpendicular to
the line given by I(¢) = p + Vg(p)t.}” Ok, now suppose that (4, 4,,4,) and (B,, B,, B,) are
two points on the surface S. Now, let J be a functional of the form:

t1

Ju(@®),v(t),w(®)] = J F(t,u(®), v(6), w(®),u'(®),v' (), w'(t))dt

to

where F € C2[R”] and where J’s domain is the set of curves (u, v, w) € [[3_, C?[to, t;] that
satisfy the boundary conditions:

(u(to), v(to), w(ty)) = (Ax, 4y, 4,) and  (u(ty),v(t)), w(ty)) = (By, By, B,)

and that lie on the surface S:

17 The fact that Vg is orthogonal to the tangent plane of a level set of g is a famous result from calculus. | give a
quick proof of this fact as a review after Theorem 4.3.2 in Chapter 4.
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vt € [to,t1],  g(u@®),v(©),w(®)) =c.

So basically J is a functional whose domain is the set of twice continuously differentiable curves
that lie on the surface S and whose endpoints are (4, 4,,4,) and (B,, B, B,). The variational
problem that can now be asked is how do you find the extremum of such a functional J. Notice
that this problem is much harder than anything that we’ve dealt with before since now when we
vary our curves we must make sure that our curves always stay on the surface (in order to remain
in the domain of J of course). In the following theorem we will derive a necessary condition that
any extremum curve of such a functional J must satisfy. This will be the ultimate theorem in the
calculus of variations portion of this book (Chapters one through three), and it will take some
effort to prove it.

But before we do proceed to the rigorous proof of the following theorem, let’s discuss the
intuitive approach to the problem of finding the extremums of such a functional /. As we will
see, it turns out that a necessary condition (after some technical refinement) for a curve
(U(t), V(t), W(t)) in the domain of ] to be an extremum of J is that it satisfies the following
vector differential equation:

Vs/[U,V,W] = A2()Vg(U®), V), W(t))

for some real valued function A(t) (we’ll discuss this differential equation in more detail in the
theorem below). Some of you might recognize this equation by noticing that it has a striking
resemblance to Lagrange’s method of finding the extremums of a real-valued multivariable
function whose domain is a surface given in a level set representation. Indeed, the two problems
are analogous and the ideas behind the approach to both of them are the same.

What is Lagrange’s method of finding the extremums of a real valued function F : R3 - R
where the domain of F is given by a surface S represented in the form:

S={(x,y,2) ER3: g(x,y,2) = c}?

where c is some fixed constant. Lagrange’s method states that a necessary condition for a point
p = (x0,V0, Z2o) € S on the surface S to be a local extremum of F is that it satisfies the following
equation:

VF (x0, Y0, 20) = AVg(X0, Y0, Zo)

for some real number A € R. In other words, the vector VF (x,, yo, Zo) must be linearly
dependent to Vg (x,, vo, Zo). A striking resemblance to the above variational equation indeed!
How is this equation usually proved in a calculus course? Indeed one way is to notice that if

VF (xg, Yo, Zo) Was not linearly dependent to Vg(x,, v, Zo), then if we would move on the
surface in and in the opposite direction of the projection of VF (x,, y,, zo) onto the tangent plane
to the surface at p, we would get values of F that are both bigger and smaller than F (x, ¥, Zo)
which would contradict the fact that p is a local extremum of F. However, a more fruitful
approach to this problem for our purposes (which is to gain an idea on how to solve the above
variational problem) is to consider all of the continuously differentiable curves y(t) =
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(x(t),y(t),z(t)) that lie on the surface S and that pass through the point p at time t = t,,. Then,
since p is a local extremum of F, the fact that y(t) passes through p at time t = t, implies that
t = t, is a local extremum of the one variable function F(y(t)) = F(x(t), y(t), z(t)) (this

argument requires the continuity of y(t), which we have since we required that y(t) is
continuously differentiable). This means that:

d
E(F(x(t),y(t),z(t))) T 0.
Expanding the right-hand side gives that:
d
= (F@.y(0,2())
oF oF oF

= ox (x0, Y0, o) = x' (tg) + @ (X0, Y0, Z0) " ¥' (to) + £ (X0, Y0, Zo) * 2" (to)

= VF(XO, yO'ZO) ' V’(to) = 0.

(Remember, - between two vectors always means “vector dot product”). So, we get that

VF (x4, V0, 2o) must be perpendicular to y'(t,). Since y(t) can approach the point p from any
direction, we get that y'(t,) can be any vector in the tangent plane to the surface at the point p.
Thus the above equation implies that VF (x,, v,, Zo) must be perpendicular to the tangent plane to
the surface at the point p. Since there is only one line in R3 that is perpendicular to this tangent
plane and Vg (xo, ¥, Zo) is a vector that is perpendicular to this tangent plane at p, we get that we
must have that:

VF (x9,Y0,20) = AVg(x0, Y0, Zo)

for some real number A € R. This proves that Lagrange’s equation above is indeed a necessary
condition for a point to be an extremum of a real-valued multivariable function whose domain is
a surface given in a level set representation.

Now let’s try to apply these ideas towards solving our variational problem. Take our functional J
above and the surface S on which the curves in the domain of J lie upon. The idea to finding the
extremums of J is similar to that of F above except that here instead of considering surface
curves such as y(t) we will have to take flows of curves on the surface, or “surface flows,” in
order to say anything about V /. Then we will use the continuity of the surface flows (just like
we used the continuity of y(t) above) to show that the derivative of the functional composed
with our surface flows at the point in time when our surface flows pass through our extremum is

zero. In the case of F this is analogous to the equation % (F(x(t),y(t),z(t)))| = 0. From
t=t0

there, just like with VF above, we will be able to derive the above property that V s/ always
satisfies on an extremum curve.

One of the challenges that we will have to overcome is the ability to construct a surface flow that
passes through our extremum “flowing” at any type of speed. The analogous difficulty in the
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case of F above is: how do you prove the claim that y(t) can approach the point p from any
direction? In other words, how do you prove that y'(t,) can point in any direction in the tangent
plane to the surface at the point p. Geometrically speaking, this should be utterly obvious. But
there doesn’t seem to be any trivial proof of this fact.

One way to prove this fact is to use the implicit function theorem to first argue that locally to p
the surface S is the graph of a function of the form z = f(x,y), x = f(y,z),0ory = f(x, z).
Let’s suppose without loss of generality that locally to p, S is the graph of a function z =
f(x,¥). Then the point p will be given by (xo, yo, f (xo, ¥) ). From here we can take any local
line (u(t), v(t)) that passes through the point (xo, y,) at time t = t, and the curve

(u(t), v(t), f(u(t), v(t))) will be a curve that lies on the surface S and that passes through the
point p at time t = t,, in the direction:

of of
(u’(t), v' (0,5 (o, o) - u'(to) + 3y (0, Y0) - v'(%))-

It’s not hard to prove that by picking the right line (u(t), v(t)) that passes through the point
(x0, ¥o) at time t = t,, you can get the above direction vector to point in any direction in the
tangent plane to the surface at the point p, thus proving the above claim.

Locally S is the ~

graph of the \ / = (u(to)' v(to), f(u(to), v(to)))

function z = The surface curve:
\/

flxy). (u®),v(®), f(u(®), v(®))).

[}

oy The line (u(t), v(¢)) in the
/x-y plane.
(x0,¥0) = (u(to):v(to))/,

L |
x

To prove the similar sort of thing in the variational problem (that there exists a surface flow that
flows with any type of speed through the extremum curve), we will also have to resort to the
same trick of applying the implicit function theorem locally to any point on the extremum curve
to argue that locally to that point the surface S is the graph a function. From there we will be able
to construct a large enough class of surface flows that pass through our extremum so that we will
be able to tell what property Vs/ always satisfies on an extremum curve. Let’s begin.
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Theorem 3.3.1 (Surface Euler-Lagrange Vector Differential Equation): Suppose that we
have a surface S that is the level set of some continuously differentiable function g : R® - R. In
other words:
S={(x,y,2) ER3: g(x,y,2) = c}.
where c is some fixed constant. Suppose also that Vg never vanishes on S. Let (Ax, Ay,AZ) and
(By, By, B,) be two points on the surface S. Now, let J be a functional of the form:
ty
Ju@®),v(@),w(®)] = f F(t,u(@®),v(®), w(®),u' (), v'(£),w'(t))dt
to
where F € C2[R”] and where ] s domain is the set of curves (u, v,w) € [[3-, C?[to, t;] that
satisfy the boundary conditions:

(ulto), v(to), w(ty)) = (Ax, 4y, A;)  and  (u(ty),v(ty),w(t))) = (Bx By, B;)

and that lie on the surface S:
VtE [tots],  g(u(®),v(®),w®) =c.

Now suppose that the curve (U(t), V(t), W(t)) is a local extremum of J. Then this local
extremum curve must satisfy the equation:

VsJ[U,V,W] = A)Vg(U®),V (D), W(L))

ont € (t,,t;) for some real valued function A(t). If we don 't want to write out some of the
arguments in the above equation, this equation can be rewritten in the nicer to look at form:

Vs = A(D)Vg.

Proof: The idea of this proof will be to look at the surface S locally as the graph of a function;
which we can do by the implicit function theorem. Then, we will take a portion of the curve that
is on our local piece of the surface and project it onto one of the fundamental x-y, y-z, or x-z
planes and from their treat it as a variational problem of the sort that we dealt with in the
previous chapters. Ok, let’s begin.

Take any point t, € (t,, t;). We will show that the equation in the conclusion of this theorem
holds at this arbitrarily chosen point t,. Before we get to the exciting calculus of variations
calculation that proves the theorem, we need to do some technical set up before we get there.

Let’s call the point (U(t,), V(t,), W(t,)) that lies on the surface p. Let p,, denote the
projection of p onto the x-y plane. Since Vg never vanishes on S (a condition that we required),

one of the partials Z—z (p), Z—‘}g] (p), Z—‘Z (p) is not zero. Let’s suppose without loss of generality that

the partial Z—g (p) # 0 (the cases when this partial is zero and you have to choose one of the other
two partials to get a nonzero partial of g are handled similarly). By the implicit function
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theorem, since ‘;—‘Z (p) # 0 we know that there exists some small compact rectangle R =

[a, b] X [c, d] centered at p,,, in the x-y plane such that the surface S (or more accurately: the

level set {(x,y,z) € R3 : g(x,y,z) = c}) can be represented as the graph of a continuously
differentiable function over R:

z=f(x,y).

Basically what we did here is we used the implicit function theorem to solve for z in the equation

g(x,v,z) = 0 locally to p.8 So locally to p, S looks like the graph of the function z = f(x,y)
over R.

Portion of the curve

(U®,V(©),WQ®))
that lies on this piece
of the surface S.

The point p

<« Piece of the surface S over R. S
z is the graph of the function

f(x,y) over here.
Projection of the

above portion of the
curve onto the

The rectangle R
rectangle R belowz\ /
(U@®, V). E

/

»

The point p, ,,

Let us take a closer look at the rectangle R from above:

18 Usually the implicit function theorem is stated in the above form but where the region R is an open ball or open
rectangle. However, we can still guarantee that such a compact rectangle exists because both open balls and open
rectangles contain a small compact rectangle inside of them. So such a compact rectangle R does exists. We will
need the compactness of R later on to produce a certain important inequality.
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The projected
Pxy <«|— portion of the curve
on the surface:

(U@, v©).

1
T

Px

\

Let p, denote the projection of p, ,, onto the x-axis. Now, let us take any small rectangle R;
contained in R such that the vertical distances between the top and bottom edges of R, and R are
bigger than some positive number A > 0.

J > 2
y
A

DPxy

I Rs

> A

| Lx

Dx

The subscript s in R stands for “small rectangle.” You might later wonder why we need the
small rectangle R,. We will need it to create a neighborhood around the projection of our local
extremum curve that lies in R so that we can follow the variational theory that we developed in
the past two chapters in this proof. We’ll discuss this in more detail soon.

There is some time interval [a, 8] < [t,, t;] centered at t, such that the projected curve
(U®), V(1)) stays inside of the small rectangle R; as long as t € [a, 5]:
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}A
y

Portion of the curve

—— (U@, V() fort e
[a, B]. It stays inside
of R,.

> A

X

|
t

Px

Now let’s get to some calculus of variations! One idea that might come across right now is that
since S is locally the graph of the function f(x, y), any curve (u(t), v(t), w(t)) that lies on the
surface S locally to p must satisfy the equation w(t) = f(u(t), v(t)). So locally to p the
integrand of the integral that defines J can be rewritten as:

d
F (t, u(t), v(t), f(u(t), v(t)), u'(t),v'(t), T (f(u(t), v(t))))

Since here u(t) and v(t) are functional variables that locally aren’t constrained by any kind of
subsidiary conditions, we could locally look at this problem as the sort of problem treated in
Theorem 2.2.5. This is a valid approach, and if done carefully furnishes a nice proof of this
theorem. However, there are some technicalities that you will need to overcome. For example,
the proof of Theorem 2.2.5 fundamentally used the fact that every possible extremum curve in
the functional’s domain had a C° open neighborhood around it. This is in fact the reason why we
created the above rectangle R, with the property that the vertical distances between the top and
bottom edges of R, and R are bigger than A > 0. R is there to create this local C° neighborhood
around our the projection of our local extremum curve. Another technicality that you will have to
overcome is that you will have to prove that the necessary condition for the whole curve

(U (t),V(t), W(t)) to be a local extremum will correspond with the local necessary condition for

your projected curve (U(t), V(t)) to be a local extremum of J. Although to some this might
sound obvious, it needs to be carefully proven. If you didn’t really understand this then that’s all
right since we are going to take a different approach.

We will take a more fundamental approach where will prove this theorem from basic variational
principles, just like we did with the other Euler-Lagrange Theorems: Theorem 1.3.3, Theorem
2.4.4, and Theorem 2.4.8. We will still have to overcome the above technicalities, but we will get
to the same result with almost the same amount of effort as the above proposed proof.
Realistically speaking, the main difference between the above approach and the one that we are
about to take is that with the above approach it might be possible to skip a portion of the very last
calculation in this proof.
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The rest of this proof will follow the model of what we did in the proof of Theorem 1.3.3, except
that we have some additional technicalities that we have to overcome before we can get to the
exciting calculation that proves the theorem. Let us take any function h € C?[a, ] that satisfies
the boundary conditions:

h(a) =h'(a) =h"(a) =0 and h(B) =R (B)=h"(B) =0.
Let us “extend” A to the whole time interval [t,, t;] by defining h as follows:

_(h@®) if telap]
h(t)‘{ 0 if télapl

Notice that h € C2[t,, t,] because h satisfies the above boundary conditions.

Equation 3.3.2:

h over [ty, t;]. h
extends h to [to, t; ]

A > h over [a,
by setting it to be @, ]
zeroont ¢ [a, B].
[ =t —
to a tz ﬁ tl

Now, let us form the 2-smooth linear flow A : [t,, t;] X [Ty, T;] = R (we will soon define T,, and
T,) by:
A, T) =V (t) + h(t)T.

This is a flow that passes through V(t) at T = 0 and flows with the constant speed h(t). A few
remarks are in order. t here is the time variable for the parametrization of the curve

(U (1), V(t), W(t)) while T is the “flow time” for A. | usually used the letter t for the “flow
times” of our linear flows (as in the previous chapters), but since I am already using t for another
purpose, | am going to use capital T here instead for the purpose of representing this flow time.

Also, I said that “we will soon define T, and T;” because we will want to find such suitable
numbers that satisfy the following soon-to-be-stated properties. Before we state what these
properties are, let us form the “2-dimensional flow” (U (1), A(t, T)). 2-dimensional flows are just
like any other flow except that here for every fixed T we think of (U(t), A(t, T)) as a
parametrized 2-dimensional curve of t in the x-y plane. Thus as T varies across the interval

[Ty, T;], we have that (U (t), At, T)) is a “flow” of 2-dimensional parametrized curves (see the
image below).

Now what is the condition that we want T, and T; to satisfy? We want to find an interval [T, T ]
such that this 2-dimensional flow passes through the curve (U(¢), V(t)) at time T = 0 and such
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that for on ¢ € [a, B], the curve (U (), A(t, T)) always stays inside of R for any flow time T €
[TO, Tl]

The portion of the 2-
dimensional flow

/ > A (U(t)'A(t; T)) in R at times
T:TO!T:T()/Z,T:O,

2 AN T =T,/2,T =T, (bottom

to top). At T = 0, this 2-

® dimensional flow passes
through the curve

|__ ........................ (U@, V() andont €
[a, B] this flow always stays
> A L

inside of R.

] kJC

Px :

Let’s find such suitable times T, and T; that satisfy the above two properties. In order for A to
pass through the curve V(t) attime T = 0 we need 0 € [T, T;]. So we must choose T, < 0 and
T, > 0. Now, we also want to make sure that on ¢ € [, 8], the curve (U(t), A(¢, T)) always
stays inside of R as T € [Ty, T,]. We will find T,, and T, that do this by using the continuity of the
flow A. By Theorem 1.2.12, we know that there exists some positive number y > 0 such that for
VT : |[T—-0|=|T| <y,

|A(T) — A)|| = ||AT) - V()| < A.

This implies that (you may want to relook at the proof of Theorem 1.2.12 to see why the last
equality in the following equation holds),

max ]{IA(t, T) -V}

tel
< At T) = V(t ONET) i TACD _yg,
< max (AGT) = VOl + max =22 =V 0|+ max H=g 5= V(D
2
o*A(t, T) -
_ D yoop|l = -
Eterﬂi’ti]{ o 14 (t)} |A(T) =V (®)| < A.

k=0

And so, we get that for VT : |T| <y,
max {|A(t, T) —V(t)|} < A.
te[to,t1]

Since (U(t), V(t)) is contained in R, for Vt € [a, 8] and the vertical distance between the top
and bottom edges of R, and R are bigger that A, get that the above equation implies thaton t €
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[a, B] and for VT : |T| < y the curve (U(t), A(t, T)) will always lie inside of R. So, we can set
T, = —y and T; = y and we will get the T € [T,, T;] interval that we want. With this we’ve
formed the linear flow A and its corresponding 2-dimensional flow (U(t), A(e, T)) that satisfy
the above two properties.

Notice that since h(t) =0ont & [, B], our flow A(t, T) = V(t) + h(t)T can be rewritten in
case bracket notation as:
V(t) + h(t)T for tE€|a,p]

V() for télap]

Or since h(t) = h(t) on t € [a, B] (see Equation 3.3.2), we get that we can rewrite the above
equation as:

AGLT) = {

V() + ()T for tE€ [a,pB]
V() for téla,pBl]

The reason why | wrote A in this case bracket notation is that it’s sometimes easier to understand
how such linear flows look like when they’re written out in this form. This is especially so in the
case when the only change happening on the curve A(t,T) as T runs over the interval [Ty, T; ] is
in the t € [a, B] section of the curve (notice thaton t & [a, 8], A(t, T) is constantly V(t) and
thus nothing is changing there as the flow time T varies).

Equation 3.3.3: A(t,T) = {

Now that we have constructed this linear flow A that passes through V(t) at T = 0 and that
always stays inside of R, what do we do with it? Let’s use this flow to construct a type of
“surface curve flow” (U (1), A(t, T), Wy (t, T)) (or “flow of curves that lie on the surface S) that

goes through our local extremum (U(t), V(t), W(t)) at T = 0.

Our surface S is the graph of the function £ (x, y) locally at p and since (U(t), V(¢), W(t)) isa
curve that lies on the surface S, the fact that (U(t), V(t)) € R for Vt € [a, B] implies that for
vVt € [a, B],

W) = fF(UD), V().

In other words, locally at p (or more precisely: on t € [, B]) we can solve for W (t) in terms of
U(t) and V(t). Now let us construct the following function:

fFUWD,AET)) for telapl
W) for télapB] '

The purpose of this W, (t, T) function is that, as we will show, for each flow time T € [T, T} ]
the following curve lies on the surface S:

Equation 3.3.4: Wi(t, T) = {

vVt € [t0) tl]l (U(t)) A(tl T)' WA(tl T)) €S.
Let’s show that this is indeed so. Notice that for any flow time T € [Ty, T ]:

vte[a,Bl,  WaT)=fUW®,ALT)), so (U®),AET),Wa(T))ES,
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vt & [a, 5], (U@, A, T), Wi, T)) = (U, VD), W) €S.

(You may want to look at Equations 3.3.3 and 3.3.4 to see why the second equality holds). So
both of the above cases show that for any flow time T € [T,, T;],

vVt € [to, t1], (U, AR T), Wy (L, T)) €S.

Thus, for every flow time T € [T,, T;] the above curve indeed lies on the surface S. Soas T
varies across the flow time interval [T, T; ], we can think of (U(t), AL, T), Wp(t, T)) as a flow
of “surface curves” that lie on the surface S (see the image below). And this “surface curve
flow”, or “surface flow”, passes through our local extremum curve (U 1),V (b), W(t)) atT =0
since if we pluginT = 0,

vee[a,Bl, (U@, AL 0),Ws(t,0)) = (U(t),V(t), f(U(t),V(t))) =(U®),V©),W(®),
vt ¢ [a,B],  (U®),A(t0),Wx(t,0)) = (U®),V(E), W)

And thus,
vt € [to,t1],  (U(E), AL 0),Wy(t,0)) = (U®),V (), W(L)).

So our surface flow (U(t),A(t, T), Wy (t, T)) does indeed pass through our local extremum
curve (U(6), V(£),W(t)) at T = 0.

These green curves represent the

] e portion of the surface flow
R (U, AL, T), Wx(¢,T)) that lies on
this small piece of the surface at flow

These g_reen curves represent , timesT =Ty, T =T,/2,T=0,T =
the portion of the 2- v T,/2, T = T, (left to right). Notice that
dimensional flow | this surface flow passes through our
(U(),A(t, T)) that lies in R at local extremum curve
flowtimesT =T,, T = Ty/2, ) (U(®), V), W(t)) at flow time T = 0.
T=0,T=T,/2, T =T, (left
to right). Notice that this flow *

passes through the curve
(U®), V(@) at flow time T =
0.

Let’s plug our surface flow (U(t),A(t, T), Wy (t, T)) into J now:
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All we did here was for every flow time T € [T,, T, ] we plugged in the surface curve

(U(t),A(t, T), W, (¢, T)) into /. Now, like in our proof of the other Euler-Lagrange theorems, we
should observe that since the surface flow (U (1), A(t, T), Wy(t, T)) passes through our local
extremum (U (¢),V(¢), W(t)) at T = 0 and (U(¢), V(¢), W(¢)) is a local extremum of J, T = 0
should be a local extremum of the function G(T). So we should have that G'(0) = 0. Let’s prove
this rigorously in the following lemma.

Lemma 3.3.5: Our function G(T) above is differentiable and its derivative at T = 0 is equal to
Zero:

d
G'(0) = - (JIU(®), AL, T), Wa(t, TID)

T=0

t1

d on oW,
= j F (t, U(t),A(t, T), Wy (t,T), U'(t)'E (t, T)’a_tA (t, T)) dt — 0.

to T=0

Proof: This lemma is proved similarly to how we always proved the Euler-Lagrange differential
equation lemmas before. However, here we’re going to have to do a little bit more work because
we don’t have a ready theorem that says that the surface flows flow continuously with respect to
the curve norm. But we still immediately have that the function G(T') is differentiable because
we can carry the flow time derivative under the integral sign (since the above integrand is
continuously differentiable and our domain of integration is compact). And in order to prove that
the above derivative is equal to zero, it is sufficient to just show that t = 0 is a local extremum of
our function G(t). The fact that G'(0) = 0 will then follow from the well-known fact that the
derivative of a function at an extremum is equal to zero.

Let’s suppose that (U(t), V(t), W(t)) is a local minimum of the functional J. The proof of this
lemma in the case of when it is a local maximum of the functional J is similar. Then by
definition there exists a & > 0 such that for any surface curve (‘u(t),V(t),W(t)) € dom(J)
such that ||(U@®), V), w®) — (U®), V()L W®)| <6,

JIu@,v®),w®l zJu®,ve,wml

Now we deviate a little bit from how we proved this lemma in the other Euler-Lagrange
differential equation theorems because here we don’t have a ready theorem that says that surface
flows flow continuously. We have to directly prove that there exists a small flow time interval

T € [—A, A], where A > 0, such that for T in this interval the surface flow

(U(t), A(t, T), W,(t, T)) flows at most a distance of § away from our extremum curve

(U(t), V(t), W(t)) in the curve norm. So let’s prove the existence of such a number A > 0.

Since A(T) is a continuous function (see Theorem 1.2.12), we get that there exists some number
n > 0 such that (in the context of Theorem 1.2.12, here ¢ = §):

vT € (-n,m),  ||AT) —A©)| = 1A T) - VDI < 6.
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So within the flow time interval T € (—n, n), the flow A(t, T) flows a distance of no farther than
& from V(t). Let’s see what this tells us about how far the surface flow (U(t),A(t, T), W, (¢, T))
flows from our local extremum curve (U(t), V(t), W(t)) in the flow time interval T € (—n, 7).
We have that for VT € (—n,1n),

(U@, v(©),W(©) — (U@, AR T), Wale, )|
= max{||U(®) — U@, V() — A, DI, IW (&) — Wa(t, TII3

The norm on the left-hand side is the norm as defined in Definition 2.2.3 and the norms on the
right-hand side are the C?[t,, t;] norms as defined in Definition 1.2.3. Since ||U(t) — U(t)|| = 0,
we get that the above equation can be rewritten as:

(U@, v(©),W(©) — (U@, AR T), Walt, )|

= max{||[V(¢) — A, DI, [IW (&) — Walt, DI}
Applying Definition 1.2.3 to the norms on the right-hand side gives:
Equation 3.3.6: (U@, v©), W) — (U®),AE T), Walt, D)||

= max{, max (V() = A DI}, max (W) =Wt ol

Since A(t,T) =V (t) and W, (t,T) = W(t) ont & [a, B] (see Equations 3.3.3 and 3.3.4), the
above equation can further be rewritten as:

(U@, Ve, w©®) — (U®),AE T), Walt, D)||
= max {tg[%]{lV(t) — AT}, max (IW(0) = WaCt olll

becauseon t & [a, B], |V(t) — A(t,T)| and |W (t) — W, (t, T)| are zero anyways (in this step all
I did was I reduced the inner “max domains” from t € [t,,t;] to t € [a, B]). Notice that for Vt €
[a, B] the quantity,

(W (&) = Wa(t, DI = |[F(U®,V(©®) — FU®, AR T)))-
By the intermediate value theorem, we get that there exists some ¢ € [0, 1] such that:

IF(U@®,v(©®) - F(UD®,AED)|

= |% (U(t),A(t, T) +c(V () — A(t, T))) (V(®) = A, T))|
of
= (g;e)lgR{ @(x, y)|} [V (©) — AL, T)I.

The last < comes from the fact that:
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(V@®,A@T) + c(V(E) = AL, T))) € R

The quantity (,ET;"S%‘R {|6y (x,y) |} exists since R is compact and % (x,y) is continuous on R.

Z—£ (x,y) is continuous on R because of the implicit function theorem and the fact that g is C?.
So, all of this gives us that:

W () — Wa(t,T)| < max{ |} Iv® - ae !

‘ay
Plugging this result into Equation 3.3.6 gives us that for VT € (—n,n):

(U@, v©),w®) - (U®),AE T), Walt, D)||

< max{ max (IV(6) = A T)1},  max {&%GR{ (x, y)|}|V(t) A, T)|}}

€[to,t1]

Pulling out the (;ggéR {|Z—Jf/ (x, y)|} out of the second max gives that:

< max{ max {lv(t) — AL, T}, [max { f( 'Y)

} max {|V(t) — A(t, T)B}

te(to,t1]
Pulling out the téﬂa)t( ]{|V(t) — A(t, T)|}’s gives:
(U@, v(©),W(©) — (U, AR T), Wi, )|

< max{l max {
(x,y)ER

|} max v -aenD,

€[to,t1]

Since max ]{|V(t) — A, T} < ||ACT) = V(©)||,*° we get that the above equation implies that
0¢1

Lo

So within the flow time interval T € (—n,7), the surface flow (U (), A(t, T), Wa(t, T) ) flows
from our local extremum curve (U (1), V(b), W(t)) no more than a distance of

for vT € (—n,n):

(U, VO, W©®) - (U, AL T), Walt, D) < max{l (rr}a)lXR{

~ ~ akaem)
19 terﬁoa.)t(ﬂ{lv(t) — A(t, DI} < ||A(T) = V()| because ||A(T) — V()| = X2- ~o, max ]{|% _ V(k)(t)|} and

this £ sum of non-negative terms include the term trﬁa%( ]{|V(t) A(t, T)|}) itself. We actually used this inequality
€lto,t1
before.
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max{l, max {|a—f (x, y)|}} 6. O darn! | wanted the above quantity to be less than or equal to 6,
(x,y)er Udy

not max4{1, max a—f(x, ¥)|i¢ 6. But notice that if we instead chose n > 0 earlier so that:
oy

(x,y)ER
Y o)

instead, then the above math would then work out to give us that for VT € (—n,n),
I(U@©,v©),W©®) - (U®), AT, WAl D) < 6.

So let’s pretend that we chose this n > 0 instead. Going back to the definition of § in the
beginning of this proof, we get that the above equation implies that for any flow time T €

(=n,m),

vT € (-1,1), IACt, T) =V ()| <6/ max{l, max {
(x,y)ER

JIU@®, AR T), Wa(e, T)] = JIU@®), V), W(D)].
Or in other words: forany T € [—n, 7],
Gg(T) = G(0).
So T = 0 is a local extremum of G(T) and thus G'(0) = 0.

The above lemma now gives us the power to reformulate the extremum condition of our
extremum curve (U(t), V(t), W(t)) into an extremum condition for the one variable function
G(T) at T = 0. In the above lemma we proved that:

%1

dd_T ] F (t, U(t),A(t, T), W(t, T), U’(t),g—[t\(t, T),%(t, T)) dt = 0.

to T=0
As before, let’s carry the :—T derivative under the integral sign to get that:

t1

_ ) aA BV
Equation 3.3.7: j — || F|t,U@),A(t, T),W,(t,T),U'(t),—(t, T),—(t,T) dt
oT at at
to (t,0)
ty
oF A oF oW, OF 9%A oF 32W,
—f(a—v'ﬁ“"’“mﬁm’)+mam“"’>+m'ataT (t,0) Jdt = 0.

to

In the second integral above, | omitted the arguments of the partials of F in order to make the
equation shorter. These partials of F here are being evaluated at:
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(t U(t),A(t,0), W,(t,0),U’ (t) (t 0) ( 0))
By Equations 3.3.3 and 3.3.4, the get that above arguments of the partials of F are the same

things as:

(LU@,V©®),W(©®),U'®),V' (), W' ).
Now let’s go back and analyze A and W, a little bit. By Equations 3.3.3 and 3.3.4, we see that:

2

oA oW, 92A
vt ¢ [a,B], ﬁ(t,O)za—TA(t,O)— 2,00 =0

ataT ~ ataT
All of these terms are zero on t & [a, B]! Now, notice that every term in the integrand of the

second integral in Equation 3.3.7 is multiplied by at least one of the above four terms. So we get
that on t & [a, 8] the integrand in that integral is equal to zero. So we can reduce the domain of

integration of the second integral in Equation 3.3.7 to [a, #] without changing the value of the
integral:

B
f oF 0A (€. 0) + oF WA( 0) + oF 0%A (€.0) + oF (t 0 dt = 0
ov oT " ow’ ov' otdT ~” dw' 0taT '

Great, let’s plug in the definition of W, over the interval [a, 8] into the above integrand (see
Equation 3.3.4). We will then get that:

a

g
OF 0A G OF 9%A OF
](a_ ar 0t 5, T(f(U(t)'A(t’T)))| aw ar P Yo

a

ataT — (Fum, A, T)))| )dt = 0.

Calculating out the :—T and a‘:? partials in the above integral gives us that:

ov OT ow oy OT v’ ataT ow’

B
f(aF OA  OF 0f OA  OF E)ZA oF
a

0%f 0A 0°f 0N OA Of 0°A
‘\axay aT dyZz 9T ot ' 9y otoT
B
_j oF aA JF of 6A+6F OZA oF 0°%*f aA ,(t)+aF 9%f OA OA
=) \av'ar Taw 3y ot T ov atar T aw' oxdy oT ow' dy? T ot
a

+6W dy 0toT

OF df 0°%A
LSt de=o.
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Here | omitted writing the arguments of the partials of f and A. They are being evaluated at
(U®),A(t,0)) = (U(t),V(£)) and (¢, 0) respectively. Instead of dragging our A any further,
let’s plug in our formula for A in Equation 3.3.3 into the above equation. Notice that since here
we are only working over the interval [a, £], we have here by Equation 3.3.3 that A(t, T) =
V(t) + h(t)T and so the above equation becomes:

B
Equation 3.3.8: f or h(t) +
quation 3.3.8: P

2
or o7, h(t)-V'(t) + or -g-ﬁ’(t)> dt = 0.
ow' dy

2f

f
- RO +

a— “h(t)-U'(b)

+

ow’ dy?

Now, let’s get rid of the annoying k' (t) in the above integral. Let’s do this by integrating the

terms f # aF - h'(t)dt and f # aaF, Zf h'(t)dt in the above integral by parts. Integrating the first
of these terms by parts gives:
B B
f oF wwde =25 heo ~ f d (6F> R(Dde.
ov’ ov t=cx dt \d

a

Going back and looking at the boundary conditions that we required h(t) to satisfy: h(a) =

h(B) = 0, we see that the term h(t)| = 0. So, the above equation becomes:
’ F ’ d (0F
ja— h'( t)dt=—jdt(a ) h(t)dt.
(24 (24

Plugging this into Equation 3.3.8 gives us that our giant integral becomes:

B
Equation 3.3.9: f(g—i h(t) + 6_ O_f h(t )__<6F,> h(t) + oF . 9 fy.ﬁ(t) - U'(¢)

ov ow' 9xd
a
oF 9°f oF of
+aW/ dy 3.2 h(t) V(t) W@h(t))dt—o
Now let us integrate the other term: fﬁ :F, Zf R’ (t)dt in the above integral by parts. We have
that:
f OF I heye =20 | [ 5t G ) oar
ow 6 ow' dy tea dt \ow’ a
a a

~ t=p
For the same reason as above, we get that aa;, -Z—i . h(t)| = 0 and so we have that:
t=a
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B B
l - — h(t)dt——l;t(;j, ZQ h(t)dt.

Applying the product rule on the — derivative gives us that:

B
fa_F' % 5[( ow'’ 6y+66v1\j jt (Z;)) A(t)dt.

The derivative:

d (0f\ _d(df _ 2f U f
Gy =% <@ Ve, v<t))> = U + 55 V@),
Again, the partials of f here are being evaluated at (U (v), V(t)). | wrote out the arguments of f

in the first equality above so as to make the differentiation easier. Plugging this into the previous
equation gives us that:

B B
OF of _ _ d (OF \ of oy f 7
_[F 6_ m(®de = _f E(@W ) dy + ow’ <6y6x O + v (t)) (e

a
Plugging this into Equation 3.3.9 finally gives us that:

B

[\ 5 F0+ 5550~ g 5

)-ﬁ(t)+ OF 3T sy vw+2E.L feo
ow’' 0dxdy ow’ dy?

a

, d (OF\ of f o O i
V() — E(W) ay+aw (aya U'(®) +5 V(t)> RO | dt

=0.

Many of the terms on the left-hand side cancel out to finally give:

B
j oF d <6F)+ oF d (GF) af R@©dt = 0.
dv dt\ov’ dw dt\dw’ ay
a
Yes! Let’s review what we’ve proved so far. With the above equation we proved that for VA €

C?[a, B] that satisfies the boundary conditions:

h(a) =h'(@) =h"(@) =0 and h(B)=h(B)=h"(B) =0,
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the above integral is equal to zero. This means that we can apply Lemma 1.3.1 from Chapter One

to finally get that:
oF d <6F>+ oF d (aF) 6f_0
ov  dt\ov’ ow dt\ow'/ ] ady
on all of [a, #]. Fantastic! Let’s rewrite this equation in more exciting notation: the variational

derivative notation. Using the notation defined Definition 1.3.6 in Chapter One, we can write
down (remember, all of the partials of F here are being evaluated at

(L U®D,VE),W®),U' ), V'), W' ®))):

5] OF d /OF
= WOVOWO =5 - (=)
o] oF d /0F

5w [U®), V), W()] = 3w d (W)

So the previous equation can be rewritten as:

5] 5] af

—[U@®,VO,W®]+—=[U®),V(e), W] == (U®), V() =0

ov ow ady

on [a, B]. | decided to include the arguments of df /dy in this equation. Of more interest to us is

that since t, € [a, 8] (because the interval [a, 8] was centered at t,), we get that the above

equation holds at t = ¢,:
6]

— [U(t2), V(t2), W(ty)]

) 0
s L@V @, W5 (U V() =0

_|_ —_—

Sw
Wow! With this equation we’ve been able to relate how the “variational partials” of ] (the
components of VJ that is) relate to the partials of f. From here it is in fact possible to obtain yet
another equation for free using the symmetry of the variables x and y. Notice that if we would go
through the above proof again but would switch the roles of x and y, w and v, and U and V, we
would instead arrive at the equation:

5] 5]

of B
5 U @),V (&), W ()] + 5 [U(82), V (£2), W (£2)] - 5 (U(82), V (£2) = 0.

The only difference here is that % IS now g—i and Z—; is now z—ﬁ. So, we have that the following

system of equations holds at t = t,:

8] 8] of _
E[U(tz),V(tz),W(tz)] + 50 [U(t2), V(t2), W(t)] 'a(U(tz),V(tz)) =0,
5] 8] of _
50 [U(t,), V(£2), W(t)] + 5w [U(t2), V(t2), W(t)] '3y (U(t),V(ty)) = 0.
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Great! From here in order to finish off the proof of this theorem we now need to show how the
above equations relate to the partials of g. By the implicit function theorem (while remembering
that W (t,) = f(U(t,), V(ty)) since p = (U(t,), V(t,), W(t,)) lies on the surface S) we know
that:

g_z (U(t), V(L) W(t))

g_g (U(tz), V(ty), W(tz))’

of _
Ep (U(tz), V(tz)) =-

g_f] (U(t), V(t), W(ty)

g_g (U(tz), V(ty), W(tz)).

Plugging this into the previous two equations gives that:

of _
@ (U(tz), V(tz)) =-

a9
Y e, v Wl - L wiep v wiep)- 2OV )
“ v 52UtV (t2), W ()
dg
s s 3o (U@, V(t2), W(t))
LUV (), W (12)] 2 [U(E2),V(t), W (E)] - 32 =0
v W 52UtV (), W ()
Or after rearrangement:
5]
1) _[U(tZ)l V(tZ)'W(tZ)] d
é[U(tz);V(tz);W(tz)] = g};j '%(U(tz),V(tz),W(tz)).
L] (U(tz), V(t,), W(tz))
e v W)

5
L [0t V() W (E)] =
ov 99 (U(t).V () W (L)

a9
3y WELVE) W ().

Take the function A(t) from the statement of the theorem and at t = t, define it to be:

5
At,) = W

[U(t2), V(t2), W(ty)]

g_g(u(tz), V(ty), W(ty))

Then notice that the previous equation implies that the following three equations hold:

5] _ .
5 (1), V (1), W (t)] = A(tz)

o)
5—1]] [U(t2), V(t), W(t)] = A(ty) -
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1) 0
é [U(t2), V(t), W(t)] = A(ty) - a—i (U(tz), V(t,), W(tz))-

Repeat the above proof for every t, € (t,, t;) (remember that t, € (t,, t;) was chosen arbitrarily
in the beginning of this proof) to get that the following system of equations holds:

) d
S UO.VOW O] = 40 - 22 (U0, VO, WD),

o _ 0%

5y WO V@OW©] =20 - 52 (U@, VO, WD),
) 0
SLU®,VO,WO] = A0 22 (UO,V (O, WD)

on all of t € (t,, t;) for some function A(t). Notice that this system of equations can be written
down in the vector form:

5] 5]
(W@ VoWl

5
o [U(0),V(O,W )], 5[0,V (0, W)

2 9 9
— (D) (% U, V@, W(t)),£ U@, V@, W(t)),a—‘z (U, V@), W(t))).

on all of t € (t,, t;). With this we have shown that our extremum curve satisfies the Euler-
Lagrange vector differential equation, which is what we wanted to prove! Since the left-hand
side of the above equation is the variational gradient of J and A(t) is being multiplied by the
gradient of g on the right-hand side, the above equation can be rewritten in the beautiful form:

Vs/[U,V,W] = A2)Vg(U®), V), W ().

If we’re too lazy to write out the arguments of Vs/ and Vg, then the above equation takes the
nice to look at form:

Vs] = A(t)Vg.

With this we have proven the theorem.

We will do an example of an application of the above theorem when we will prove the
minimizing curve theorem in Chapter 5. The above theorem will provide us with the most
elegant proof of that theorem.

As discussed before, a surface S that is the graph of a differentiable function z = f(x, y) can
always be represented in the form that’s stated in the above theorem. Indeed, to see this just set:

g(x’yfz) = Z_f(x,}’)

and notice that now S is now the set of points (x, y, z) such that g(x,y,z) =z — f(x,y) = 0.
More formally, we have that:

86



S={xy,2): g(x,y,z) = 0}

So if ] is a functional of the form as in the statement of the above theorem in relation to this S,
then the vector differential equation in the conclusion of that theorem takes the form:

of 0
VsJ = A(DVg = A() (_a_];' —%, 1)

The above theorem has an analog in higher dimensions as well. Notice that in the statement and
proof of the above theorem, not much was used in the way of the fact that we were working with
three-dimensional surfaces. As a result, the above theorem and proof can be extended into higher
dimensions as follows.

Theorem 3.3.10 (Hypersurface Euler-Lagrange Vector Differential Equation): Suppose that
we have a hypersurface? S that is the level set of some continuously differentiable function g :
R™ — R at zero. In other words:

S = {(xq1, X, e, Xp) € R™ : g(x1, %3, ..., Xp) = C}.

where c is some fixed constant. Suppose also that Vg never vanishes on S. Let (4, Ay,, .., Ax,,)
and (Bxl, By, ...,an) are two points on the surface S. Now, let J be a functional of the form:

t1

Jug (), uy (0), ..., u, (D] = f F(t,uy(8), up(£), v, un (0), ui (0, U (0), ..., up (£) ) dt

to

where F € C2[R?™*1] and where ] ’s domain is the set of curves (uy, Uy, ..., Up) €
n_, C?[t,, t,] that satisfy the boundary conditions:

(ul(to),uz(to), ...,un(to)) = (Axl,sz, ...,Axn),

(w1 (1), u (t1), oo, Un (81)) = (By,, By, ---,an),
and that lie on the surface S:

vtE [to,ti], 9w (0, uz (@), .., un(t)) = c.

Now suppose that the curve (U1 (t), U, (1), ..., Un(t)) is a local extremum of J. Then this local
extremum curve must satisfy the equation:

Vs (U1, Uz, ., Up] = AV (U1 (1), Uz (1), ..., Un(D))

for some real valued function A(t). If we don’t want to write out some of the arguments in the
above equation, this equation can be rewritten in the nicer to look at form:

Vs] = A(t)Vg,

20 “hypersurface” basically just means a surface but in higher dimensions.
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The nice thing about this form of the equation is that this equation looks exactly like the equation
in the conclusion of the previous theorem.

Proof: I will leave the proof of this theorem to the reader as an exercise. This theorem is proved
just like the previous theorem except that here you will have to do things in higher dimensions
and with more variables involved. Borrowing notation from the poof of the previous theorem,
you’re going to want to construct a compact box R such that S locally to p is the graph of a
function f (x4, x3, ..., xn—1). Then you’ll have to construct a flow A(t, T) that passes through
U,_,(t) at flow time T = 0 and that constantly stay in the smaller box R,. After that you will
need to consider the surface flow:

(UL(D), Uz (©), e, Un—2 (), A(E, T), Wy (£, T))

where:

— f(Ul(t)l UZ (t), ey UTL—Z (t),A(t, T)) lf t € [a, ﬁ]
Wale ) = { W) if € lap]

Then continue from there like we did in the proof of the previous theorem. A main difficulty in
the proof of this theorem will be to keep track of all of the variables involved.

Section 4: Cool Applications of Variational Theory:
Green’s Theorem and the Divergence Theorem

Some time ago, | was sitting in my second-year calculus course and my teacher was teaching us
Green’s Theorem. Before he showed us a proof of this theorem he mentioned that Cauchy in his
1814 memoir provided several arguments as proofs of this theorem. The reason why he included
several arguments, my teacher said, was because he wasn’t entirely sure whether each argument
was 100% correct and so multiple approaches that indicated the same answer made him more
convinced of the fact that this theorem is true. My teacher said that one of Cauchy “proofs”
involved approximating the region of integration with boxes. Another argument that Cauchy
provided, my teacher said, used the calculus of variations. The moment my teacher said the
words “calculus of variations,” I got really excited about the possibility of proving Green’s
Theorem through a variational approach. About a year later | thought of a variational proof of
Green’s theorem and I would like to present it to you.

Green’s Theorem states that for any suitable region Q (“suitable” is hard to describe in this
situation, but we’ll come back to this) and any P, Q € C*[(],

y (Z_S B Z_i) dxdy = i (P, Q) - (dx, dy).

Both quantities of the above equation can be interpreted as functionals over a space of closed
looped curves. Indeed, let E be the set of all suitable non-self-intersecting closed looped
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parametrized curves. For any y € E, let y!e"<l denote the region enclosed within the curve y.
Now, let J and K be two functionals over E defined by:

vyeE, Jlyl= ﬁ (a—x—@)dxdy,

y[enc]

VY €EE, Klyl= jg(P, Q) - (dx,dy).
Y

We can then restate Green’s Theorem into the statement that these two functionals are equal
everywhere. More explicitly: forany y € E,

Jlvyl = Klyl.

Thus, we can reformulate the statement of Green’s theorem into a statement about a functional
equality.

How does one in general prove that two functionals are equal everywhere? Well, there are many
ways. To find these ways, let’s look at how we do a similar sort of thing with multivariable
functions. How does one for example prove that two differentiable functions F, G : R? - R are
equal everywhere? One way is to show that their gradients are equal on all of R? and then
proceed to find one point where the two functions are equal. This will imply that F and G are
equal on all of R2. The same principle in fact works with functionals. Up to technical refinement,
if you show that the variational derivatives of two functionals are equal everywhere and the two
functionals agree on some curve, then the two functionals are in fact equal everywhere. We will
come back to this idea in another section.

However, there is another very closely related way that one can use in order to show that two
functionals are equal. In the case of the multivariable functions F and G, a way to show that
these two functions are equal goes as follows. First find a point (x,, y,) where they are equal:
F(xg,Y0) = G(xq,Y0). Then, in order to show that F and G are equal at any point (x,y) € R"
consider the line I(t) that goes from the point (x,, y,) to the point (x, y). If the following holds

CIFU©)] = S [6(w)]

constantly as L(t) travels from (x,, y,) to (x,y), then F(x,y) = G(x,y). Why? This is just a
direct application of the Fundamental Theorem of Calculus (let t, and t; here denote the times

when [(t) crosses (xg, Vo) and (x, y) respectively: [(ty) = (xq,y0), l(t1) = (x,y)):
ty 4
Fey) = F(I(t)) = [F(1(t) = F(I(t0))] + F Cxo, 7o) = f 2 [F(U®)]de + F (xo,0) =

d
j I [G(l(t))]dt + G (x0,¥0) = [G(l(t1)) - G(l(to))] + G (x0,¥0) = G(x,¥).

to
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And so:

F(x,y) = G(x,y).

The exact same thing can be done with functionals except in this case we are going to have to
use the lines in the space of curves, which are the linear flows. This is the approach that we will
take in our variational proof of Green’s Theorem.

Let’s prove a little bit simpler version of Green’s Theorem. Since the set of all regions that
Green’s Theorem applies to is very hard to describe, we have to resort to some simplification of
the regions that we consider in our proof of Green’s Theorem. So let’s prove Green’s Theorem
on regions that lie between the x-axis and the graph of a non-negative continuously differentiable
function.

A We are variationally
going to prove

Green’s Theorem on
regions of this form.

v

0 a

After that | will show you an argument that allows you to extend our result of Green’s Theorem
to certain more complicated regions that can’t necessarily be represented in this form.

Theorem 3.4.1 (Graph Region Version of Green’s Theorem): Suppose that we have a non-
negative continuously differentiable function g(x) > 0 over a compact interval [0, a] and let Q
be the region between the x-axis and g(x):

Q={(xy):x€[0,a,0<y < gx)}
(see the image above). Then,
0Q 0P B _
!J (a - E) dxdy = i (P,Q) - (dx, dy).

Proof: We will prove this through functional equalities. For any function/curve h(x) over [0, a],
let Q;, denote the region between the x-axis and g(x):

Qp ={(x,y) : x €[0,a],0 <y < h(x)}.

Notice that with our notation, Q; = Q. Now, let us define the functionals (here I use h(x) for the
variable for our two functionals):
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K[h] = f(m) - (dx, dy)

o0,

where the domain of J and K is the set of all non-negative continuously differentiable
functions/curves h : [0, a] — R. Let’s write out the above two integrals in a little bit more
explicit forms. We have that:

a h(x)
aQ aP
ff 22" axay f f e y)——(x y) | dydsx,
and (here the convention is to integrate contour integrals counterclockwise):

K[h] = 36<P,Q) - (dx, dy)

a0y
a h(a) a h(0)
= fP(x, 0)dx+f Q(a,y)dy—f(P(x,h(x))+Q(x,h(x))h’(x)) dx—f Q(0,y)dy.
0 0 0 0

Great! Notice that / and K are trivially equal at the curve h = 0 since in this case (, is just the
rectangle with height 0 and width a. In other words:

J[h = 0] = K[h = 0]

(both sides are zero in fact). So we have found our curve of agreement. Now all that’s left to do

is to take the linear flow A that goes between the curves h = 0 and g(x) and show that the time

derivatives of J[A(x, t)] and K[A(x, t)] are constantly equal along this linear flow. Let’s do this!
Take the linear flow A : [0,a] X [0,1] — R defined by:

Alx, t) = g(x)t.
Notice that this linear flow does go between the curves h = 0 and g(x) because A(x,0) = 0 and
A(x,1) = g(x). Now we get to the fun part! We need to show that:
_ d d
Equation 3.4.2: T JIA(x, )] = T (K[A(x, t)])

constantly on t € (0, 1). Let’s first compute the left-hand side of the above equation. We have
that (in these calculations I will use Leibniz’s rule for differentiating integrals):

aQ ap

d
7 —(J[A(x, )] dt f I @ dxdy

Qaxt)
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a Alxt)
d d apP
=%<ff (—Q< y)——(xy))dydx)
“a ("7 1 oP
4&([ (—Q( y)——(xy))dy)dx
0 0

0A(x, t)

; l0] dP
:f(a—x(x,A(x,t))—@(X,A( )))
0

And so, we get that:

a

Equation 3.4.3: %([[A(x, ) = j (— (x, A(x, 1)) ——(x Alx, )))

0

dA(x, t) dx

Now let’s compute the right-hand side of Equation 3.4.2. We have that:

d
o KIAG O] = dt( $ (P.Q)'(dx.dy)>

0Qp (1)

a Alat) a
;it <f P(x,0)dx + f Q(a,y)dy — f <P(x Alx, t)) + Q(x A(x t)) oA, t)> dx

0 0 0
A(0,t)
- | Q(o,y)dy>
0
aA(a ) [d aA(x £)
=0+ Q(a A(a, t)) f <P(x Alx, t)) + Q(x Alx, t)) )dx
dA(0,
~0(0,400,5) 2
aA(0,
= Q(a Ala, t)) —(0,A(0,1)) (gt 2
: aA ) 0 IA(x, t) IA 924
[ (55 Conce ) 252 52 ) PO TR 1 0001, 0) T2
0
aA(o t) roP dA(x, t)

oA(a '
= Q(a,Ala, 1)) —Q(O A0, 1)) ( A1) e
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00 aA(x £ aA(x £) 0N 0) |
Ofa_“‘( o d_fQ( ACD) =5 5

And so we get that:

Equation 3.4.4: di(K[A(x, D) = Q(a, Aa, t) aA( 6/\(0 t)
[ 0P aA(x, t) (90 dA(x, t) OA(x, t)
bfa— x, A(x, 5% dx —fa—(x,A(x, t)) e y dx

927
jQ(x A1) O(gtt)

In Equation 3.4.3 we were able to write out the time derivative of J[A(x, t)] as an integral whose

integrand only contained the —— oA (x 2 partial of A. In our attempt to show that the time derivative of

6A(x t) and

K[A(x,t)] is equal to the time derlvatlve of J[A(x, t)], let us try and get rid of the

2
2 aA(;’t) partials of A in the above equation. Let’s start doing this by looking at the

f Q(x, Alx, t)) o A(x 9 dx term on the right-hand side of the above equation. Integrating this

term by parts glves.

92 A (x, t) (')A(x " (x t)

f 0.0 0) 52 e = g, A5, )

f Q(x A(x, t)))

- 0

aA( aA(O t)

=Q(a,Alat)

; CONICT
](—(x A, t))+—(x AGe ) = ) = dx
0

And so we get that our term is equal to:

%A
f Q(x Ax, ) = (;‘tt)
— (0@ 0) 22D g(0,400,0) 2200

; OA(x, )\ A1)
Of(—(x/\(xt))+—( XA D) a’;) ©9 i
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Plugging this back into Equation 3.4.4 gives us that:

aA( aA(O t)

—(K[A(x O = Q(a Ala,

op OA(x, £) a(’)Q ONCe ) NG
_.fa—(x,A( ) o dx—fa(x,A(x,t)) o o dx

oA (0 t)

—Q(a,Aa, t)) + Q(0,A(0,0))

a aQ a0 OA(x, 1)\ OA( t)
+f(a(x,A(x,t))+E(x,A(x,t)) ;Jcc ) ;; dx

0

Notice that a lot of the terms on the right-hand side cancel out to finally give us:

a

%(K[A(x, 2)) f < (x ACx t))——(x Alx, D)

0

dA(x,t)

dx.

The same thing that we got for E (J[A(x, t)]) in Equation 3.4.3! With this we have shown that

the time derivatives of J[A(x, t)] and K[A(x, t)] are constantly equal along the linear flow A as
t € (0,1). As with the case of the example of the multivariable functions above, this implies that
Jlg] = K|[g] since (remember J[h = 0] = K[h = 0]):

1

d
Jlg]l =JIACx, D] = J[AC, D] = J[Ax, 0)]) + J[h = | 77 VlAG, Ddt + ][k = 0]

0
= ]%(K[A(x, t)Ddt + K[h = 0] = (K[A(x,1)] — K[A(x,0)]) + K[h = 0] = K|[g]
0

and so:

Jlg] = K[g].

Since Q = g, we get that by plugging in the definition of J and K into the above equation
finally gives us the conclusion that we want:

H "’_Q_a_’; dxdy=a£(P.Q)'(dx'd}’)

With this we have proven the theorem.
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A remark is in order. First of all, it is true that Green’s theorem has a much easier and still
completely rigorous proof over the regions described in the above theorem. This easier proof
merely consists of computing the contour integral and using the Fundamental Theorem of
Calculus to show that it is equal to the double integral over the region Q. However, the primary
reason that I showed you the above proof was not merely to give another proof of Green’s
Theorem, but instead it’s there to demonstrate a technique that exists in the calculus of variations
that allows you to prove many interesting equalities involving integrals. As the proof of the
above theorem demonstrates, sometimes in order to prove that a certain integral equality holds it
is enough to show that the equality holds on one specific curve and then show by ways of flows
that they hold on the whole space of curves. This is an important concept because we will later
use a similar idea to prove a version of a corollary of the Global Gauss-Bonnet Theorem.

We’ve proven Green’s theorem on regions that, possibly after a rotation if necessary, can be
represented as a region between the x-axis and the graph of a non-negative continuously
differentiable function. Let’s call such regions “simple regions” for short. How does one use this
result to extend Green’s Theorem to more complicated regions such as:

Notice that there is no way, even after a rotation, to represent this region as a region between the
x-axis and the graph of a non-negative continuously differentiable function. The first step to
showing that Green’s Theorem holds on such nice regions is to first break up such a region into
many smaller regions that are simple regions, like so:

/\/\

Notice that each sub-region in the above picture can be represented (perhaps after a rotation) as a
region as described in Theorem 3.4.1. Then, if you sum the double integrals and the contour
integrals over all of the sub-regions you will get the conclusion of Green’s Theorem on the
whole of the above region (all of the line integrals along the interior straight lines in the above
picture will cancel out since in the sum of the contour integrals you will always integrate in each
direction once along each such interior line, thus causing a cancelation). Thus, we get that
Green’s Theorem holds on the region in the above picture.



Not all regions can be broken up in the above fashion. However, for most regions that appear in
practice it is possible to break up the region just like we did with the region in the above picture.
Thus, the above procedure is a good way to rigorously prove that Green’s Theorem holds on
many of the regions that we encounter in life.

The Divergence Theorem in R3 can be proved in exactly the same way as we proved Green’s
Theorem above for simple regions except that in this case simple regions will be regions between
the x-y plane and the graph of a continuously differentiable function h(x,y) (which colloquially
speaking is a surface). Then you’ll have to take the linear flow of “surfaces”:

Alx,y,t) = h(x,y)t,

and show that the time derivative of both sides of the statement of the Divergence Theorem
evaluated at the region between the x-y plane and the surface h(x, y)t are always equal. Just like
above this will prove the Divergence Theorem for simple regions. The extension of the
Divergence Theorem to more complicated regions follows a similar argument as the one given
above where you have to break up your region into many smaller sub-regions that are themselves
simple regions. From there you will get the result of the Divergence Theorem on your more
complicated region. And of course, there’s no reason to stop at R3 since the above arguments
work perfectly to prove the Divergence Theorem in R™ for general n € Z, .

I will not go through the variational proof of the Divergence Theorem since in principle it’s the
same as the above variational proof of Green’s Theorem. For this reason, I will leave the
variational proof of the Divergence Theorem as an exercise to the reader.

Section 5: Cool Applications of Variational Theory:
Principle of Least Action

[See future edition of this book]

Section 6: Another Approach to Proving the Equality
of Two Functionals

In section 4 | indicated that there is a way to prove that two functionals are equal if their
variational derivatives are equal everywhere and the two functionals are equal at some curve in
their domains. Let’s explore this question in detail.

To explore this approach to proving that two functionals are equal, let’s again go back and see
how we did this in the case of multivariable functions. How does one prove for example that two
differentiable functions F, G : R? — R are equal? One way, as already mention in section 4, is to
show that their gradients are equal on all of R? and then proceed to find one point (x,, y,) where
the two functions are equal. This will imply that F and G are equal on all of R2. Why? Well
suppose that VF = VG on all of R? and that F (x,, v) = G(xo, yo). For V(x, y) € R? take the
line:
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l(t) = (xO'yO)(l - t) + (x'y)t

that goes from the point (x,, y,) to the point (x,y) as t runs fromt = 0 to t = 1. From here we
can see that (here I’'m merely applying the Fundamental Theorem of Calculus. Also, keep in
mind that I(¢) is a function of the form [ : [0, 1] —» R?):

1

d
FCoy) = F(ID) = [F) = FOO)] + FOro0) = [ 2 [FUO)]de + FGxo,0)
1 1

= fVF(l(t)) U (t)dt + F(xg, o) = fVG(l(t)) U (t)dt + G(xg, o)

0 0

1
d
fd— [6(1(6)]dt + G(x0,¥0) = [6(L(D)) — G(L(0))] + G(x0,¥0) = G(L(D)) = G(x, y).
0

And so, F(x,y) = G(x,y). This means that F and G are equal on all of R2.

The same idea in fact works with functionals. Again, as mentioned before, up to technical
refinement if you show that the variational derivatives of two functionals are equal everywhere
and the two functionals agree on some curve, then the two functionals are in fact equal
everywhere. Let’s state and prove this rigorously in the next theorem.

In the proof of this theorem, we will need the following important lemma.

Lemma 3.6.1: Let J be the functional:

b

Iyl = f F(x,y,y")dx

a

where F, G € C?[R3]. Let ] ’s domain be the set of curves y(x) € C?[a, b] that satisfy the
boundary conditions:

y(a)=A and y(b)=B

where A and B are two real numbers. Suppose also that A : [a, b] X [ty, t;] = R is a 2-smooth
flow of curves in the domain of /. Being a flow in the domain of ] merely means that for every
fixed flow time t € [t,, t;], A(x, t) is a curve in the domain of J. Then,

OA(x, t
( )d

b
d 5]
ZUAGOD = [ 5186 0]

If you understood the inner product interpretation of Lemma 1.3.1 in Chapter One, then this
equation can be rewritten as:
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dA(x,t)
ot

d A _ 6] A
UG O] _(5[ (x, 0], )-

Proof: The proof of this lemma is merely a calculation. We in fact proved a special case of this

formula in the proof of Theorem 1.3.3. In fact, the following is a mimic of the calculation that we
did in the proof of Theorem 1.3.3 after the proof of Lemma 1.3.5. We have that:

b
d d OA(x,t)
00D = | [ F(xa000, 20 as

a

Carrying the derivative under the integral sign (which we can do since the integrand
(x A(x, t), oA, t)) is a continuously differentiable function) gives us that:

i( <x Alx, t), M))dx
d 0x

b
oF OA(x,t)\ 0A(x,t) OF AA(x, t)\ 92A
a

And so, we get that:

—(] [A(x,0)]) =

9\@

d
Equation 3.6.2: i J[ACGx, D]

((or AN, £)\ DA(x, ) NG, £ 92A ]
_f @("’A(x') 9x > ot +6y< NG, =55 >6x6t(x't) *

Looking at the integral in the conclusion of this lemma, we see that there is only a % partial of A

2
in the integrand of that integral. So let us get rid of the a—A term in the above integral by

IA(x,t)
o ) v (x, t)dx term by parts. We have that:

dA(x,t)
x, A(x, t), Ix at( x,t)dx

integrating thef (x A(x, t),
b
[

JoF dA(x, t)\ 0A(x, t)
_6y<A( £, 0x ) at

0x

_ b

x=b fd OF AD) 0AGx 1))\ 24, )
@\ oy \P T o ar X
- a

Now, for every fixed t € [t,, t;], A(x, t) is a curve in the domain of J. This means that vVt €
[to, t1], the curve A(x, t) satisfies the boundary conditions:

Ala,t) =A and A(b,t) =
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In other words, for all flow times t € [t,, t,], the values of A(x, t) on the boundaries: A(a, t) and
A(b, t) are constant. This means that for any time t € (t,, t;),
dA(a,t)  9A(bt)
at ot

Great! This means that the term

oF OA(x, £)\ OA(x, )|*="
6_y’<x'A(x't)' ) ) T

And so, we get that our previous integral equation becomes:

b b

oF OA(x, t)\ 0°A d (oF oA(x, t)\ \ 0A(x, t)
ja—}ﬂ(x,l\(x. t), Ep >0x6t (x,t)dx = _1E<a_y' (x,l\(x, t), e P dx
a

a

xX=a

Plugging this into equation 3.6.2 finally gives us that:

d A
Z UIAG D)

’ JoF dA(x,t) d [ OF dA(x,t) dA(x, t)
f @(x’A(x’t)’ dx )‘a ay'<x’A("’t)’ ox ) ot

Using the variational derivative notation this can be rewritten as:

b
6/ aA(x, t)
—(] [A(x, )] =f6— 5% dx.

This is the equation that we wanted to prove.

The equation in the conclusion of the above lemma is very important and it can be used in many
contexts in the calculus of variations. Although we haven’t really discussed non-linear flows, the
above lemma does hold true for more general types of flows other than just linear ones. Indeed,
notice that nowhere in the proof of the above lemma did we use that fact that A was a “linear”
flow. With this lemma in hand we are ready to prove the following theorem.

Theorem 3.6.3: Let J and K be the functionals:

b

Iyl = f F(x,y,y")dx,

a
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b
Kly] = f GCx,y,y)dx,

a

where F, G € C?[R3]. Let J and K ’s domain be the set of curves y(x) € C?[a, b] that satisfy the
boundary conditions:

y(a@)=A and y(b)=B

where A and B are two real numbers. Suppose that the variational derivatives of / and K are
equal everywhere:

0] 6K
&y by
More explicitly: for any h in the domain of / and K,
8] 6K
[h] = —[h].
8y 8y

Suppose also that there exists a curve hy(x) in the domain of J and K such that J and K are
equal at hy(x):

JIho(x)] = K[ho(x)].

We can colloquially call hy(x) the “curve of agreement” of ] and K. Then J and K are equal
everywhere. More explicitly, for any h in the domain of J and K,

JIh()] = K[h(x)].

Proof: The idea behind the proof of this theorem is exactly the same as the idea behind the proof
of the analogous fact with multivariable functions. Take any curve h in the domain of J and K.
Now, take the 2-smooth linear flow A : [a, b] X [0,1] — R defined by:

A(x,t) = ho(x)(1 —¢t) + h(x)t.

Notice that this linear flow travels from the curve hy(x) to h(x) ast goesfromt =0tot =1
since:

A(x,0) = hy(x) and A(x,1) = h(x).

Now, doing a similar sort of calculation as before we have that (here we apply the previous
lemma):

1

d
JIhRCO] = J[AG, D] = (IAG, D] = J[AGx, 0)]) + J[ho(x)] = fd_ [ACx, )Ddt + J[ho(x)]

0

f 5] IA(Cx, ) 2 oK A0

= | 5y GOl —5—=dt+]Tho ()] = | FIAC ot
o 0

dt + K[ho(x)]
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. d
= fE(K[A(x, t)Ddt + K[ho(x)] = (K[A(x, D] = K[A(x, 0)]) + K[ho(x)] = K[A(x, 1)]

= K[h(x)].
And so J[h(x)] = K[h(x)]. This proves that / and K are equal everywhere.

This theorem is significant because in many situations it provides a general way to prove an
integral or functional equality equation. It also has the charming property that it resembles the
way that we often prove that two multivariable functions are equal everywhere.

There are generalizations of the above theorem. A question that you might consider is: what
happens if the domain of a functional is not “convex.” Indeed, in the example of the
multivariable functions F and G | said to connect the points (x,, y,) and (x, y) by the line [(t).
But what if the domain of our functions F and G is not the whole of R? but some subset that 1(t)
does not entirely lie in? In calculus class you probably circumvented this difficult by just
choosing another curve y(t) that connects the two points and that constantly lies inside of the
domain of F and G. A similar sort of thing can happen in the case of functionals and so you’ll
have to do a similar sort of thing by choosing some non-linear flow that goes between your curve
of agreement hy(x) and h(x). This can lead to some fascinating generalizations of the above
theorem.

Perhaps a more obvious consideration of a generalization of the above theorem is its
generalization to higher dimensions. Let’s briefly look into this question. In the proof of the
higher dimensional version of this theorem, you will need the following higher dimensional
version of Lemma 3.6.1.

Lemma 3.6.4: Let Q € R™ be a compact subset of R™ that the Divergence Theorem applies to.
Now, let J be a functional defined by (in this lemma, let [ denote an integral over a region in
R™):

n
JTRGeL, Xg0 s %)] = J F (1, Xz oy X 1y B iy o B ) 1_[ dx;
Q i=1

where F € C2[R?™*1]. Let J ’s domain be the set of “hypersurfaces” h(xy, x5, ..., x,) € C2[Q]
that satisfy the boundary conditions:

h(xq, x5, w0, %) =0 if  (x1,%2, ..., %) € 0Q

(in other words, the h’s vanishes on 0Q)). Suppose also that A : Q X [t,, t;] = R is a 2-smooth
linear flow of hypersurface in the domain of J. Being a flow in the domain of ] again merely
means that for every fixed flow time t € [¢t,, t;], A(xy, x5, ..., x5, ) is @ hypersurface in the
domain of J. Then,
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OA(x1, %2, ..., Xp, t
[A(xq, %2, .o, X0, B)] - (%1 gt n )dt_

Ovl\

b

d

EU[A(xl,xz,.. Xn, t)]) =f
a

Or if you understood the inner product interpretation of Lemma 2.4.3 in Chapter Two, then this
equation can be rewritten as:

OA(xq, Xg, weny X, t)
ot

Proof: This is proved similarly as Lemma 3.6.1 except that here you will have to mimic the
calculation in the proof of Theorem 2.4.8 after the proof of Lemma 2.4.9. | will leave the details
as an exercise to the reader.

d )
S UTAGEs e 1) = (5 [ACet a5, O], )

The following theorem is the higher dimensional version of Theorem 3.6.3:

Theorem 3.6.5: Let O € R™ be a compact subset of R™ that the Divergence Theorem applies to.
Suppose that Q is the closure of its interior and that its boundary 9Q is a set of zero Jordan
content. Suppose also that we have a function of the form f : 9Q — R and that the set:

{(x1, 22, o) X, f (21, X2, e, X)) € R 2 (x4, Xy, .00, ) € O}

can be parametrized by a non-singular C*® curve y(t) in R**1. Now, let J and K be functionals
defined by (in this theorem, let [ denote an integral over a region in R™):

JTRGeL, Xg0 oy %)] = J F (%0, %2, s Xy B P P oo B )del
Q

K[h(xq1, %5, ., xp)] = fG(xl,xz,.. Xy My Ay Py e hxn)l_[dxl
Q

where F, G € C*[R?*"*1]. Let ] and K ’s domain be the set of “hypersurfaces” h(xy, x5, ..., X,) €
C?[Q] that satisfy the boundary conditions:

h(xlrx2r ---:xn) = f(xll X2, ---;xn) l’f (XIIXZI ---'xn) € a‘Q‘

(in other words, the h’s intersect y above Q). Suppose that the variational derivatives of J and
K are equal everywhere:

8] OK
Sh~ S6h’
More explicitly: for any £ (x4, x,, ..., x,,) in the domain of ] and K,
6] 6K
a[ﬁ] =%y [4].
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Suppose also that there exists a hypersurface £, (x4, x5, ..., x,,) in the domain of J and K such
that / and K are equal at A4 (xq, x5, ..., Xp,):

J#o (X1, X2, o0, X)) = KA (X1, X2, .0, X))

We can colloquially call £y (xy, x5, ..., X,) the “hypersurface of agreement” of ] and K. Then ]
and K are equal everywhere. More explicitly, for any £ (x, x5, ..., x,) in the domain of J and K,

J[A(x1, x5, ., X0)] = K[ (xq, X5, ..., Xp)].

Proof: The proof of this theorem goes exactly the same as the proof of Theorem 3.6.3 except
that here you will need to write down more variables. | will leave the details to the reader as an
exercise.

Section 7: Two Theorems for the Global Gauss-Bonnet
Theorem Sections

In the sections on the Global Gauss-Bonnet Theorem in Chapter 5 and Chapter 6 we will need
second order versions of Lemma 3.6.4 (second order means that the integrand F of the functional
J is a function of second order partials of h as well). In an exercise at the end of Chapter 2 [see
future edition of this book] you derive that the Euler-Lagrange partial differential equation for a
functional of the form (here | use indexed argument notation and | denotes an integral over a
region in R™):

JThGe, %y ., %)) = j F ({xk};::l, P (b, {{hxkxj}:ﬂ};) [ e

Q

where the domain of J is the same as the domain of the functional in Theorem 2.4.8, is given by:

i Do) * e () =
on £ 93, \Oh, 4 93,0 \ Oy,

As a result, we defined the variational derivative of such a functional J as:

5] OF zz
5h™9h L axk dhy, 1 0%,0% ahxkx

In the special case n = 2 this functional, its Euler-Lagrange partial differential equation, and
variational derivative are respectively given by:

Jh(x, y)] = fF(x Y, M Ry, by, gy Ry, hyy)dxdy,
Q
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oF a(aF> o (OF +62(6F)+ 0% ( OF +62 oF “o

oh 0x\oh,/ 0dy\dh,) 0x2\Ohy/ 0xdy\Ohy,) 0y*\oh,,)

8] OF a(aF) d (0F +62(6F>+ 0% ([ OF N 0% [ OF

8h ~ oh 0x\dh,) ady ohy)  0x?\0hy,/ 0xdy\Ohy,) 0y?\0hy,)
With this more general form of the variational derivative we can now obtain a more general form
of Lemma 3.6.4 that we will need for the sections on the Global Gauss-Bonnet Theorem. | will
give the statement of the lemmas in both the n = 2 case and the general case. In this section we
are going to let everything be C* because in the Gauss-Bonnet Theorem we will be working

with infinitely differentiable surfaces. This adds no difficulties or technicalities to the following
theorems or their proofs.

Theorem 3.7.1: Let Q € R? be a compact subset of R? that the Divergence Theorem?! applies
to. Suppose that ( is the closure of its interior and that its boundary 01 is a set of zero Jordan
content. Suppose also that we have a function of the form f : 9Q — R and that the set:

{(x,y,f(x,¥)) € R®: (x,y) € 00}

can be parametrized by a non-singular C* curve y(t) in R3. Now, let J be a functional of the
form:

JIh(Gx, )] = f f F(x,9,h, by, by, Ry, By, By )dxdy
Q

where F € C®[R8]. Let ] ’s domain be the set of “surfaces” h(x,y) € C*[Q] that satisfy the
boundary conditions:

h(x,y) = f(x,y) if (xy)€0Q

(in other words, the h’s intersect y above 0Q). Suppose also that A : Q X [t,, t;] = R is an co-
smooth flow of surfaces in the domain of /. Being a flow in the domain of / again merely means
that for every fixed flow time t € [t,, t;], A(x, y, t) is a surface in the domain of J. Suppose also
the flow A satisfies the boundary conditions that its value and all of its first partials are
constant/unchanging on 0( for all time:

d /YN
V(x,)’)eaﬂ, a(A(x,)’))—E(x,Y)=O

voonean,  L(Ban)=Zha =0
4 ©at\ax Y | T axac Y =Y

21 One could totally use Green’s Theorem here since Q is in R?. But | decided to keep things easily generalizable
here by just using the two-dimensional version of the Divergence Theorem (which is in fact completely equivalent
to Green’s Theorem up to rephrasing).
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vooyean,  L(Bap)=Zh =0
0 r ae\ay Y T ayac Y =

onall of t € [t,, t,]. Then,

A(x, y,t)

d ) ,
UG 0D = [[ S0y 01 22D dxay
Q

Or if you understood the inner product interpretation of Lemma 2.4.2 in Chapter Two, then this
equation can be rewritten as:

OA(x,y,t)
ot
Proof: The proof of this theorem is again just a calculation that involves the Divergence

Theorem, except that here we will have to apply the Divergence Theorem more than once. We
have that (I will omit writing the partials of A here):

d _ 9]
UMMy, 0]) = (- (A Y, D], )

_(, = (ﬂ F(x, 7,0 Ay, A, Axx,Axy,Ayy)dxdy>.

Carrying the derivative under the integral sign (which we can do since the integrand is
continuously differentiable and the domain of integration is compact) gives us that (after the
second term below I will omit writing the argument of F; it is being evaluated at

(%, 9, A Ay, Ay, Ay, Ay, )

Equation 3.7.2: —(/ D= ﬂ F(x YA Ay, A, Axx,Axy,Ayy))dxdy

—ﬂaFA+aFA ot e+ 2+ 2 A ) dxd
=) \an e T A, T ahy, T By T By, P T By, )
Q

Let’s get rid of all of the x and y partials of the A’s. Let’s start doing this by taking a look at the

Iy, (aiz xt + 35— " Axyt +o— oF yyt> dxdy term in the above integral and “integrating it by
parts.” “Integratlng this term by parts” gives that:

H 2 A Vaxd
Ay, Mt T g Ave gy Ayye | dxdy
_ja(aFA>+a oF L OF )
= ) \ax \Ghg, #) T ay\ony, ¥ T any, vt ) )Y
fa<aF)A+a OF N\ O (0F\, \
9x \Ohge) "t T 9y \0hy, ) ¥ T By \ahy, ) vt )
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Applying the Divergence Theorem to the first integral on the right-hand side gives that:

ﬂ < oF Aoy + oF A )d d
— — x
ahxx xxt ahxy xyt ahyy yyt y

_jgaFA OF L OF N\
_a Ohgy ¥ By ¥ By, )
Q

ﬂ LO(OFN, O (OFN
ox (’)hxx Tay\an, ) T ay\an,, ) vt )

We have that A, and A, are constantly zero on the boundary and so the first integral on the
right-hand side is zero! Thus we get that:

[[Ea
ahxx th ahxy xyt ahyy yyt

[ et o R s
ax 0hxx 9y \ohy, ) " ay\ah,, ) vt )

Integrating the integral on the right-hand side “by parts again” gives that:

ﬂ oF A+ oF A dcd
0 hxx xxt 9 hxy xyt ahyy yyt | axay
B ff > d ( OF A+ d (0 [ OF A docd
= ax ax ahxx ay Ohyy) t) " 0y \dy\ohy,) " e
ff O (OF N0+ 2 (2P ) ) )i
E%) ahxx ayax ahxy t dy? ahyy ¢ | dxdy).

Applying the Divergence Theorem again to the first integral in the right-hand side of the above

equation gives that:

[ (G s e iy o
ahxx th ahxy xyt ahyy yyt X y

jg(@ <6F)A N 0 <aF >A a<aF >A>d4+

= - — | — — — ’— — n

S \0x \ohy, £ 0y\Ohy,) "oy\ohy,) *

ﬂ 0% [ OF A4 0% ( OF A dud

ahxx T axay \omy, )t T ayz\an,, ) e )
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We have that A, zero on the boundary and so the first integral on the right-hand side is zero! So,
we get that:

) oF oF
Equation 3.7.3: J:]- ahxx Nyext %Axyt-l'm/\yyt dxdy

J‘f 0° aFA+62 aFAdd
ahxx T axay \any, ) M T ayz\an,, )t ) Y

Yes! We’ve gotten rid of the x and y partials of the A in this term using the Divergence

Theorem. Now let’s look at the [f, ( Ayt +5— Ayt) dxdy term in the integral in Equation
3.7.2. “Integrating this term by parts” gives that.

(2 n 25 1, )
ahx xt ahy yt xy
Q
ff L0 Y ﬂ NACAYAYS
ax Tay\an, e ) |y - ax Tay\an, ) ) Y

Applying the Divergence Theorem to the first integral on the right-hand side gives that:

oF oF
ff (athxt +ahyAyt> dxdy
Q
oF L0 (oF
B 5‘; <6h T ) d"_ff <6x 5 (ah )Af> dxay.

We have that A; is constantly zero on the boundary dQ and so the first integral on the right-hand
side is zero. So we have that:

[ (G o= [ (B (o) o
on, Mt t g e | dxdy = ax Tay\an, )it )
Q

So we’ve gotten rid of all of the x and y partials of A here as well. Plugging this Equation and
Equation 3.7.3 back into Equation 3.7.2 finally gives us that:

d
a(/[/\])

Jj ) d [ OF +02(0F)+ 02 oF +62 oF Aodrd
oh ax he/ 0y\Ohy,) 0x*\0hy/ 0ydx\Ohy,) 0dy>\0Ohy, R

Which is in fact equivalent to the equation that we wanted to prove:
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The general version of the above lemma goes as the following.

Theorem 3.7.4: Let Q € R™ be a compact subset of R™ that the Divergence Theorem applies to.
Suppose that € is the closure of its interior and that its boundary 9Q is a set of zero Jordan
content. Suppose also that we have a function of the form f : 9Q — R and that the set:

{(xl,xz, ey X, (21, X3, ...,xn)) € R™1: (xq,%5, ..., X,) € OQ}

can be parametrized by a non-singular C* curve y(t) in R™**1. Now, let J be a functional
defined by (in this theorem, let [ denote an integral over a region in R™):

JIh(xy, X3, ey X)) = fF <{xk}2=1: h, {hxk}:=1' {{ xkx] )dez

Q

where F € C°°[]R{2”+1+"("_1)/2]. Let J’s domain be the set of “hypersurfaces” h(xy, X3, ..., Xp) €
C*[Q] that satisfy the boundary conditions:

h(xy, %3, o, xn) = f(X1, X2, o, %) if  (Xq, X3, ..., X,) € 0Q

(in other words, the h’s pass through y above Q). Suppose also that A : Q X [ty t;] = Ris an
co-smooth flow of surfaces in the domain of /. Being a flow in the domain of J again merely
means that for every fixed flow time t € [¢t,, t;], A(xq, x5, ..., Xy, t) is @ hypersurface in the
domain of J. Suppose also the flow A satisfies the boundary conditions that its value and all of its
first partials are constant/unchanging on 9Q for all time:

d
V(x1, Xp, o) Xp) € 09, E(A(xl,xz, v Xp)) = (xl,xz, v X)) =0
vk € {1,2,...,n} V(xq,x5,...,x,) € 0Q,
d [ oA 02N
dt 9%, — (X1, X2, ey Xp) | = —axkat (%1, %5, e, X)) =0,

onall of t € [t,, t,]. Then,

d 5] aA(x,x,.. Xn, t)
EU[A(XIIXZr vy X t)]) = f6h [A(xl’xz’ o Xy t)] - - Hka

Q

Or if you understood the inner product interpretation of Lemma 2.4.3 in Chapter Two, then this
equation can be rewritten as:

OA(x1, %5, o)y Xp, t)
ot

d )
T UTACEs e 1) = (5 MGy o5, D), )
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Proof: The proof of this theorem is exactly the same as the proof of the previous theorem except
that here you will have to deal with more variables. It is again just a calculation using the
Divergence Theorem several times. | will leave the details to the reader.

For the linear algebra calculation in the section on the Global Gauss-Bonnet Theorem in Chapter
6 however, it will turn out to be more convenient to consider quantities such as h,,, and h,,,,

even though they are equal, as two different things purely for summation indexing reasons. So in
the following version of the above theorem we are going to let the integrand F have argument
space for both hxkxj and hxjxk forany k,j € {1,2, ...,n}. This is all done for convenience when

we deal with the Hessian matrix in the Global Gauss-Bonnet Theorem section in Chapter 6.
Theorem 3.7.5: Let Q € R™ be a compact subset of R™ that the Divergence Theorem applies to.

Suppose that Q is the closure of its interior and that its boundary 0Q is a set of zero Jordan
content. Suppose also that we have a function of the form f : 9Q — R and that the set:

{(x1, %2, o) X, f (21, X2, e, X)) € R 2 (x4, Xy, .00, ) € Q)

can be parametrized by a non-singular C* curve y(t) in R™**1. Now, let J be a functional
defined by (in this theorem, let [ denote an integral over a region in R™):

JIh(x1, X3, o, X0)] = fF <{xk}2=1' h, {hxk}:=1‘ {{hxkxi}:ﬂ}j—l) dei
=1

Q

(note that the sum for j now starts at 1 instead of k like in the previous theorem) where F €
C°°[]R2”+1+”2]. Let J ’s domain be the set of “hypersurfaces” h(xy, x5, ..., X,) € C*[Q] that
satisfy the boundary conditions:

h(xlrx2r ---:xn) = f(xll X2, ---;xn) l’f (XIIXZI ---'xn) € a‘Q‘

(in other words, the h’s pass through y above dQ). Suppose also that A : Q X [t,, t;] = Ris an
co-smooth flow of surfaces in the domain of /. Being a flow in the domain of J again merely
means that for every fixed flow time t € [t,, t;], A(xy, x5, ..., X, ) is @ hypersurface in the
domain of J. Suppose also the flow A satisfies the boundary conditions that its value and all of its
first partials are constant/unchanging on aQ for all time:

d oA
V(xy, X5, ..., X,) € 0Q, a(A(xl,xz, ...,xn)) = E(xl,xz, o Xp) =0

vk € {1,2,...,n} V(xq,x5,...,x,) € 09,

d [ dA 92A
<_ (xll X2, '--:xn)> = (xl,xz, ...,xn) = 0'

dt \ 9x; 9x, 0t

onall of t € [t,, t;]. Then,
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d ) 0A(xq, x5, .. ,t
d—t(/[A(xl,xz,...,xn,t)])zf 6—£[A(x1,x2,...,xn,t)] G xz 2 Xn )dek.

Q

where the functional derlvatlve here is given by:

n n n
g S ()33
6h ah axk ahxk axkax] ahxkx

k=1 j=1

And of course, the previous equation does have an inner product interpretation as always.

Proof: This is proved just like the previous theorem except that here you will have to do a bit
more diverse set of “integration by parts” via the Divergence Theorem.
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Chapter 4: Introduction
to Differential
Geometry

“I’ve always felt just a tiny bit guilty about it. Not enough to stop me, of course — I'll reverse the
order of integration on a double integral as fast as you can snap your fingers. | pin my fate
(perhaps foolishly) on the hope that, as one mathematician put it, ‘In mathematics, as in life,
virtue is not always rewarded, nor vice always punished’ (my emphasis)” — Paul J. Nahin.

“[Haim], don’t glorify such calculations” — Professor Morrow

“Umm...” — Haim

Section 1: Outline

The first half of this book was devoted to the study of the calculus of variations and now we shall
transition to the study of differential geometry. Differential geometry, colloquially speaking, is
the study of smooth surfaces where “smooth” means that the surface curves “nicely” everywhere
and doesn’t have any bad edges or turns. Surfaces appear all over the place and they are a part of
our everyday lives. Our experiences with surfaces include walking on the surface of our planet,
holding a beach ball, admiring the curvature of the domes on the Taj Mahal, etc. Since surfaces
are so ingrained in the everyday lives of human beings, it’s no surprise whatsoever that
mathematicians have taken an interest in studying them and their properties. This gave rise to the
field called differential geometry.

And it turns out that the study of surfaces and their more general forms called “manifolds” have
important application in other fields of study such as physics. One such famous example is their
use in the General Theory of Relativity where space-time is described as a 4-dimensional curved
manifold. It’s cool to consider the fact that the mathematics that we are about to cover in this and
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in the next few chapters is very similar to the mathematics used in the General Theory of
Relativity.?2

A great number of questions that come up in the study of surfaces are variational in nature. The
most classical of such examples is the question of what is the shortest path between two points
on a surface (the minimizing curve problem). As a result, the calculus of variations plays a very
significant and crucial role in differential geometry. In the next few chapters we will explore the
applications that the calculus of variations that we developed in the past three chapters has to
theory of surfaces and more general manifolds. The material that we will cover from henceforth
in this book is called “variational differential geometry.”

This chapter focuses on getting the reader acquainted with all of the basic definitions, notations,
and theorems of differential geometry. If you already studied differential geometry, then you
might consider skimming this chapter to make sure that you know everything and then go on to
the next chapter.

| want to note that pretty much all of the introduction to differential geometry in this chapter,
unless stated otherwise, comes from P. Do Carmo’s textbook on differential geometry (see
bibliography).

Section 2: Definition of a Smooth Surface

The first task in the study of smooth surfaces should of course be the business of defining what
smooth surfaces are. There are two main and equivalent ways of going about this. The first way
is to define a smooth surface as a set that locally at any point is the graph of a smooth function.
Indeed, in calculus class you were probably introduced multiple times to the idea of representing
a surface as the graph of a function z = f(x, y).

A surface that is
/ the graph of a
function f(x,y).

Using the graph of a function to describe a surface is quite natural. However, the problem is that
not all surfaces, such as the sphere, can be represented the graph of a single function. For

22 A topic which the author admittingly does not know anything about yet.
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example, in the case of the sphere notice that there is no way to rotate the sphere so that it
becomes the graph of some function f (x, y).

So how can we describe such surfaces that don’t yield to graph representations by any one single
function? The idea is: well if we can’t describe the surface as the graph of one function, let’s
describe it as the graph of different functions in different places. With this we come to our first
definition of a smooth surface.

Definition 4.2.1 (First Definition of a Smooth Two-Dimensional Surface Sitting in R3): A set
S € R3 is called a smooth two-dimensional surface sitting in R3 if it satisfies the following
property: for any point p € S, locally to p S is the graph of a € *[R?] function over some open
set. Stated more precisely, S is a smooth two-dimensional surface if for any p € S there exists an
open set IV containing p and a function of the form z = f(x,y), x = f(y,z),0ory = f(x, 2)
where f € C®[U] and U is some open set in R? such that V N S is the graph of f over U.

The above is merely a technical definition that just states that a surface is a set that locally to any
point on it is the graph of an infinitely differentiable function f : U — R over some small open
set U. So instead of representing an entire surface globally as the graph of a smooth function, the
above definition only requires that we can represent the surface locally to any point as the graph
of a smooth function. Here locality to the point on the surface is given by open neighborhood V
of p. The condition C* in the above definition of a smooth surface can be relaxed to €3 for the
purposes of the theory that we will be developing in the next few chapters. But let us stick with
convention by requiring it to be C*.

Let us take another look at the example of the sphere. Notice that locally to any point of a sphere
of radius » > 0, we can describe the surface as the graph of one of the following 6 functions: z =

12 %2 —y2 z=—12—x2—yZ x=[r2l—y2 — 72 x = —[rZ—yZ — 72 y =
Vr2 —x?2 —z2y = —Vr?2 —x? — z2.
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The point p

This small piece of the surface
\ that is local to the point p is the

graph of the function z =

12 — x2 — y2 over some small

open neighborhood U in the x-y
plane. It’s easy to see that this
small piece can be made to be
the intersection of some open set
V with S.

So a sphere is a smooth two-dimensional surface. Other examples of smooth two-dimensional
surfaces include many surfaces that we’ve encountered in life such as: planes, ellipsoid,
hyperboloids, paraboloids, etc. An example of a non-smooth surface is the cone since at the tip
of the cone it’s impossible to locally describe the surface as the graph of a C* function.

Impossible to represent
<« the cone locally to this
point as the graph of an
infinitely differentiable
function. The cone isn’t
“smooth” at this point.

Representing a surface as the graph of a function is a very classical and convenient technique for
parametrizing a surface. However there are instances when it’s possible or more convenient to
use a different parametrization of a surface. For example the sphere of radius » > 0, alongside
the local function graph representation, can also be famously parametrized in spherical
coordinates. In the spherical coordinates representation what one does is they take any point
(x,y,z) on the sphere, let 6 be the angle that (x, y) makes with the x-axis, let ¢ be the angle that
(x,y,z) makes with the z-axis, and then by geometric reasons it’s not too hard to see that:

(x,y,z) = (rsin(¢) cos(8),r sin(¢) sin(@),r cos(¢))

where r is the radius of the sphere. So spherical coordinates provide us with a different way to
represent the surface of the sphere by giving us a new coordinate system to represent points on
the surface. And this situation where the surface admits a non-graph like parametrization (such
as spherical coordinates for the sphere) happens all the time in differential geometry and in many
cases these other parametrizations are much easier to work with rather than looking at the surface
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as the graph of a function locally. In fact, the existence of a local graph representation of a
surface may sometimes be only accessible through a theoretical application of the implicit
function theorem and so more general types of parametrizations of surfaces are sometimes the
only way to have a handle on a specific function that generates a surface. As a result, the ability
to represent surfaces by more complicated parametrizations is crucial and people have done this
by defining surfaces as the local image of what is called ““surface parametrizations.” With this we
arrive out our alternative (and we will show equivalent) definition of a surface.

Definition 4.2.2 (Second Definition of a Smooth Two-Dimensional Surface Sitting in R3): A
set S € R3 is called a smooth two-dimensional surface sitting in R if for every point p € S on
the surface, there exists a surface parametrization of S located at p. Now let’s define what a
surface parametrization is. A surface parametrization of a surface S is a function of the form & :
U € R? - V n S where U and V are open sets that satisfy the following three properties:

1) o(u,v) = (d)x(u, v), @, (u,v), P,(u, v)) is infinitely differentiable. Symbolically this is
written as @ € C*[U, R] or more explicitly ®,, ®,, ®, € C*[U]. This condition is
included so that we will be able to take lots of derivatives of the surface.

2.) @ is a homeomorphism. This means that @ is a bijection between the sets UandV N S
and that both ® and ®~1 (the inverse of ®) are continuous functions. The continuity of ®
is actually already given by the first property. This condition is important because the
bijective property of @ is what justifies the phrase that the surface parametrization ®
“parametrizes” the surface S locally. For those who know topology, the fact that @ is a
homeomorphism implies that the surface S is locally topologically similar to R2. Indeed,
a surface can be thought of as a “bent” version of the plane R?.

3.) The differential of ® has maximal rank everywhere. In other words, for every point
(u,v) € U in the domain of @, the differential matrix of ®:

a0, od,
5 (u,v) . (u,v)
od od
DO(u,v) =|—2(w,v) —=(u,v)
Ju Jv
50 u,v £ u,v

has maximal rank (“‘maximal rank” means that some 2 by 2 submatrix of the above 3 by
2 matrix has non-zero determinant). An equivalent way to state this is that the following
Jacobians:

(P, @) (D, d,) (P, P,)
o(w,v) ~ dwv) = Jd(uv)
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don’t ever vanish simultaneously on U (these are in fact the 2 by 2 submatrices of the
above 3 by 2 matrix). Another equivalent way to state this is that the columns of the
D®(u, v) matrix are always linearly independent. Symbolically this can be written as:

0 d 1 [0d ]
aux (u,v) avx (u, v)
ai)><ai)— _6CI>y X _ad)y *0
od aod
o, @] |5 @)

on (u, v) € U where x denotes the vector cross product. The equivalence of these three
ways to state this condition merely follows from the definitions of the notations involved.
This condition is important for several reasons one of which is that it allows us to easily
talk about the tangent plane to the surface (the columns of D® span the tangent plane in
fact).

The purpose of U and VV N S is that they create small neighborhoods in the domain and range of
the function ® so that we have “space” to differentiate and talk about continuity of ® and &~
in the classical sense. Now we say that the surface parametrization & is “located atp € S” (or
simply “at p”) if p € ran(®). So as already stated above, S is a surface if at every pointp € S
on the surface there exists a surface parametrization @ of S located at p.

The above definition is similar in nature to the first definition of a surface (Definition 4.2.1) in
that it uses a structure to describe a smooth surface locally. However the tool that it uses to
describe the surface locally are not graphs of functions, but parametrizations called “surface
parametrizations.” Surface parametrizations are often more convenient to work with and handle
and so the above definition is usually taken to be the starting point for the study of smooth
surfaces. However both of the above definitions of a surface are equivalent and we will use the
perspectives provided by both of them in our study of differential geometry. Before we prove the
equivalence of Definitions 4.2.1 and 4.2.2, let us look at some examples of surface
parametrizations.

One of the things that differential geometry students quickly discover when they first start
working with surface parametrizations is that it is often really hard and/or tedious to prove that
the inverse of a surface parametrization is continuous. However, in those situation when you
already know that S is a regular surface and you just want to prove that @ is a surface
parametrization of S, it turns out that it is sufficient to just check that it is bijective and that it
satisfies the first and third conditions of a chart. In other words, it isn’t necessary to check that
®~1 is continuous. This often saves a lot of trouble because proving that ®~1 is continuous is
often a difficult task. This fact will be the subject of Theorem 4.2.6. But first let us look at some
specific examples of surface parametrizations.

Example 4.2.3: Let’s return to the example of the spherical coordinate representation of a
sphere. Let Sr[z] denote the sphere of radius r and let us take the function & defined by:
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@0, p) = (rsin(e) cos(8),r sin(¢) sin(@),r cos(¢))

where dom(®) = (0, 2m) x (0, ). This function is the spherical coordinates representation of
points on the sphere that we encountered earlier. Let’s check that @ is a surface parametrization
of this sphere. ® does map into this sphere since as you can check with the above equation
||P(8, @)l is always equal to r. @ is clearly infinitely differentiable and thus satisfies the first
condition of a surface parametrization. By looking at the geometric considerations for how the
spherical coordinates formula was created, it shouldn’t be hard to see that & is a bijection
between dom(®) and ran(®) (although this can easily be proven directly, try it!). And since we
showed above that the sphere is a smooth surface by showing that it is locally representable as
the graph of C* functions, we get by Theorem 4.2.6 below that ®~? is also continuous (we’re
technically also using the fact here that smooth surface as defined in Definition 4.2.1 and 4.2.2
are equivalent, which we will prove in Theorem 4.2.8 below). | do want to note that in this case
it isn’t too difficult to show that @~ is continuous. So @ is a homeomorphism.

Now let us check that @ satisfies the 3" condition of a surface parametrization. Calculating all of
the Jacobians of @ gives that:

[0Py p 0P, p 1
(@, Dy) — det 00 ©.) 010 ©.9) _ det([—rsin(go) sin(8) 7 cos(yp) cos(@))

(0, ) 00, 0o, rsin(g) cos(8) rcos(p)sin(6)
\W(f)»ﬁﬂ) W(H»QD) /

= —r2 cos(¢) sin(¢p) (sin?(0) + cos?(0)) = —r? cos(¢p) sin(¢p),
9 ID,

—=(6,¢) (6,9)
0(d,, d,) a6 7 dp ' ¢ —rsin(¢p) sin(8) 7 cos(¢p) cos(0)
——— =det = det ([ . )
a(6,9) 0P, 6, 0) 0P, 6, 0) 0 —7sin(¢)
a0 ' Tag 7
= r2sin?(¢) sin(8),
00, 0 00, 9
a(®,, @,) 00 6. ¢) o ©.¢) rsin(¢g) cos(8) 7 cos(¢) sin(8)
2009 - e )sn@)
206, ) 0P, 6. 0) 0P, 0, 0) 0 —7 sin(¢)
a0 ¥ Tap 17
= r2sin?(¢) cos(8).
Let’s rewrite this a little bit more neatly:
GICI , _
——— 22 = —r2cos(¢) sin(p),
ICRD (¢) sin(gp)
a(q)x' cI)Z) 2 2
————— =r*“sin sin(8),
300, 9) (¢) sin(0)
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0(®@y, ;)
a(6, )

Notice that these don’t ever vanish simultaneously on dom(®) = (0, 2m) X (0,7) and so ®
satisfies the 3" condition of a surface parametrization. With this we have shown that ® is a
surface parametrization. Notice that @ is surface parametrization that doesn’t cover the whole
sphere. If you look at the range of @ (which you can do by graphing @) you’ll notice that ®
covers the whole sphere except for a sliced portion of the sphere (the curve that is associated to
0 = 0 and ¢ € [0, 2r] under the image of @, shown in red in the image below). So the U and V
in the definition of a surface parametrization (Definition 4.2.2) in this context are:

U= (0,2m) x (0,m)

= r2sin?(¢) cos(0).

V = R3\{(r sin(¢) cos(8),r sin(¢) sin(8) ,r cos(¢)) : 6 = 0,¢ € [0, 2n]}.

Thus here the surface parametrization @ only helps in proving that the sphere minus the red
sliced portion in the image above is a smooth surface according to Definition 4.2.2. To show that
the rest of the sphere is a smooth surface, you’ll have to use at least one more surface
parametrization, one choice being a rotated version of the spherical coordinates where the sliced-
out region does not intersect the above sliced out region:

That way you will be able to cover the whole sphere with two surface parametrizations and thus
prove that the sphere is a regular surface according to Definition 4.2.2. Spherical coordinates
appear a lot in mathematics since they often make integration in R® much easier.

Example 4.2.4: Let us take the function @ : (0, ) x (0, 2m) defined by:
®(r,0) = (rcos(8),rsin(8),r?)
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I will leave the verification that this is indeed a surface parametrization to the reader. If you plot
this surface parametrization you will see that this surface parametrization generates the
paraboloid surface of revolution.

Thus, the surface parametrization @ is a convenient way to parametrize paraboloid (minus a slice
along the backside of the paraboloid unfortunately that is associated to the values r € [0, o) and
6 = 0). In fact, functions of the form &(r,0) = (r cos(@),r sin(e),f(r)) are good ways to
parametrize any surface of revolution that you get by taking a function y = f(x) and rotating it
around the y-axis.

Example 4.2.5: Anything that is the graph of a function can be parametrized by a surface
parametrization. For example, suppose that a surface S is given by the graph of the function z =
f (x,y) where the domain of f isan openset U and f € C*[U]. Then we can parametrize the
surface S by the surface parametrization @ : U — R3 given by:

d(x,y) = (x5, f(x,5))

I will let the reader verify that this @ satisfies the 3 properties of a surface parametrization.
Notice that indeed if you plot this @ you will get the surface S that is the graph of the function
z = f(x,y). In the case of the paraboloid this surface parametrization is given by ®(x,y) =
(x,y,x? +y?%) where U = R?. This surface parametrization is called the “graph surface
parametrization” and it in fact proves one direction in the proof of the equivalence of
Definitions 4.2.1 and 4.2.2 (to be discussed soon).

We mentioned above that if we already know that S is a smooth 2-dimensional surface and we
just want to check that & is a surface parametrization of S, then it is sufficient to check only that
& is a bijection and that it satisfies the first and third conditions of a surface parametrization.
This is stated in the following theorem.

Theorem 4.2.6: Let S be a smooth 2-dimensional surface sitting in R® and let ® : U - V N S be
a function as in the beginning of the statement of Definition 4.2.2 that satisfies properties 1 and 3
in the definition of a surface parametrization. Suppose also that @ is a bijection between U and
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V' nS. Then & and &~ are continuous. In other words, @ satisfies the 2" condition in the
definition of a surface parametrization and thus @ is a surface parametrization.

The above theorem is really helpful when we deal with specific surfaces and their
parametrizations because often times we already know that something is already a smooth
surface because we were able to parametrize it in a different surface parametrization. An
example of this is the case of the sphere and the spherical coordinates surface parametrization
above (Example 4.2.3). I won’t prove this theorem here as it will not be used anywhere else in
this book and it not the main focus of our study of differential geometry [see future edition of
this book though]. 1 do though think that it is important enough to include for the purpose of
completion.

Now let us prove the equivalence of the definitions of a smooth surface given by Definitions
4.2.1 and 4.2.2. They are two ways of seeing the same thing and so let us prove that this is so.
Before we prove this theorem, let us prove a lemma:

Lemma 4.2.7: Let S be a smooth 2-dimensional surface sitting in R3. Suppose that G : S - R?
is a continuous function and let U be an open set in R2. Then the preimage of U under G is equal
to S NV for some open set V € R3:

G U] =SnV.

Proof: This is proved similarly to the standard theorem that says that the preimage of an open set
under a continuous function of the form F : R™ — R™ is also an open set. However, things are a
little bit trickier here since the domain of our function G is not a set of the form R™ but rather a
subset of such a set (a smooth surface in fact). Nevertheless, the steps in this proof should
resemble exactly those taken in the proof of the above-mentioned theorem. Take any point p €
G~'[U]. Since U is open, there exists a small radius 7, > 0 such that the ball B, (G(p)) centered

at G (p) or radius 7, is contained in U:

B, (G(p)) € U.

Since G is continuous, there exists a distance R,, > 0 such that forany q € S : |lq — pll <Ry,
IG(q) — G(P)|| < 7. In other words:

G [Br, @) N S| < B, (G).

The previous equation then implies that G [BRp (p)n S] C Uandthus Bg,(p) NS & G [U].
Since p can be any point in G~1[U] and every Br,(p) NS < G~1[U], we have that:

= | (Be@ns)=sn ] B,

peEGT1[U] peG—1[U]

Upec-1[u] Br, (p) is an open set because it the union of open sets. Thus if we set V =
Upec-1(u] Br, (p), we get that the above equation finally becomes:
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G Uul=SnV,

which is what we wanted to prove.

There are a few comments that | would like to make about the above theorem. First of all,
nowhere in the above proof did we use the fact that S was a smooth surface. In fact, the above
theorem holds equally well if S is replaced with any arbitrary subset of R3 and it can in fact be
generalized to functions of the form G : § € R™ — R". Also, as mentioned in the above proof
there is a theorem in calculus that says that the preimage of any open set under a continuous
function of the form F : R™ — R™ is also an open set. This theorem can be generalized to
include the above theorem as a corollary, but such a thing requires the generalization of the
notion of an open set to other spaces. In the case of the above theorem this generalization of the
notion of an open set to the space S is called the “subspace topology” of S. This just one type of
question that is explored in an important field of mathematics called to “topology.” But to us
however, the above lemma will help us prove the equivalence of Definitions 4.2.1 and 4.2.2.

Theorem 4.2.8: Definitions 4.2.1 and 4.2.2 of smooth 2-dimensional surfaces sitting in R3 are
equivalent.

Proof: To prove that the two definitions of smooth surfaces are equivalent, we just have to show
that S is a smooth surface according to Definition 4.2.1 if and only if S is a smooth surface
according to Definition 4.2.2. One direction was actually already proven in Example 4.2.5, but
let us repeat the argument here again. Suppose that S is a smooth surface according to Definition
4.2.1. We want to prove that S is a smooth surface according to Definition 4.2.2 (this is in fact
the much easier direction to prove). Take any point p € S on the surface S. Since S is a smooth
surface according to Definition 4.2.1, we can locally represent S is the graph of a function. Let us
suppose without loss of generality that locally to p we can represent S as the graph of a function
of the form z = f(x,y) where dom(f) = U is some open set (the cases when S is locally the
graph of functions of the form x = f(y,z) or y = f(x, z) are handled similarly). Then we can
form the surface parametrization ® : U —» R3 defined by:

d(x,y) = (x5, f(x,5))

and notice that this is indeed a surface parametrization of the surface S located at the point p (I’11
let the reader verify that). Since p € S was chosen arbitrarily on the surface S, we get that this
shows that S is a smooth surface according to Definition 4.2.2.

Now let us prove the other direction. Suppose that S is a smooth surface according to Definition
4.2.2. We want to prove that S is a smooth surface according to Definition 4.2.1. This direction is
in essence an application of the inverse function theorem. Take any point p, = (xq, Yo, Z0) € S
on the surface S. Since S is a smooth surface according to Definition 4.2.2, we know that there
exists a surface parametrization ® of S located at p,. Let (uy, vy) = ®~1(x, Yo, Z9). Since ®
satisfies the 3™ condition of a surface parametrization, one of the following Jacobians is nonzero
at (ug, vg):
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(@, Py) (D, D) a(®y, @)
Wuo'%) 30w ) (ug, Vo), —7——— 0w ) (ug, Vo).

9(®x, y)
a(uv

you have to choose one of the other two Jacobians in order to get a nonzero Jacobian are handled
similarly). Let  : R® - R? denote the projection map defined by 7(x, y, z) = (x,y). Now, let
us consider the function F = m o ®. This F represents the projection of any point on the surface
onto the x-y plane. Indeed, if we write out F explicitly we will get that:

F(uv) =n(®(w,v)) = (d)x(u, v), d,(u, v)),

Let’s suppose without loss of generality that the Jacobian ———== (u,, vo) # 0 (the cases when

and thus F is the projection of the point (d)x(u, v), @, (u,v), ®,(u, v)) on the surface onto the

x-y plane. Notice that (x,, yo) = F(uy, vy). Now, let us calculate the Jacobian of F at (u,, vy).
We have that:

0P,
W“‘ I\ (e, Py)

an N
) ww|) 0V

det(DF(uO, vo)) = det (ug, vy) # 0.

Thus the Jacobian of F is not zero at (uo, vy). S0, by the inverse function theorem we know that
there exists some small open set U containing the point (uy, v,) such that F has a continuous
(and in fact infinitely differentiable) inverse on U. The inverse F~1(x, y) exists on some small
open set W centered at (x,, vo)-

o
v /\ (X0, Yo, Zo)
A
./

v
v |
, U
/ z F=mod
[ ¥
(uOJUO) u
7)4/127
. (X0, ¥0)

Now, by Lemma 4.2.7 we have that there exists an open set V suchthat SNV = ®~1[U] =
®[U] (which notice contains py = (x¢, Vo, Zo)). Now, | claim that S NV is the graph of the
function C* function:

122



fy) =@, 0 Fl =@ 0(mod)”!

over (x,y) € W. This can be seen by just following the arrows in the above picture. Indeed, for
any (x,y) € W let (u,v) = F~(x,y) € U. Then we have that:

(6,y) = Fwv) = (0, v), @y (),

and thus:
(0.9, £, 7)) = (@2, v), @y (1 V), (@ ° (w0 ©) ") (x,7))

= (Cbx (w,v), @, (u,v), P, (u, U))-

which is S N V. The fact that every point in S NV is in the graph of f(x, y) over W comes from
the fact that @ is a bijection between U and S NV and F is a bijection between U and W. Thus,
we have shown above that the piece S NV of the surface that contains p, where V is open is the
graph of a C™ function over an open set U. Since p, was a point chosen arbitrarily on S, we get
that this shows that S is a smooth surface according to Definition 4.2.1.

With the above theorem we have shown that the definitions of a smooth surface given in
Definitions 4.2.1 and 4.2.2 are the same thing. Definition 4.2.2 is usually the favorite among
differential geometers, but both definitions turn out to be crucial in the study of smooth surfaces.

An extremely important concept in the theory of surfaces is the concept of the tangent plane to
the surface at a point. Colloquially speaking, for a surface S and a point p € S on it, the tangent
plane is the plane that just barely touches the surface and passes through the point p. Of course
this is only an approximate qualitive description of a tangent plane since if for example the
surface is a plane itself, then the tangent plane will coincide with the surface itself. So a more
rigorous description of the tangent plane goes as follows.

Definition 4.2.9: Let S be a smooth 2-dimensional surface sitting in R3 and let p € S be any
point on this surface. Let T be the set of all C* curves of the form y : [—1, 1] - R3 that lie on
the surface S (“lying on the surface” means that for any t € [—1, 1], y(t) € S) and that pass
through the point p attime t = 0: p = y(0). Let T},(s) be the set:

T,(s) ={y'(0) : y €T}.

It turns out (as we will prove) that T, (s) is a plane in R3 and it is called the tangent plane to S
at the point p. Furthermore, if @ is a surface parametrization of S at p and (ug, vy) = @~ 1(p),

then the plane T, (S) is spanned by the two vectors Z—j (ug, vo) and g—f (ug, vy):

0P 0P

T,(8) = span{== (o, v0), 5 (o, )}
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So in essence in the above definition we’re describing the tangent plane as the plane spanned by
all vectors that are tangent to the surface which we obtained by using surface curves. Let’s prove
that every statement in the above definition is correct in the following theorem. Before we prove
this theorem, we are going to need a lemma that has applications in a variety of places in
differential geometry since it allows use to look at surface curves from the perspective of their
inverse images under surface parametrizations.

Lemma 4.2.10: Let S be a smooth 2-dimensional surface sitting in R and let® : U - V N S be
a surface parametrization on this surface where the sets U and V are open in R? and R3
respectively. Suppose that y : [a, b] - R3 is a C* curve that lies on the surface and is entirely in
V (in other words, y(t) lies entirely in the image of ®). Then the inverse image of this curve
under the surface parametrization @:

(u@®,v(®)) = 27 (y(v)
is also a C* curve lying in the domain of &.

Proof: This is again just an application of the inverse function theorem. Let:

Y@ = (x(6),y(6), 2(v))

be the explicit form of the curve y(t). In order to prove that (u(t), v(t)) isa C™ curve we just
have to show that at every point to € (a, b), (u(t), v(t)) is C* at t, (in other words, we’re
going to look at one point in [a, b] at a time).

Here we have that (u(t,), v(to)) = @~ *(y(t,)). Since @ satisfies the 3 condition of a surface
parametrization, one of the following Jacobians is nonzero at (ug, vy):

(P, @ ( @

a(u,

(cb

, D,
y)( (), 96600). 220D (12, 0), 22 )(uao) o(t0).

As before, let’s suppose without loss of generality that the Jacobian ———> ( = y ) (u(te), v(ty)) # 0.
Let 7 : R3 - R? denote the projection map defined by n(x,y,z) = (x, y). Now, let us consider
the function F = m o ®. We saw this kind of F in the proof of Theorem 4.2.6 and we proved
there that this F has non-zero Jacobian. Notice that (w(t,), v(t,)) = F(x(t0), y(to)). So by the
inverse function theorem there exist some small ball B, (x(to),y(to)) centered at (x(to),y(to))
such that F restricted to this ball is bijective and its inverse is C*. Now, since the curve
(x(t),y(t)) in the x-y plane is continuous, there exists some open time interval (a, 8) <€ [a, b]
centered at t, such that the curve (x(t), y(t)) is contained in the ball B, (x(t,), y(t,)) for t €
(a, B). Notice that we now have that:

vt € (a,pB), (u(@®),v(t)) = F(x(£), y(©).

Since F and y(t) (and hence x(t), y(t), and z(t)) are C* we get that the right side of the above
equation is C*. Hence the curve (u(t),v(t)) is C* onall of t € (a, B) and in particular at our

124



time ¢ = ¢,. Since t, € (a, b) was chosen arbitrarily, this shows that (u(t), v(t)) is C* on all of

(a,b).

The above lemma is a powerful because as mentioned before it allows us to look at surface
curves locally in terms of surface parametrizations and do calculus on them. In explanation,

locally we can represent surface curves y(t) in the form d)(u(t), v(t)) where u, v, ® are all C*.
Now we prove the theorem.

Theorem 4.2.11: Looking at the above definition the statements that T,,(S) is a plane in R* and
that T,,(S) is spanned by (uo, Vo) and (uo,vo) are correct (here | use the notation from the
above definition (Deflnltlon 4.2.9)).

Proof: The proof of this theorem is not too difficult. We want to prove that T, (S) is the plane
spanned by (uo, Vo) and (uo, Vo):

0P

0P
Ty(8) = span{=— i, vo), 5 (o, v)}

Let’s prove this by showing that every point of T, (S) is in the span Of (uo, Vo) and (uo, Vo)
and that every point in the span of (uo, vy) and —(uo,vo) isin T, (S) Symbollcally thls is
written as: “let us prove that 7, (S) C span {— (uo, vo) (uo, vo)} and that T,,(S) 2
Span{ (uo, vo) (uo, UO)} (proving set equahtles in thls manner is a standard trick). Let’s
first prove that T, (S) C span {— (uo, vo) (uo, vo)}

Take any y'(0) € T,(S). The vector y'(0) came from some y(t) in the set I'. Let us take our
surface parametrization ® : U - V N S where U and V are open sets in R? and R3 respectively.
We need to look at y(t) from the perspective of how it behaves under the surface
parametrization ®. But we can only do that on the time interval when y(t) enters the range of ®.
So to do that we notice that by the continuity of y(t) and the fact that y(0) = p is in the interior
of the open set V, there exists some small open interval (a, 8) centered at 0 such that y(t) is

inside of V N S forall t € (a, B). Great! That means that we can take the inverse image of y(t)
under ® overt € (a, B). Let (u(t), v(t)) be the preimage curve of y(t) under ®:

vt € (a,B), (u@®),v®) =27 (y(®)

that lies in the domain of ®: U. This allows us to rewrite y(t) from the perspective of the surface
parametrization @: over t € (a, 8) the curve y(t) is given by:

y(8) = &(u(®), v(®)).
And notice that (u(t), v(t)) passes through (u,, v,) at time ¢ = 0 since y(0) = p and:
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(uo, vp) = @71 (p) = @71 (y(0)) = (u(0), v(0)).

We also have that (u(t), v(t)) is C* by Lemma 4.2.10 above. Now with this we can finally
describe the vector y'(0) in terms of the surface parametrization ®:

09 09
(@—(ﬂwemm = G (o v0) ' (0) 5 (g, vo) - v'(0),

This shows that y'(0) € Span{ (ug, vo) (uo, vo)} So we have shown that any y'(0) €
T,,(S) is in the span of (uo,vo) and (uo,vo) Since T,,(S) = {y'(0) : y € I'}, this shows
that T,,(S) € span{ (uo, vo) (uo, vo)}

Now let us prove the other direction T;,(S) 2 span {— (uo, vo) (uo, vo)} Take any vector

(uo, Vo) + b (uo, Vp) in span{ (uo, vo) (uo,vo)} Where a,b € R. To show that

thls vector isin T, (S), we just have to show that there is some surface curve y(t) that goes

through p such that its first derivative at p is this vector. Let’s construct such a curve y(t) as
follows. Take the curve:

(w(®),v(®)) = (uo + at, vy + bt)

in the domain of ®. This is in fact the line that passes through the point (u,, v9) = ®~1(p) with
the velocity vector (“first derivative vector” that is) (a, b). Since (u(t), v(t)) is continuous and
U = dom(®) is open, there exists some small time interval (a, 8) centered at 0 such that
(u(t),v(t)) is contained in U. Now, notice that the curve given by:

y (@) = @(u(®), v(®))
isin I since it lies on the surface Sand att = 0,
y(0) = @(u(0),v(0)) = ®(ug, vo) =p
And notice that the derivative of this surface curve y(t) at t = 0 is our vector aZ—j (ug, vg) +
b Z—f (g, vo):

d 0P 0P
Y'(0) = g (P@®,v0)| =50 0),(0) - ©) + 7 (u(0),v(0)) ' (0)

L) b
= a(uo, Vo) a+ %(uo, Vo) - b,

which is mdeed our vector! Since y € T, this shows that a (uo,vo) + b—(uo, V) isin T, (s).

Now, since a (uo, Vo) + b— (ug, vo) Was an arbltrarlly chosen vector in
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Span{ (uo, vo) (uo, vo)} this shows that T,,(S) 2 span {— (uo, vo) (uo, vo)} Having
proved inclusion in both directions, we finally get that:

P

0P
Tp (S) = span { (uo; UO) (uO' Vo)}

ou

So indeed T, (S) is a plane and it is spanned by — (uo, Vo) and (uo, Vo).

Now that we have defined the tangent plane to a surface, it’s now very easy to define what it
means for a vector to be perpendicular to a surface. Indeed, a vector is defined to be
perpendicular to a surface if it is perpendicular to the tangent plane.

Definition 4.2.12: Let S be a smooth 2-dimensional surface sitting in R® and p € S be any point
on it. Then N is said to be “normal” or “perpendicular” to the surface S at the point p if it is
perpendicular to the tangent plane T, (S) to the surface at the point p.

By definition of T,,(S) we have that in order to check that N is perpendicular to S at a pointp €
S, it suffices to show that N is perpendicular to y'(0) for every y e F where T is the set of curves

described in Definition 4.2.9. However, since T, (S) is spanned by (uo,vo) and (uo, Vo)

where @ is a surface parametrization of S at p and (ug, vy) = 1(p), we see that i |n order to
check that N is normal to S at p it also suffices to show that N is perpendicular to both

(uo, Vo) and (uo, V). Notice that smce — (uo, Uo) x 22 . (uo,vo) is always perpendicular
(uo, Vo) and (uo, vy), We get that —(uo,vo) x 22 > (uo, v,) is a perpendicular vector to the

surface S at the pOInt p. Let’s state this important result in a separate theorem.

Theorem 4.2.13: Let S be a smooth 2-dimensional surface sitting in R3. Let ® be a surface
parametrization of S. Then for any (u, v) € dom(®), the vector:

is perpendicular to S (at the point ®(u, v)).
Proof: (The above paragraph).

An interesting application of the above theorem to surfaces that are represented as the graph of a
function is the following: suppose that S is the graph of the function z = f(x, y). What is a
normal vector to the surface at (xo, vo, f (o, ¥))? Well, in order to apply the formula in the
above theorem for a normal vector to the surface, let us take the graph surface parametrization
®(x,y) = (x,v, f(x,y)) that parametrizes the surface S. Then, by the above formula we get
that:
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5 (xO'YO)

(O»J’O)X (xO»YO)— af xo»}’o)‘ I (xo;}’o)‘ \ — (X0, Y0)

is a normal vector to the surface S at the point p. This formula for a vector that is perpendicular
to the graph of a function is often taught in a calculus course.

Section 3: Level Set Representations of a Surface

In the previous section we discussed two ways to represent a surface: one way through graphs of
functions and another way through surface parametrizations. There is however another way to
represent a surface which we in fact already encountered in the previous chapter. Another way to
represent a surface is by representing it as the level set of an infinitely differentiable function g :
R3 - R:

S={(xy2) eR®: g(x,y,2) = c}

where ¢ € R is some fixed constant. Like in the last chapter, we require that Vg never vanishes
on S. We represented surfaces in this form in the previous chapter, but the natural question that
one might ask here is: are such sets S smooth surfaces according to our definitions in the
previous section? The answer is yes and the way to show that this is so is by applying the
implicit function theorem.

Theorem 4.3.1: Let g : R® - R be a C® function (meaning that g € C*[R3]). Let S be the level
setof g:

S={(xy2) eR®: g(x,y,2) = c}

where ¢ € R is some fixed constant. Suppose also that g never vanishes on S. Then S is a
smooth surface.

Proof: To show that S is a smooth surface we have to show that at each point p € S on the
surface, S can either be locally represented as the image of a surface parametrization or the graph
of a function. The graph of a function turns out to be easier in this case since this turns out to be
a quick application of the implicit function theorem. Take any point p = (x,, Yo, Zo) € S on the
surface S. Let’s show that locally to p, S is the graph ofa function By the condition imposed on

Vg, we know that Vg(p) # 0. So one of the partlals (p) (p) —(p) is not zero. Let’s

suppose without loss of generality that 2 5, 9 (p) # 0 (the cases when this partial is zero and you

have to choose one of the other two partials in order to get a nonzero partial of g are handled
similarly). Then by the implicit function theorem we can represent the level set {(x, y,z) € R3 :
g(x,y,z) = c}, or the surface S, as the graph of a C* function of the form z = f(x, y) near p.
More precisely, there exist some open set U containing (x,, y,) and an open set VV containing p
such that the sset {(x,y,z) € R3: g(x,y,z) = c} NV = S NV is the graph of the function
f(x,y) over (x,y) € U. Basically what we’ve done here is locally to p we used the implicit
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function theorem to “solve” for z in the equation g(x,y,z) = 0 and got z = f(x,y). Sincep € S
on the surface S was chosen arbitrarily, according to Definition 4.2.1 this shows that S is a
smooth surface.

It turns out that the converse of Theorem 4.3.1 also holds: every smooth surface can locally be
represented as the level set of a function. This merely follows from the fact that since a smooth
surface can locally be represented as the graph of a function, say z = f(x, y), then we can set
g(x,y,z) =z — f(x,y) and we will get that S is locally the level set of the function g(x, y, z).
With this we get the following theorem:

Theorem 4.3.2: Suppose that S is a smooth 2-dimensional surface sitting in R3. Then locally to
any point p € S, S can be represented as the level set of a C* function. In other words, for any
point p € S there exists an open set V € R3 that contains p and V N S is the level set of a C*
function g(x, y, z) such that the partials dg/dx, dg/dy, and dg/0dz never vanish
simultaneously on V N S (in other words, Vg is never zeroon V N S).

One of the convenient properties of level set representations of surfaces is that they are easy to
use to obtain a formula for the normal vector to the surface at any point on the surface. Indeed, in
the level set representation S = {(x,y,z) € S : g(x,y,z) = c} where Vg never vanishes on S, a
vector that is perpendicular to the surface S at any point (x,y,z) € SisVg(x,y,z). Thisisa
famous fact from multivariable calculus, but let’s review how this is proven.

Take any point p = (x,, Vo, Z9) € S on the surface and take any C* curve y : [—1,1] - R3 that
lies on the surface S and that passes through p at time t = 0. Then, since this curve lies on the
surface S we have that:

gr@®) = g(x@®,y(),z(1)) = ¢
ont € [—1,1]. In particular, this means that the derivative of the left-hand side is zero at t = 0:
d
&(g(y(t)))| 0 = Vg (xo,¥0,20) *¥'(0) = 0.
t=

So Vg (xo, v, 29) = Vg(p) is always perpendicular to y'(0). Since y(t) was an arbitrary surface
curve that passes through the point p, according to Definition 4.2.12 this shows that Vg(p) is
perpendicular to the surface S at the point p € S. Thus, in order to obtain an equation for a
normal vector to a surface that is the level set of a function g, you can always take Vg to be your
normal vector. A magic rule!

Let us look at some examples of surfaces that can be represented as the level set of a function.
Example 4.3.3: Take the function g(x,y,z) = x* + y% + z2. Let us take the level set of g:
S={(x,y,2) ER3: g(x,y,2) = x> +y? +z% =71}

where r > 0 is some fixed positive constant. What is this surface S? It is the set of points in R3
that are located a distance of r from the origin. In other words, S is the sphere of radius r. Notice
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that g satisfies the property that Vg never vanishes on S since 0 ¢ S. Notice also that at every
point (x,, ¥o, o) € S on this surface, a normal vector to the surface at this point is given by:

Vg (xo, Y0, 20) = (2x0,2Y0,220) = 2(X0, Yo, Zo)-

Thus, the normal direction to the sphere at a point (x,, vo,2z,) € S is always the direction that
points radially out in the same direction as (x, o, Zo). A geometrically clear fact for the sphere.

Example 4.3.4: Take the function g(x,y,z) = 4x — 2y + z. Let us take the level set of g:
S={(x,y,2) ER3: g(x,y,2) = 4x — 2y + z = 3}.

What is this surface S? In this case we can solve for z in the level set equation 4x — 2y +z =3
to get that this surface S is in fact the plane generated by the graph of:

z=3—4x + 2y.

It isn’t always the case that we can solve for z in the equation g(x,y, z) = c, but in this case we
do have that nice property. Notice that a normal vector to the surface at any point (xg, yo,29) € S
is given by:

Vg(xo; Yo, ZO) = (4'_211)

Thus the normal direction to the surface S always points in the same line: the line spanned by
(4,—2,1). This should be obvious since we are dealing with a plane.

We talked about the fact that if a surface S is represented as the graph of a function z = f(x, y),
then it can be represented as the level set of a function. Just set g(x,y,z) = z — f(x,y) and you
will get that our surface S is the zero level set of the function g:

S={(x,y,2z) eR3: g(x,y,2) = 0}.

Now, if we want to find an equation for a normal vector to the surface S at some point
(x0, Yo, f (x0,¥0)) ON it, then by the above discussion such a normal vector is given by:

0 0
Vg(xo')’o'f(xo'YO)) = (‘% (X0, ¥0), —é(xo'%), 1)

The same equation that we got for a normal vector to a surface that is the graph of a function at
the end of the previous section!

Having defined smooth surfaces and presented many of its representations, the next step is to
define their curvature. Indeed, from experience we know that surfaces have the ability to turn
and curve in many directions, but it isn’t immediately clear how one should go about defining
such curvature mathematically. The Gaussian and mean curvatures are one answer to this
problem and we discuss them in the next section.
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Section 4: Curvatures of a Surface

The curvatures of surfaces are a most interesting topic and it is pretty much, I believe, the central
topic that differential geometry studies. The curvatures of a surface describe how a surface
fundamentally curves in all directions. Notice that | keep saying “curvatures” instead of just
“curvature.” Indeed, there is no one way to describe the curvature of a surface and as we will see
the Gaussian and mean curvatures of a surface together fundamentally describe the way a surface
curves in every tangent direction at any point.

Let’s start by supposing that we are given a surface S and the task of assigning a number to each
point of the surface that describes how the surface fundamentally “curves” at that point. One
number however does not seem to be enough to do the job because such a number has to
describe how the surface curves in every tangent direction. Maybe two numbers are enough?

For a long time people didn’t have a good idea on how to define the curvature of surfaces.
People did however know for a long time how to define the curvature of a curve in 3-
dimensional space. Indeed, if you want to find out how much a curve is curving just analyze its
second derivative. If you want to find out how much a curve is curving into a certain direction,
then you just have to analyze the curve’s second derivative’s component in that unit direction. So
let’s start with that and see where that leads us.

Definition 4.4.1: Suppose that y : [t,, t;] = R3 is a C*[t,, t;] curve such that its derivative is
always a unit vector: ||y’ (t)|| = 1. Such curves where ||y’ (t)|| = 1 are often called “unit speed
curves” since their speed ||y’ (t)|| is constantly one. Let:

Y@ = (u®), v(),w(®))

be the explicit form of y(¢). Let & = (a,, @y, a,) be a unit vector in R:

||| = /a,% +aj+ai=

Then the component of curvature of the curve y(t) in the unit direction a at time t = ¢t is
defined as:

ky (a’)|t=t0 =y"(ty) -a =u"(to)a, +v"(ty)a, + w'(ty)a,.

Basically, what the component of curvature of a curve describes is how much a curve is “curving
in” on a certain unit direction. And the reason behind why we require that the curve is unit speed
comes from geometric considerations. If you for example reparametrize the curve to go two
times faster, then the component of curvature of y in the direction a would become four times
bigger. So in order to make the component of curvature of a curve a geometric property
(meaning independent of parametrization), mathematicians had to agree on a convention and so
they decided to use unit speed parametrizations of curves to define them. Here we’re just going
to say that components of curvature are defined only for unit speed curves.
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It’s great that we can define curvature of curves, but how does that help us in our quest to find
out how we should define curvature of surfaces. Since we looked at the second derivatives of
curves in order to define their curvatures, maybe in order to define the curvature of a surface we
have to look at its second derivative. That is in fact exactly what we’re going to do, but things
aren’t going to be as easy as in the case of curves. The idea behind how you define the curvature
of a surface goes along the following thoughts: “I don’t exactly know how to describe the
curvature of a surface S at a point p € S, but what | can do is describe how much the curves that
lie on the surface S and that go through the point p curve into the surface at the point p. Maybe
using those quantities | can describe the curvature of the surface S at that point.”

Basically the idea behind how one can describe the curvature of a surface at a point p is to look
at how much curves that go through the point p and that lie on the surface “curve into the surface
at that point.” More precisely we want to look at the components of curvature of the curves that
lie on the surface and that go through the point p in the unit normal direction to the surface. By
looking at all such possible components of curvature, we will then be able to fundamentally
describe how the surface curves at that point. So let’s do this.?

Before we get to the rigorous definition of a surface curvatures, let us loosely discuss the curving
nature of surfaces for the purpose of getting an intuitive idea behind why the curvatures of
surfaces are defined the way they are. Let’s suppose that we have a smooth surface S and a point
p € S where we want to describe the curvature of the surface S at. To make calculations easier,
let’s translate and rotate the surface S so that the tangent plane to the surface at p becomes
perpendicular to the z-axis and p becomes right above the point (0,0) on the x-y plane. Let’s
call the new rotated surface S’ and the point that p rotates to p’. So we get that S’ is a new
smooth surface for which the tangent plane at p’ is perpendicular to the z-axis and the projection
of p’ onto the x-y plane is (0,0). Now, since S’ is a smooth surface we can represent S’ locally
to p’ as the graph of a function z = f(x,y) (we can’t represent it as the graph of y = f(x, z) or
x = f(y, z) since if you geometrically visualize this, the tangent plane to S at p’ is perpendicular
to the z-axis). Notice that our point p’ is equal to:

p' = (0,0,£(0,0)).

Let us take any unit speed curve y € C*[—1, 1] that lies on the surface S’ and that passes
through p' at time t = 0:

y(0) = p" = (0,0, £(0,0)).

Since I like explicit forms, let:

Y@ = (u(®), v(6), w(t))

be the explicit form of y(t). With this we can rewrite the previous equation as:

23 By the way, all of the following is just mathematical discussion that will lead into the definition of the curvatures
of a surface. Its purpose is just to give the idea behind why the curvatures of a surface are defined the way they are
and so if you would rather not read such a discussion you can skip right to the definitions without loss of continuity.
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Equation 4.4.2: (u(0),v(0),w(0)) =p' = (0,0, £(0,0)).

The point p’. The tangent plane to
the surface at this point is
perpendicular to the z-axis. The
surface locally to this point is the
graphof z = f(x,y) and p' =
(0,0,£(0,0)).

The unit speed surface
curve y(t). It passes
through p" at time t = 0.

Because S’ locally to p' can be represented as the graph of the function z = f(x,y), we get by
the continuity of y(t) that there exists some small open time interval (a, 8) centered at 0 such
that y(t) is close enough to p’ and so for any t € (a, 8) we can express w(t) as:

w(t) = f(u®), v(®)).

In other words, we get that:

vt e (a,B),  y(t) = (u),v), f(u®),v)).

Great! This allows us to do some explicit calculus on y and S' in terms of f(x,y). To see how
much the curve y(t) is curving “into the surface” at the point p’, let us calculate its component
of curvature at p’ in the unit normal direction to the surface at p’. Since the tangent plane to S’ at
p' is perpendicular to the z-axis, the unit vector (0,0,1) is perpendicular to the surface S" at p’.
So let’s calculate the component of curvature of y(t) at p’ in the unit direction (0,0,1) (the other
option for the unit normal direction to the surface S’ at p’ is (0,0, —1) and it works just as fine
except that all of the signs are flipped. | just decided to use (0,0,1)). y(t) passes through p’ at

t = 0 and so in more refined language we should say: “let’s calculate the component of
curvature of y(t) in the unit direction (0,0,1) at time t = 0.” Doing this gives us that:
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ky((0,0,1)],_, =v"(0)-(0,0,1) = w"(0).

For t € (a,B), w(t) = f(u(t),v(t)) and so:

Ky (0,01, _, —w”<0>— (f(u(t) v<t>))

t=0

02 2
= 57 (1@, v(®)(w'(®)" + (u(O) v(0))(v'(0))

af rn 14
+a(u(0),v(0))u (0)+@(u(0),v(0))v (0).

By Equation 4.4.2 we have that this is equal to:

ky(0,0,D)],_ = 572 O 0)(u'(0))* +25—- f (0 0)u'(0)v’ (0)+ = 0)(v'(0))"

+ % (0,0)u"(0) + a—f (0,0)v"(0).

Since the tangential plane to S’ at p’ is perpendicular to the z-axis, we have that (0 0) =0and

Z—£ (0,0) = 0. So the above equation becomes:

f af

—5(0,0)(u (0 0)(v'(0))".

ky((0,0,1) |t=0

Wow, so basically we get that the component of curvature of y(t) at p’ in the unit normal
direction to the surface at p’ is given by the quadratic term of the Taylor series of f(x,y). So to
analyze the curvature of the surface S’ at p’ we do start, as promised, by looking at the second
derivatives of the surface. Quadratic terms of Taylor series can be rewritten in quadratic matrix
forms. Indeed, notice that the above quantity can be rewritten as:

s
0 ©0D],_, = [ (@ v gx; ][ 0
axay 0 a 2(0 0)
u'(0) u'(0) u'(0)
~tw w17 L] = (L] % [ o]

where H is the Hessian matrix of f at (0,0) and { ) denotes the standard inner product in R2.
Converting quadratic terms of Taylor series into quadratic matrix forms is a powerful technique
because it allows us to use our powerful theorems from linear algebra to study the quantity in
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question, especially since the matrix involved is almost always symmetric. Notice that the vector
[u’(O)

' (0) that we’re plugging into the quadratic matrix form above is a unit vector since:

1= Iy @l = (@) + ('©®) + (W ©)°

9 9
_ J (' ()" + (v'(0)* + %(u(O),v(O))u’(O) + %(u(O),v(O))v’(O)

- j(u’(O))z +(v'(0))" + %(0,0)u’(O) + %(0,0)U’(O) = \/(u’(O))z + (v'(0))°

[l
IR RO
can in fact potentially be any unit vector in R? since the curve y(t)

"(0)
'(0)

quadratic form by [z] where [z] can denote any unit vector in R?. Then the above component of

u'(0)
v'(0)

can approach the point p’ from any direction. So let us replace the vector [1;

And the unit vector [

in the above

curvature function of any curve y(t) that approaches the point p’ with unit tangent vector (u, v)
becomes:

)= (o[

This equation describes how much the curves that lie on the surface S’ and that pass through the
point p” with unit tangent vector (u, v) curve into the surface at the point p’. So the above
formula fundamentally describes how much the surface “curves” in on itself while moving in the
direction (u, v). One of the nice things that we have in the above quadratic form is that the
matrix H is symmetric. Thus we can apply the spectral theorem to get that there exists an
orthonormal basis of eigenvectors of the matrix H such that in this basis the matrix # is
diagonal. Rewriting the above equation in this new orthonormal basis of eigenvectors, we get
that the above equation becomes:

U1 M O]pU
where 1; and 4, are the eigenvalues of the matrix H and (U, V) is a unit vector in this new basis.
Let’s rewrite the above expression in its explicit form. Multiplying out the above equation gives:
k(U,V) = 2,U? + A,V2.

So by diagonalization we have in fact gotten rid of the mixed term in the quadratic form. This
procedure can in fact can be interpreted as that we rotated the function f (x, y) so that the mixed
partials term in its Taylor series went away. The fact that this can always be done is remarkable
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and it is given to us by the spectral theorem (it works in higher dimensions as well!). One of the
above eigenvalues is smaller than or equal to the other. Let’s suppose that A, < 4, (the case
when A, > A, is analyzed similarly). It turns out that A, and A, represent the minimum and
maximum curvatures of the surface in all unit direction (U, V). They are attained by the
eigenvector directions (1,0) and (0,1):

k(1,0) = A4,
k(0,1) = A,
and for any unit vector (U, V) we have that ||(U,V)||> = U? + V? = 1 and thus:?*
k(U,V) = 2,U? + ,V2 > 4, (U2 +V?) = A,
k(U,V) = 2U% + A,V2 < 1,(U? + V?) = A,

So the eigenvalues A, and A, indeed represent the minimum and the maximum of the surface
curvatures in all of the unit directions (U, V). As a result, these curvature values 1, are A,
describe the range of all of the curvatures of the surface in all directions at the point p'. For this
reason, these curvatures values A, and A, are called the “principal curvatures” and their
associated directions (the eigenvectors) are called the “principal directions.” Notice that these
principal directions are perpendicular to each other since the eigenvectors form an orthogonal
basis of R?. Gauss looking at these principal curvatures decided to define his “Gaussian
curvature” of the surface S’ at the point p’ as the product of these two principal curvatures:

K=/11-/12=det(/11 O])zdet(}[).
0 A,

(det ([/})1 ; ) = det(H) because the matrix [/})1 /{) ] is obtained from H by a change of
2 2

basis and determinants are invariant under change of basis). And the “mean curvature” of the
surface S’ at p’ is defined as the average of the two principal curvatures:

H=2,+2) =2 A0y H
_§(1+ 2)—Etrace([0 /12]>—§trace( ).

Ay O . . . .
(trace ([ 01 1 ]) = trace(H) because just like determinants traces of matrices are also
2

invariant under change of basis). Since we translated and rotated the surface S to obtain S’ and
the above “component of curvature mathematics” involving surface curves is invariant under
translations and rotations (this comes from the fact that the standard inner product in R3 is
invariant under these transformations), the above values K and H are taken to be the definition of
the Gaussian and mean curvatures of the surface S at the original point p respectively.

Thus we arrive at a principle: at any point p of a surface S if you look at the component of
curvature of the curves that lie on the surface S and that pass through the point p in the normal

24 The reason why the Pythagorean formula holds for (U, V): ||(U,V)]|? = U? + V2 is because we are working in an
orthonormal basis (the eigenvectors).
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direction to the surface at p, you will get that there are two tangential directions that they can
pass through p with that give you the minimum and the maximum components of curvature. And
these two directions are perpendicular to each other. These minimum and maximum components
of curvature are called the “principal directions” and their product and average are defined as the
Gaussian and mean curvatures of the surface at the point p.?°

Rotating a surface so that the z-axis is perpendicular to the surface at some point each time in
order to calculate the surface curvatures there is really difficult and a lot of work. Fortunately
there is a much easier way to calculate surface curvatures and it is done through what’s called the
“Gauss map.” Let’s see what this wonderful map is.

Suppose that we have a smooth surface S and a point p € S on it where we want to calculate the
surface curvatures of S at. Since S is a smooth surface, there exists a surface parametrization @ :
U -V nSofSatp. Since ®(u, v) is a surface parametrization of S at p, there exists some

(ug, vy) in the domain of @ such that:

p= cI)(uO' vo)-

We know by definition that the domain U of this surface parametrization is open and so there
exists some small open ball B, (u,, vy) around (uy, vy) such that B, (uy, vy) € U = dom(®P).
Now the Gauss map is a function N : U — R3 that does the following: at each point (u,v) € E,
N (u, v) is a unit vector that is perpendicular to the surface at the point ®(u, v) on the surface.
One way to construct such a Gauss map is to set:

0P 0P
7 W) X 50 (u,v)

|6(D

N(u,v) = :
) x G|

Obviously this is a unit vector (notice that the denominator is never zero by condition 3 of a
surface parametrization). And it is indeed perpendicular to the surface S at the point ®(u, v) for
every (u,v) € U by Theorem 4.2.12. Additionally, notice that this Gauss map is infinitely
differentiable since ® € C*[U]. Now, let us use the Gauss map to calculate the curvature of the
surface S at the point p = ®(u,, vy).

The idea behind how one calculates the surface curvatures of S at p = ®(u,, v,) is exactly the
same as before. We need to express the components of curvature of the surface curves that pass
through the point p = ®(u,, v,) in the normal direction N (u, v) as a quadratic matrix form. We
will then analyze the spectrum of the matrix sitting in this quadratic matrix form to get our
principal curvatures and ultimately the surface curvatures of S. Take any unit speed C® curve y :
[—1, 1] — R3 that lies on the surface S and that passes through p at time t = 0. Like before, we
want to look at the surface curve y(t) from the perspective of the surface parametrization ®. To
do that we notice that by the continuity of y(t) and the fact that y(0) = p is in the interior of the
open set 1, there exists some small open interval (a, ) centered at 0 such that y(t) is inside of

5 There is a technicality when these minimum and the maximum components of curvature are equal. As we will
discuss below such points are called “umbilical points” and the statement above isn’t quite true.
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V' nSforall t € (a, B). Great! That means that we can take the inverse image of y(t) under ®
over t € (@, B). Let (u(t), v(t)) be the preimage curve of y(t) under ®:

vte (a,f), (u@®,v®) = (y®)

that lies in the domain of ®: U. This allows us to rewrite y(t) from the perspective of the surface
parametrization @: over t € (a, ) the curve y(t) is given by:

y(@®) = o(u®), v(®)).

And notice that at time t = 0 the inverse image curve (u(t), v(t)) passes through (uy, vy):

(w(0),v(0)) = @~ (y(0)) = ®*(p) = (uo, Vo).

These equations will allow us to calculate the component of curvature of y(t) in the unit normal
direction to the surface in terms of the surface parametrization . We have that the component of
curvature of y(t) in the unit normal direction N (u,, v,) to the surface at the point p (or more
precisely: at t = 0) is given by (remember, here - is the vector dot product when it stands
between two vectors):

' N(uO' UO)
t=0

d2
km(zv(uo,vo))h:o=ﬁ(y<t)) NG, ) = (cb(u(t) v())
t=

62
( = (U, vo)(u (0)) + 2 (uo:vo)(u (0))(17 (0)) + (uo' vo)(v (0))

(uo' vo)(u”(O)) + (uo' Vo)(””(@)) * N (ug, vo).

Using the distributive property of the dot product - we get that (I am going to stop writing the
arguments of the partials of @ and N here; they are being evaluated at (uy, v,)):

ey, _, =
0d 0P

+u”"(0)—-N+v"(0)—"-N.
ou v

Since N = a—q) a—(b/ ”a—q’ X a—QDH, we have that N 1 22 and N L 22 and so two of the above
ov u v u v
terms go away to give that:

2020
kyoM)|,_, = '
Awesome! Let’s get rid of the second partials of ® in the above equation. Let’s do this by
2 2
“differential integrating” the terms Z—f N, ;u ™ N s - N by parts. We have that (here I will

include the arguments of the partials of ® and N for clarity):
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L)
W (ug, vo) - N(ug, vp)

d[od 9D ON
T dt (% (u(t), v(t)) ' N(u(t), U(t))) T ou (ug, vo) - Em (ug, vo),
t=0
%P
oudv (UO; vO) N(uo, 170)
d[od 9 ON
= E (% (u(t); U(t)) . N(U,(t), U(t))) — a—u (uo, UO) . % (uo’ UO)
t=0
0°® 9%
oudv (uOy vO) N(uo, 7.70) Jvou (uo, 170) N(uO' ‘UO)
_ d (0D ON
T dt\ v (u®,v(®) - N(u®),v(®) oy (g, vo) * u (ug, Vo),
t=0
GRL
3z o, vo) - N(uo, vo)
_ d(od oN
= (5> @®,v©) Nu®,v®) ||~ 5= o, v0) (o, vo)-
t=0

since N(u, v) = 2= (u, v) X 22 (u, v)/ ||Z—i’ (u,v) X 22 (u, v) || we have that N (u(t), v(t)) L
g—j (u(®),v(t)) and N(u(t), v(0)) L Z—i’ (u(®), v(t)). So the above equations become:

0%d 0P oN

Equations 4.4.3: W(uo, Vo) * N(ug,vy) = — 7u — (uy, vo) (uo, Vo),
0%2d P ON
9udv ———— (U, o) - N(ug, o) = —E(uo,vo) '%(uo,vo),
0%2d P oN
9udv ——— (U, o) - N(uo, o) = —%(uo,vo) '%(uo,vo),
0%2d 0P dN
ErY) (uo, vo) - N(uo, vp) = — R (uo, vo) - M (o, Vo).

This means that we can rewrite the above equation for the component of curvature k, (N)|t_0

as (here I will again drop writing the arguments of the partials of ® and N. They are being
evaluated at (ug, vy) as usual):

2
2P
ky (V) =
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2
+(v'(0))26—cf ‘N

209 0 ad 0
= (@) 3 S - (@) ) 5 5o~ (W @) (@) 3 o
20D ON
“O) g5

(,Oazv 0 N><,06d> ’an))
u'( )a*‘v( )% u'( )E*‘U( )%
(where remember, - between to vectors means a vector dot product). So, we have that:

JdN ad
ky (M), = — @ (0)—+ v'(0) 5,0/ (0) =+ v'(0) —>

Before, our equation for the component of curvature k, ) (N) |t=0 involved the second partials of

the surface parametrization & but notice that in this equation were able to get rid of those second
order partials. Those second partials in fact transferred to the partials of N and this will be crucial
to us because this will allow us to rewrite the above quantity in a quadratic matrix form in a basis
for the tangent plane T,,(S) (which the first partials of ® span). It’s interesting to note that the

vector in the second entry of the above inner product is the vector y'(0):
©=500)|_ =5 (*e0.00)|_ =5uw©+5 00
Y = Y u v = ou u v v .

Now, we want to turn the above equation for k, ) (N (u, vo) )|, _, into a quadratic matrix form.

This can be achieved by writing the differential of the Gauss map N in the basis Z—j and aa—f of the
tangent plane T, (S). Notice that the fact that || N (u, v)|| is always one implies that:

0= 0 N 2y = 9 N N —ZaN N
_a(” (u,v)ll )_a( (u,v) (u,v))— E(u'v) (u,v),

0 Kl ON
0=~ (INW DI = 5 (Nwv)  N@w,v)) = 2= (w,v) - N(w, ).

This tells us that the partials oN (u v) and a—N (u v) are always perpendicular to the normal
vector N (u, v) to the surface. 2% (uo, Vo) and — (uo, v,) being perpendicular to the normal
vector N (uy, vo) implies that these two vectors Ile in the tangent plane T, (S). Since 2 - (uo, Vo)

and Z—f (ug, vo) span T, (S) (Theorem 4.2.11), we get that there exists some a,;, a;, a1, az; €
R such that:
oON

% (ug, vp) = ag; % (ug, Vo) + az; % (ug, vo),
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oN
£ (ug, vp) = as EM (ug, vo) + ayy Er (ug, vp).

So the above equation for k,, ) (N) |t=0 can be rewritten as:
_ ) L\ 0D , L\ 0D
Equatlon 444 ky(t)(N)|t=0 = _<(a11u (O) + a12v (O))E + (a21u (0) + azzv (0))6_,

0P 0P
lU(O)EiI'Flﬂ(O)Eﬂ;%

P 6¢}

Notice that if we make the convention that the vector [ ] denotes a vector in the basis { o

(meaning the vector [ b] denotes the vector aa +b E)’ then the above equation can be
rewritten as:

a11 a12 [u (0)] [u’(O)]>

kY(t)(N)|t=0 - a21 a1 [v'(0)]’ [v'(0)

in the basis {Z—:,Z—f}. Or, since | like to write matrices on the right:

_[W(0) a11 ai27 [u'(0)
Y(t)(N)lto _([v "))’ a21 azz][v’(o)])'

Be careful not to confuse this inner product as a normal Euclidean inner product in the basis
(1,0) and (0,1). This inner product is written in the basis {g—:,Z—f} and so to evaluate this inner

product you need to use Equation 4.4.4, which is written in the normal Euclidian inner product.

So we were able to write an equation for k,,)(N) in a quadratic matrix form in the basis

{a—(D a—q)} (which by the way is a basis for the tangent plane T, (S)). The interpretation of the

ou’
above equation is that in the basis {a—CD a—q)} the component of curvature of any unit speed curve

y(t) that passes through p at time t = 0 with the tangential vector y'(0) = u "(0) + ’(0)

in the unit normal direction N at p is given by the above quadratic matrix form. So as before, in
order to get the minimum and maximum components of curvature in the unit directions y'(0),

we have to look at the eigenvalues A, and A, of the matrix [ ] Since the Gaussian and

az1
mean curvatures are defined as the product and average of these elgenvalues respectively, we get

that the Gaussian and mean curvatures of S at p are defined as:

K=, = det([am a12])'

az1 Q2

H = %(Al +1,) = %trace ([a11 alz]),

az1 QA

respectively. Ok, these equations might be great but this formula does not yet give us an explicit
way to calculate the Gaussian and mean curvatures in terms of the surface parametrization .

141



a1 Qg

For that we need to find an explicit equation for the matrix [a21 azz] in terms of the surface

parametrization. So let’s do that!
The coefficients a4, a;,, a5, az, € R were defined as (here, as usual, | am omitting the

arguments of the partials of @ and N since we’re focusing on the point p. They are being
evaluated at (u, v)):

oN_ 9o 09
ou 411 ou 421 v’
dN od oL

=5t a;—.
ov 12 5u 22 5y

If we dot both sides of both equations by Z—j we get that:

ON 00 _ 0% 00 3 3%
ou ou Moy ou T oy auw
ON 0o 0d 0P 0d 09

v o M2y au T %2, G

And if we dot both sides of the previous equations by Z—f we get that:

ON 00 _ 0% 00 3 3%
ou ov 1oy ov T oy oy
ON 0o od 9o ob 9P

v v M2y Gy T2, Gy

Together these two systems of equations give:

ON 0D 0® 00 00 00
w ou . Moy T
ON 0 0® 09 00 00
v ou - M50 w225, Gw
ON 0 0® 09 00 00
v Moy aw T %, oy
ON 0D 0d 00 ¢ 00

v v M2y Gy T2, gy

Mathematicians are evidently too lazy to write out everything explicitly in differential geometry
and so they assigned the following letters to denote the following quantities:

0P 0P P P P 0P
E(u,v) = E(u,v) -E(u,v), F(u,v) = a(u,v) -%(u,v) = %(u,v) -a(u,v),

od od
G(uv) = %(u. V) -%(u, V),
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ON 0P ON 0P

e(u,v)za—u(u,v)-a(u,v), f(u, v)——(u v) - —(u v) = —(u v) - a—(u V),

N oD
gu,v) = (u v) - —(u v)

(the fact that (u V) - —( v) = Z—f (u,v) - Z—j (u, v) comes from the commutativity of the dot

oD aN ad
product and the fact that 2 ™ (u, V) - ™ (u,v) = ™ (u,v) - - (u, v) can be seen from the two

equations in the middle in Equations 4.4.3). The functions E, F, G are called the “first
fundamental form” since they only involve the first partials of ®. And the functions e, f, g are
called the “second fundamental form” since they involve the second order partials of @ through
Equations 4.4.3. The above definitions now allow use to rewrite the previous system of equations
in the nice form (here |1 omit the arguments of E, F, G, e, f, g since we’re concentrating on the
point p. They’re being evaluated at (ug, vy)):

e = a1 E + ay4F,
f = aiE + a,F,
f =a1F + a6,
g = a,F + a,,G.

Notice that this system of equations can be rewritten in the matrix form:

[ ] [ a11 a12]
f g a21 Azl
Multiply both sides from the left by the inverse of [ ] to get that:
[‘111 ‘112] _ [E F]_l [e f]
Az1 Az F G f g
One might be worried that the matrix [g g] is not invertible, but it is since using the
Pythagorean theorem for vectors,

”E)CD oD ((’)tb aCD)Z _ ||6CI> 2
v ou v/ llou
or in other words:
ob 0>
| + F? = EG,
we see that:
det([ﬁ g) EG — F? = ”—x—” £ 0
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by condition 3 of a surface parametrization. So the matrix [g g] is always invertible and using
the formula for the inverse of a two by two matrix, we have that:

E F]_l __ 1 16 -F
F G EG—-F?1-F E
. a
So the above equation for [ a; azz] can be rewritten as:
[a11 a12] ] [ f]
a1 A2l EG — F2 f g

. - . . a
Thus we finally have an explicit equation for the matrix [ai a;z] in terms of the surface

parametrization & (notice that all of the coefficients E, F, G, e, f, g are defined directly through
the surface parametrization). Notice that this gives us the system of equations:

eG — fF fG —gF
MTEe_Fr 2T Eg 2
fE —eF gE — fF

Y11= Fe_F2r 22T E_r2

This allows us to explicitly calculate the Gaussian and mean curvatures of S at p in terms of the
first and second fundamental form:

_ a1 Q12]\ _ _eg—- f?
K= det([a21 azz]) = Q11032 — Ap1A12 = FC —F2
1 a1 Qaqy 1 eG 2fF + gE
H = Etrace ([a21 azz]) (a11 +a,,) = 5" EC —F?

With this we finally arrive at the formal definition of the curvatures of surfaces.

Definition 4.4.5: Let S be a smooth 2-dimensional surface sitting in R3 and p € S be any point
on it. By the definition of a smooth surface, we know that there exists some surface
parametrization ® of S at p. Let (ug, vo) = ®~1(p). Let the Gauss map be the function:

0P 0D
W( u,v) xa—(u V)
|6d>

N(u,v) =
(u,v) X 6 (u v)”

The first fundamental form of S is defined as:

od ad b b b ad
E(uv) = %(u,V) '%(u,v} F(u,v) = E(u,v) '%(u,w = %(u.v) 'w(u.v),

od od
G(uv) = %(u,V) '%(u, ).

And the second fundamental form of S is defined as:
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ON 0P ON 0P

e(u,v)za—u(u,v)-%(u,v), f(u, v)——(u v) - —(u v) = —(u v) - a—(u V),

g, v) = (u V) (u V).
Then the Gaussian and mean curvatures of S at the point p are defined as:
2
_ e(ug, v9)g(uo, vo) — (f(uo, Uo))
= -,
E (ug, v9) G (uo, vo) — (F(uo; vo))
1 e(uo, Vo) G (ug, Vo) — 2 (ug, Vo) F (1o, Vo) + g(uo, Vo) E (1o, Uo)
2 E (ug, v0) G (ug, v9) — (F(uo; vo))

respectively. If we omit the arguments of e, f, g, E, F, G in the above equation, then the above
equations take the nice to look at form:

2
e —
ko9
EG — F?
1 eG—-2fF+gE
2 EG — F2

As a point of interest, Equations 4.4.3 gives us that the second fundamental form is also given
by:

62
e(u,v) = =N (u, v) (u V),

2

¢( )
v u,v),

d
f(u,v) = —N(u,v)-a

muW——NwU)a (),

which are often easier to calculate than the above alternative equations for e, f, g.

One issue that does arise in the above definitions of the Gaussian and mean curvatures is the
issue of whether they are well defined. Indeed, there might be two surface parametrizations @
and W of S at p and how do we know that the above formulas for the Gaussian and mean
curvatures give the same value no matter which surface parametrization you use to calculate
them. The answer is that that the values of the Gaussian curvature will always turn out to be the
same no matter which surface parametrization you use to calculate it and the same goes for the
mean curvature up to sign. The reason for this lies in the fact that the Gaussian and mean
curvatures are quantities obtained from geometric principles which are independent of surface
parametrizations. Indeed, if you look back and see how we arrived at the definition of the
Gaussian and mean curvatures you’ll see that we looked at which unit directions y'(0) minimize
and maximize the component of curvature quantity k, ;) (N)|t=0 at our point and such surface
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curves y(t) are completely geometric objects that have no reference to surface parametrizations.
The fact that the mean curvature can change sign arises from the fact that the unit normal vector
N that you consider at your point might flip direction as you change from one surface
parametrization to the other and thus might flip the sign of these component of curvatures. In

explanation in the & surface parametrization the unit normal vector that we consider is
L

FRe / ”— X —” and in the W surface parametrization we consider the unit normal vector
‘z;j / ” a‘:”, which might point in the opposite direction (at every point of a surface

there are always to unit normal vectors). The Gaussian curvature doesn’t ever slip sign under a
change of surface parametrizations since it is the product of two (an even number) of such
component of curvatures that can potential change sign only together.

Let’s calculate some specific examples of surface curvatures. In the next example we derive the
extremely important formula for the Gaussian curvature and mean curvature of a surface
parametrized in a graph surface parametrization.

Example 4.4.5: Suppose that S is the graph of a function z = f(x, y). Let’s calculate the
Gaussian and mean curvatures of S at some point p = (xo, yo, f (X, ¥0)) On it. The graph surface
parametrization that parametrizes this surface is given by:

d(x,y) = (x,y, f(x,)).

Notice that p = (x¢, Yo, f (X0, ¥0)) = ®(x0,¥0). Let calculate the Gauss map and the first and
second fundamental forms of @ at (x,, y,). We have that:

1 1 | 0
0 % 1
b oD

Ix (X0, Y0) X £ (%0, ¥0) i f (xo,yo) f (xO':VO)

N(xO’ yO) = an q) = 1 _ 0

| Ix (x0,Y0) X v ay (x0,Yo0) 0 1

X
0
i f (xo, 3’0) f (xo: YO)
of
1 —a(xo' yO)

of
2 2 [—==(x0,¥0)
\/1 + (% (xo»}’o)) + (% (%J’o)) % 1

Notice that this is just a normalized version of the equation for a perpendicular vector to the
surface that we got at the end of Section 2. Now, the partials of & are given by:

1 0
ad 0 09 1
(xo:YO) = af ) —(xo'YO) = af
3. (XOI yO) ay (Xo, yO)
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0 0

ach( - 0 0%d ( - 0
02 X0, Yo 9%f axdy X0, Yo) = Zf 2 ) )
0x 2( 0»3’0) axa X0, Yo
0
OZCD( )= 0
vz Ko Yo) = 192 f
9y 3y — (X0, ¥0)

So the first and second fundamental forms are given by:

a 9 of :
E(xo,¥0) = ( 0;3’0) (on’o) <6x (%J’o)) )

0P ad f af
F(x9,y0) = ( o,)’O) (xOJyO) ( 0.3’0) (on’o)

9 af :
G(x0,Y0) = ( o,)’O) (on’o) =1+ <— (%J’o))

*f
aZCD A2 (X 'y )
e(xo,¥0) = —N (X0, ¥0) 'W(%J’o) = - 0x Z 0 2
j T % <xo'yo>> + (% (xo,yo)>
0%f
0°® (%0, Y0)
f(xor yo) = _N(XOﬁyO) . m(xo'%) - _ axay :
jl +< f(xo'}’o)> < f(xo,y0)>
0°® f 5 (X0, Y0)

9(x0,¥0) = —N(x0,¥0) 'a_yz(xo.YO) = -

jl + <% (XO:J’O)> + <% (%J’o))

So, by Definition 4.4.5 we get that the Gaussian and mean curvatures of S at p =
(xo,yo,f(xo,yo)) are (here I omit the arguments of the partials of f to make the equations
shorter. They are being evaluated at (x,, y,)):
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aZf aZf (aZf >2
_ 0x? 0dy? \0xdy

(140 +3))
@) S (@)

(G + () )

Let’s compute some classical surface curvatures.

respectively.

Example 4.4.6: Let’s calculate the Gaussian and mean curvatures of the plane. Suppose that we
have a plane that is the graph of z = ax + by where a and b are some real constants (the
calculation of the surface curvatures of a plane in the cases when you must use graph
parametrizations of the form y = f(x, z) or x = f(y, z) are similar and give the same answer).
Then, if we plug in f(x,y) = ax + by into the formula for the surface curvatures derived in
Example 4.4.5 we get that both the Gaussian and mean curvatures of the plane at any point are
equal to zero:

K=0 and H=0

since all second partials of f(x,y) = ax + by are zero. This makes sense since the plane is not
“curving;” it’s flat!

Example 4.4.7: Now let’s calculate the Gaussian and mean curvatures of the sphere. Take any
sphere of radius r > 0. Let’s calculate its surface curvatures in the upper half hemisphere (the
region of the sphere strictly above the x-y plane). The calculations of the surface curvatures of
the sphere in the other hemisphere are similar and they turn out to give the same answer. The

upper half hemisphere is the graph of the function z = {/r? — x2 — y2. Plugging in f (x, y) into
the equations for the surface curvatures derived in Example 4.4.5 gives that at any point in the
upper half hemisphere,

2
92F 02 [ 9%f\2 y2—r? . x% —r? 3_( —xy 3)
ax2 0y? (axay) B Jrz—x2—y2 Jrz—x2—y?2 JrEi—x2—y?

(@ 6) (=) ()

rt —r2x? —r2y?

(T — xz — y2)3 Z(TZ _ x2 _ y2) i
( i T:' 2)2 4-(7- _ x2 _ yZ) r2’
re—xc—y

K(x,y) =
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and (I broke the fraction up into three pieces in the second equality below so that it is easier to fit
the equations on the page):

1%<1+(g)2>_2 0%f .ﬂ.ﬂ+ﬂ<1+<ﬁ>2>

dy Oxdy 0x dy = 0y? 0x
H(x,y)z—z 3
v (G () )
0x dy
0°f <6f)2 9% f of @ 0°f of\*
L1+ (% f .of of =—2L(1 (—
9x?\" " \9y xdy 9x Dy 1 oy?\- " lox
=75 3+ ) 3

(6@ () ()

2 _ .2 _ 2
S 31+< Y )
1 Jr2—x%-—y? Jri—x?—y?
y
2 2
-y
2
y

3
2

<1+< = __xxz _yz)z * (Jm >

x —

/rz—xz—y23\/7‘2—x2—y2\/r2—x2—y2
* 3

(1 (== yz)z i Q%))

2 _ 2 _ z
£r (o ()
1 Jrz2—x%—y? r?2—x?—y?
2

(1 () - Q%))

r2x2 + r2y2 _ xzyz _rh x2y2 r2x2 4 rzyz N x2y2 _h
5 5 5
1 /rz_xz_yz N /rz_xz_yz 1 /rz_xz_yz
2 r3 r3 2 r3
3 3 3
/rz_xz_yz /rz_xz_yz /rz_xz_yz
r?x? +r2y? —r*t r2(x?+y?—-r?) 1
- r3(r2—x2—y2) - r3(r2—x2—y2) _r'

And so we get that the Gaussian and mean curvatures in the upper half hemisphere are:
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1
K(X,LV) = _r_zl

1
H(x,y) = -

If you do a similar sort of calculation but in the other hemispheres you will get the same exact
answers. So, we have that the Gaussian and mean curvatures on the sphere are constantly:
1 1

and H = -

K —_
T2 r

It should be clear that the Gaussian and mean curvatures of the sphere are the same at any point
since the sphere is completely symmetric and the surface curvatures are invariant under rotations
(since they were arrived at using geometric quantities such as component of curvatures). If we
cite this realization in the beginning of the calculation, then we could have used the above
f(x,y) to calculate the surface curvatures just at the north pole (0,0, r) and then said that the
answer that we got applied to every point on the sphere. The reason why this would have been
useful is that the calculation of the surface curvatures at the north pole is much shorter since all

g—i, Z—£ are zero and so one could avoid the above lengthy algebraic
manipulations. Indeed if you calculate directly the surface curvatures of the sphere at the north
pole you get that:

of the quantities x, y,

0*f 0*f (azf)z 02-r2  02—p? _( 0.0 )2
K(0,0) = Ox® dy® \0xdy 2=\/7‘2—02—O23 Vi 0202 \WrZ—02—oZ
sz afz (1 + 02 + 02)2
<”(%> +<@)>
==
and:

H(0,0) = 1%<1+<%)2>‘Zaizgy'%%+g_;€<1+(%>z>
o 3
L )

0% —r? -0 2
3<1+(,/2 2 2))
rZ — 02 — 02 re—0°-0

3
(1+0%+02)2
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—-0-0 -0 -0 02 — 72 1+ ( -0 )2
+,/—r2_02_023\/r2—02—02\/r2—02—02 120z =02 Vr2 — 02 — 02
3 5 3
(1402 +0%)z 2 (1402 + 0%)z

r

And so by the symmetry argument mentioned above, we get that the Gaussian and mean
curvatures of the sphere are constantly 1/r2 and 1/r respectively. Although the difference in the
length of the above calculation when this trick was and was not used is not too breathtaking, this
trick of rotating something into a convenient position so that the calculation becomes much more
elegant is an important trick in variational differential geometry and we will encounter a more
dramatic example of this in Chapter 8 when we do calculations involving minimal surfaces and
total Gaussian curvatures in n-dimensional space. Tricks that help shorten calculations in
differential geometry are often sought after as this field is often characterized by long and
difficult computations.

The determination of the surface curvatures of the plane and the sphere can in fact be done
directly by geometric arguments. Since none of the unit speed surface curves of the plane have
any component of curvature in the unit normal direction to the plane, all principal curvatures at
any point of the plane are equal to zero and thus so are the Gaussian and mean curvatures. A
similar sort of thing goes for the sphere. By the symmetry of the sphere all of the principal
curvatures are equal, and it is not hard to see that the component of curvature of any surface
curve in the unit normal direction to the sphere at any point is equal to —1/r. The facts that the
Gaussian and mean curvatures of the sphere are 1/r2 and 1/r respectively follow immediately
from this using the geometric interpretation of the Gaussian and mean curvatures.

Section 5: The Metric Tensor

Two very important concepts that we will be studying the variational natures of in the next
chapter are arc-length of surface curves and surface area of surfaces. And it turns out that both of
these concepts are conveniently described by what’s called the metric tensor which is a matrix
that describes the metric properties of a surface locally at each point.

Let’s suppose that we have a surface S and a surface parametrization @ of this surface. Let
(w(®), v(t)) be some curve in ®’s domain. The curve y(t) = ®(u(t), v(t)) is a curve that lies
on the surface S. We can now ask the question: what is the arc-length of the surface curve y(t)
from time t, to time t (let’s suppose that the interval [t, t] is a subset of the domain of y(t)).
The answer is simple, from calculus we know that the arc-length of y(t) from ¢t, to t is given by:

t

L() = f Iy (®)llde = f S @y @t = f J%(cb(u(t).v(t)))-%(@(u(tw(t)))dt

to
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f J(g—f (u@®),v(®))u'(t) + ?3%) (u(®), v(t))v’(t)) - (g—?j (u@®),v(®))u'(t) + Z—CE (u(®), v(t))v’(t)) dt

to

Now if you use the distributive property of the vector dot product -, you will get that (here | am
omitting the arguments of the partials of ® to make the equations shorter. They are being
evaluated at (u(t), v(¢))):

L(t) = fja—cp a—QI)(u()) zib a—u(t)v (t)+a_c1> —(v()) dt

to

If we use the notation of the first fundamental form, we get that we can rewrite the above
equation as:

L(t) = j JE(u(t),v(t))(u’(t))z + 2F (u(®), v(D))w' (v’ (1) + G(w(®), v(®))(v' (D) dt.
to

Notice that this is a quadratic form and so this can be rewritten in a quadratic matrix form:

L(t)_ j u(t)] IE(u'(t),v'(t)) F(u(t),v(t))l [u,(t)

U(t) Flu@®,v®) Gu®),v(®)) U'(t)])dt'

Or if we omit the arguments of u’, v', E, F, G, we get that the above equation takes the nice to
look at form:

t1
o~ [ [TTE Oha
to

Thus from here we can see that the matrix [1€ g] helps describe the length of surface curves. In

fact, if we let dL denote the differential length of y(t) and let du and dv be the differential
forms of u'(t)dt and v'(t)dt, then the above equation implies that:

> __4[dul [E F][du
7= <[dv] ’ [F G] [dv])'
Since the differential vector [Z;ﬂ can point in any direction in R?, we get that [I€ g] describes

the differential length of vectors on the surface. In other words, at any point on the surface the
matrix [5 g] describes the local metric of the surface. For this reason, the matrix:

E F]_ E(u,v) F(u,v)
F Gl |Fwv) Guv)l
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is called the “metric tensor” of the surface. It turns out that the metric tensor also describes the
differential surface area of a surface. Over any region Q that is a subset of ®’s domain, from
multivariable calculus we know that the surface area of the ®[Q] portion of S is given by:

ff H— (u,v) >< (u v)” dudv.
By the Pythagorean theorem for vectors,

”— (u,v) >< (u V) 2 (gj (u,v) - —(u v)) |

or in other words:

22 3 % 22 0|+ (P = Bt 0360),

we get that we can rewrite the equation for the surface area of ®[(] above as:

= if \/E(u,v)G(u,v) - (F(u,v))zdudv = £f \/det( 16823 ggz::g )dudv

Or if we omit the arguments of E, F, G, we get that the above equation takes the nice to look at

form:
=ff det(g g])dudv
Q

So we get that the metric tensor describes the surface area of a surface locally by the differential
formula:

E F

dA = det(F p,

]) dudv

As we can see, the metric tensor plays a central role in the description of the local metric of a
surface and its surface area. Note that even though the metric tensor describes geometric
properties of the surface, the form of the metric tensor highly depends on which surface
parametrization you use. If you change the surface parametrization, you will change the metric
tensor.

Section 6: The Christoffel Symbols

In the study of the curvatures of surfaces, it is no surprise at all that we encounter equations that
involve the second partials of surface parametrizations. And it turns out that throughout all of

differential geometry one will encounter many equations involving the second partials of surface
parametrizations and so order not to go insane while using such equations, mathematicians have
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invented symbols to represent many of those second partial derivaitve quantities. One such set of
symbols are the Christoffel symbols and since we will be encountering such equation in the next
chapters, we might as well define them here.

Let S be a smooth surface and let ®(u, v) be a surface parametrization of S. Let N(u, v) be the
Gauss map defined by:

od oD
W( ,v)xa—(u V)
‘(’)CD

N(u,v) =
B (u,v) X 6 (u v)”

. . 9%® 2°d R .
Let us consider the second order partials W (u,v), Fr (u,v), 57 (u,v). These are vector in

R3. Now, the list of vectors{ ki Z‘j = Z—i(u,v) X g—f(u, v)/ ”g—j(u,v) X g—f(u, v)”} isa

linearly independent list by condition 3 of a surface parametrization and the properties of the
vector cross product. So they form a basis of R? and thus there exist (the number in the
superscript of the I'’s below are indices and not powers):

l-‘111 (u, U), l—‘121 (u' v)' l-‘112 (u: U), 1-‘122 (u: 17), l—‘212 (u, U), 1-‘222 (ur 17), a(u' U), b(ur 17), C(u: 17) e R
such that:

2
aach(u’ U) 1_‘ll(u U) (u U) + Fll(u v) (u v) + a(u U)N(u 17)

2

F (u,v) =T (u, v) 0P (u v) + I3 (u, v) (u v) + b(u,v)N(u, v),

0%d 0P
357 (u,v) = Ty, v)—(u v) + T4y, v) (u v) + c(u, v)N(u, v).

The coefficient functions I'; (u, v), T4 (u, v), T, (u, v), 1“122 (u,v), T4, (u, v), T4 (u, v) are called
the Christoffel Symbols and they fundamentally describe how the surface (or more accurately
the surface parametrization) curves into the tangent plane. The coefficients

a(u,v), b(u,v),c(u, v) are actually something we’ve seen before. Let’s calculate what they are.

Dot both sides of each equation above by N (u, v). Since N(u, v) L ?9_: (u,v)and N(u,v) L

‘;—j (u, v), all of the coefficients with the Christoffel symbols will go away and we will get that:

Rl
= () N v) = auv)INwV)I? = a(w,v),

2

oudv

2

(w,v) - Nw,v) = b, v)INw, v)II* = b(w,v),

=, v) - N, v) = c(w,v)[IN(w, v)|I* = c(u, v).
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If we look at the definitions of the second fundamental form, we see that these equations imply
that a(u, v) = —e(u,v), b(u,v) = —f(u,v), and c(u,v) = —g(u, v). So the equations above
with the Christoffel symbols become (I am going to omit writing the arguments of

E,F,G,e, f,g, T4, T34, T, T3, T, T2 and the partials of @ and N from now on in this section,

they are all being evaluated at (u, v)):

76 _ L 90,00
ouz gy TG, T
o _ 00 00
oudv  Pou Pov fN,
7o _ L 90,00
opz 22y 22, 9N

It is in fact possible to solve for the Christoffel symbols in terms of the first fundamental form.
To do that, dot both sides of the above equations by 3—1’ to get that:

20 00 0D 0> D 0O
ouz ou  You ou Yov ou
0% 00 _ b 90, 390 9
oudv ou  Pou ou  ov ou
20 00 0D 9D I® 0D

o=y o+ Ty o
v oJu ou du v du

(the terms involving N went away since N L Z—j).
equations by Z—f you will get that:

02d 9P 0P

v
*® 9d 9P
dudv dv 2 ou
920 9P oD

— =TL —.
vz ov 2 ou

Similarly, if you dot both sides of the previous

09
EDL
09
EDL
09
FP

, 9

v TGy
00 0P
v 25y
5L 5L

—+ 2
v 22 5y

0P

Combining the above two systems of equations and plugging in the definition of the first

fundamental form gives that:
02d 00 B
ou? B

u
0°d od
Judv Jdu

15

TLE +TA4F,

= Fsz + F122F,

5



0°d . P
2 ou
0°d . od
u? v
02d 0P

6u6v ov
0°d 0d

2 ov

=IE + TAF,

=T}LF +T4G,

=TLF + T4G,

=TLF +T4G.

Let’s express all of the quantities on the left-hand sides in terms of the first fundamental form.
Differential integrating all of these quantities gives (I’'m differential integrating them in a
different order than listed above because differential integrating some uses the differential

integration result of the other ones):

L) b 0 (OCD 6CI>)
du? odu oJu\du oJu
020 6CD d (GCD
au(')v ou 617 ou

0’® 0d 9 (0D
dudv v au(%'
02® 0d 0 (0D 0D

W'a_v=a_v<%'a_v)_
0°® 9d 0 (9D
a2 _ZE(%

6(1))
v

Ju
L) oo 0 (6(1)
du? dv ou\du

oF

od 9%d
T u ouz
0P\ 09?0 9%d
Ou)_ﬁ Judv

0P 9%d
" 9v ovdu
od 9%d
v ov?
oo\ 0P
'Eil)"
0o\ 0P
)~

v

ou

10E

20u

10E
20v

190G

ov
oF

2 0u
10E

u

20v

10G
20u

0%d

" udv

0%

" dvou

Plugging these results into the previous system of equations gives us that:

0°® 9 10 (0P 9D 10E
ouz ou 20u E'%) 20U’
0?’® 0d 10 (00 9D\ 10E
oudv ou E%(%%) 200
0°d 0P 0d 00 10G
oudv ov 5%(6_17 . %) 20u
0°® 0 10 (0P 9D 10G
v? v 20v %'%> 20V
0°® 9® OJF 106G
T w2 9u v 2o
0°® 9 OJF 10E
T %uZ v ou 20v

== Fle + Fle

=TLE +T:F,
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=TLF +T4G,



190G
20v

= F212F + F222G.

This is a system of 6 linear equation for 6 unknowns. In fact, we can rewrite the above system of

equations in matrix vector form:

10E
20u

Multiplying both sides of the above equations by the inverse of [f:

_ [E F111]

F I
A
GIIrsYr

A

G Iz

I;] (which we by the way

showed is always invertible in Section 4) we get that:

10E
F11] ] 20u
r3l EG- F2 or la_E ’
2 0v
10E
r‘12] ] 20v
rzl EG- F2 190G/
20u
106G
Gl _ 1 G -F av "~ 20u
rzl EG-F*l-F E 106G
20v
If you multiply the above equations out to get the equations for the Christoffel symbols, you will
get that:
10E JoF 10E
rl ZOuG 0uF+26vF
e EG — F? ’
10E JdF 10E
2 __2ou’ touf “2gvE
1 EG — F? ’
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10F 190G

. 23w " 2auf
fi2 = EG—F2 '’
10E 10G
, 2wl ok
iz = EG—-F2
oF 190G 190G
p w2 25"
2z — EG — F2 ’

JoF 10G 10G
"l taey
EG — F?
So the Christoffel symbols can be entirely expressed in terms of the first fundamental form (and
its derivatives). Since the first fundamental form make up the entries of the metric tensor, we can
restate this last statement as that the Christoffel symbols can be expressed entirely in terms of the
entries of the metric tensor.

Section 7: Theorema Egregium

E

2 _
1-‘22_

I want to include a section in this book on the theorem “Theorema Egregium” in memory of my
teacher Professor Steve Mitchell who passed away on August 17, 2017. During my second year
at the University of Washington | took topology and differential geometry with Professor
Mitchell. Professor Mitchell was loved by all of his students as he inspired them with the
enthusiasm and passion that he had for the subjects that he taught and was ready to help any
student at any level. One of the admirable traits that Professor Mitchell portrayed while teaching
this course was the incredible ease with which he moved and explained all of the topics covered
in class. Indeed, the atmosphere in his classrooms was always of a mellow nature as he would try
to convince us that everything we were doing was in fact simple and easy and was just a matter
of “unraveling the definitions.” His great and deep understanding of the subjects that he taught,
combined with his friendly teaching style made him an outstanding instructor and
mathematician. He had a great influence on my life and my perspective of differential geometry,
topology, and mathematics in general.

One of my memories in Professor Mitchell’s class was learning about the theorem “Theorema
Egregium” (which translates to “Great Theorem” from Latin I believe). This theorem states that
the Gaussian curvature is invariant under isometric maps. This is a fancy way of saying that if
you have a map between two surfaces that preserves the local metric, then it preserves the
Gaussian curvature. Folding a surface is an example of an isometric transformation and the
example of folding a piece of paper into a cylinder shows that the analogous statement about the
preservation of the mean curvature under isometric maps is false.

The way the theorem Theorema Egregium is proved is by showing that the Gaussian curvature
can be expressed entirely in terms of the entries of the metric tensor. Indeed, metric preserving
maps preserve the metric tensor because the metric tensor describes the metric of the surface
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locally. So if you show that the Gaussian curvature can be expressed entirely in terms of the
entries of the metric tensor, then you will show that the Gaussian curvature is preserved under
isometric maps. So in fact Theorema Egregium is a corollary of the following stronger theorem
(due to Gauss).

Theorem 4.7.1 (Stronger Theorema Egregium): The Gaussian curvature of a surface can be
expressed entirely in terms of the entries of the metric tensor. The formula for the Gaussian
curvature in terms of the entries of the metric tensor can be found at the end of this theorem’s
proof (below).

We proved this theorem in Professor Mitchell’s differential geometry class. I remember that after
he showed us the proof of this theorem he said that, “you know, I’ve never seen such a beautiful
theorem have such an ugly proof.” Our proof of this theorem consisted of a very long calculation
and he evidently considered such long calculations “ugly proofs.”

Professor Mitchell told us that Gauss himself discovered the above theorem totally by accident
while doing a calculation and was surprised to see that his surface curvature can be expressed
entirely in terms of the first fundamental form (the entries of the metric tensor) and thus was
invariant under isometries. During the summer between my second and third year as a student at
the University of Washington I attempted to (unsuccessfully | believe) prove Theorema
Egregium in higher dimensions. However in my attempt I discovered an absolutely elegant proof
of the above Theorema Egregium that | am absolutely proud of. I never did get a chance to show
Professor Mitchell the following beautiful proof to the above beautiful theorem, but I’'m sure he
would have loved it. A part of me believes that he heard my proof.

In the following I will use Newton’s notation for partial derivatives.

Proof of the Stronger Theorema Egregium (Theorem 4.7.1): Let S be a smooth 2-
dimensional surface sitting in R3 and p € S be any point on it. Since S is a smooth surface, there
exists a surface parametrization ® of S at p. Let (uy, vy) = @ 1(p). Now, let us calculate the
following simple looking quantity (here I will omit the arguments of E, F, G, e, f, g, the partials
of @, and the Christoffel symbols to make the equations shorter. They are being evaluated at

(ug, v9)):

1 1
- EEUU - E
Plugging in the definition of the first fundamental form into the above quantity gives us that this
quantity is equal to (here I will use the equality of mixed partials):

F uv Guu .

1 1 1 1
Ep—5Ep — 56y = (cbu ’ va)uv - E ((Du ’ (Du)vv - E (CDU ) cDv)uu

2 2

= Oy " Py + Poyy * Py + Py * Py + Py * Py — Py * Py = Py * Py = Py Py
— Dy Dy

= Oy - Pyy = Py~ Py
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It’s amazing how many of the partials of @ canceled out in the middle. Plugging in the definition
of the Christoffel symbols into here gives us that:

I uv Guu

2
= (Flllq)u + Flzlq)v —eN)- (lezq)u + Fzzzq)v —gN)
_(Fllzcbu + Flzzq)v - fN) ' (Fllzq)u + Flzzq)v - fN)

When I got to this point in the calculation during that summer I exclaimed “Eureka! I have
discovered another proof of Theorema Egregium!” (we’ll see in a moment why I exclaimed
that). I remember that I couldn’t control myself when I discovered this! | was so excited! Using
the distributive property of the vector dot product in the above expression and the facts that N L
@, and N L &, we get that:

Fuv - E - 5 Guu
=T THE + THTLF + TATLF + TATS G — (T1)2E — 2ILTHF — (I5)%G + eg — f2

And after rearrangement we get that:

eg —f?
EG — F?
1 1 1 11 12 2 1l 2 12 1\2
=g 2z Bw — 5 Evw = 5 Guu — Ty oo B — Ty 5o F — T T F = T3 15,6 + (Ti2)°E

+2I45TEF + (T4)?6)

Since the Gaussian curvature K is equal to (eg — f2)/(EG — F?) (see Definition 4.4.5), we get
that the above equation implies that:

1 1

1
= EG — FZ (Fuv - E - _Guu - 1-‘1111—‘212E - l—‘1111-‘2221;' - l—‘1211-‘2121;' - FIZIFZZZG + (F112)2E

2
+2ILIGF + (T5)?6)

K E,,

So we were able to express the Gaussian curvature of K at p € S entirely in terms of the entries
of the metric tensor and the Christoffel symbols. At the end of the previous section we showed
that all of the Christoffel symbols can be expressed entirely in terms of the entries of the metric
tensor. So the above equation implies that the Gaussian curvature can be expressed entirely in
terms of the entries of the metric tensor.

As a point of interest, | would like to show you the nice and short form that the above formula
for the Gaussian curvature takes when the surface parametrization is orthogonal. A surface
parametrization @ (u, v) of a surface S is called an orthogonal surface parametrization if for
any (u, v) in the domain of @,
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od oD
a(u,v) -%(u,v) = 0.

In other words, @ is an orthogonal surface parametrization if the vectors g—f (u,v) and ‘;—f (u,v)

are constantly perpendicular to each other. Notice that the condition for a surface parametrization
® to be orthogonal is equivalent to F (u, v) being constantly zero over the domain of .
Orthogonal surface parametrizations are important in differential geometry because they always
exist in a neighborhood of any point on a surface and in many situations the above property of a
surface parametrization often makes equations and calculations shorter.

So, let us suppose that the surface parametrization @ in the above equation for the Gaussian
curvature is orthogonal. Let’s see what the equation for K becomes. Plugging in the formulas for
the Christoffel symbols in terms of the entries of the metric tensor that we derived at the end of
the previous section into the above formula for the Gaussian curvature K and using the fact that
F(u,v) = 0 gives us that in the orthogonal surface parametrization &:

1{—1 1E 1G + ! <1GE)(1GG)E+<1EE>(1EG)G+1(GE)2E
" EG 2””2””(EG)2(2”2” 2°7v)\2 257

(356 ©)

| will leave it is as an exercise to the reader to show that this is equivalent to the famous formula:

X 11<<Ev)+(0u>>
2VEG \\VEG/, ' \VEG/,

in an orthogonal surface parametrization @. It’s not hard to show that the two expressions above
are equivalent, just carry out the partials in the above expression to see this. | hate it when
authors do this sort of thing where they go from one expression to the other where the
justification is just a reverse check. I’ve tried to avoid that throughout this book but in this case I
can’t do that because I honestly don’t know how one goes from staring at the first expression
above to arriving at the next. However, in any case we get the above beautiful expression for the
Gaussian curvature in an orthogonal surface parametrization. I’'m sure Professor Mitchell would
have been proud!
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Chapter 5: Variational
Differential Geometry
in R3

“That is the difference between mathematics and physics. Mathematicians, or people who have
very mathematical minds, are often led astray when “studying” physics because they lose sight
of the physics. They say: “Look, these differential equations—the Maxwell equations—are all
there is to electrodynamics; it is admitted by the physicists that there is nothing which is not
contained in the equations. The equations are complicated, but after all they are only
mathematical equations and if | understand them mathematically inside out, I will understand the
physics inside out.” Only it doesn’t work that way. Mathematicians who study physics with that
point of view—and there have been many of them—usually make little contribution to physics
and, in fact, little to mathematics. They fail because the actual physical situations in the real
world are so complicated that it is necessary to have a much broader understanding of the
equations.

What it means really to understand an [differential] equation—that is, in more than a strictly
mathematical sense—was described by Dirac. He said: ‘I understand what an equation means if |
have a way of figuring out the characteristics of its solution without actually solving it.” So if we
have a way of knowing what should happen in given circumstances without actually solving the
equations, then we “understand” the equations, as applied to these circumstances.” — Richard
Feynman.?®

Section 1: Outline (As Always)

In this chapter we finally get to the exciting task of studying differential geometry from the
perspective of the calculus of variations. Here we will prove three major theorems in differential
geometry, two of which are naturally of variational nature. The three theorems are: the
Minimizing Curve Theorem, the Minimal Surface Theorem, and a version of a corollary of the

26 Reprinted with permission from the Feynman Lectures on Physics: http://www.feynmanlectures.caltech.edul/.
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Global Gauss-Bonnet Theorem. In the next chapter we will repeat all of what we do here but on
higher dimensional manifolds.

Section 2: String Theoretic Approach to Finding
Minimizing curves?®’

One of my memories from my childhood is sitting on the flight between New York and Israel
and looking at the slowly changing map in front of me that indicated how far along the flight we
were. One of the interesting things that | noticed was that the flight path on the map was not a
straight line but rather an arc that bended upwards.
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I asked my dad, “Papa, why is our flight path not a straight line but an arc like that. Isn’t the
straight line the shortest route.” An understandable observation from a restless kid who was
sitting on such a long flight. My dad answered, “It is true that in the two-dimensional plane the
shortest path is a line. However, the shortest path on the map of the world does not actually
represent the shortest path on the Earth because of the bent nature of the surface of our planet.”
To explain his point, when we returned home from that trip my dad took a globe of the Earth and
gave the following demonstration. He said, “Look, take a piece of string in both hands and put
one finger on New York and the other on Israel. Now pull the string at both ends until you can
no longer tighten it. You get that the string goes on some path between New York and Israel and
this path will correspond to the shortest path on the globe between these two places. Notice that
if you look at how this path looks like on the world map, it will not look like a straight line. This
is why the straight lines on the world map do not indicate the shortest paths on the Earth. If you

27 The purpose of the discussion in this section is solely to provide a physical intuition behind the minimizing curve
equation. As a result, in the following discussion | will omit a certain level of rigor or precision. If you want, you
can jump straight to the next section without loss of continuity.
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ever want to find the shortest path between two places on the globe, you can do this with a piece
of string as I’ve shown you.” A demonstration that I would never forget!

It should be physically clear why the path that the string forms is the shortest path between two
points on the sphere, at least locally to the path (in the curve norm). Indeed, if the path of the
string does not represent the local arc-length minimum, then as you pull the string on both ends
and take away the arc-length available for the string in the middle the forces acting on the string
will shift (or “vary”) the string path so as to accommodate the loss of available arc-length. Thus,
when you can’t tighten the string anymore the arc-length in the middle will be a local minimum.

Curves that locally minimize arc-length are called arclength minimizing curves or just simply
minimizing curves. From a young age | realized that this trick with a string to find minimizing
curves on the sphere works on other surfaces as well. As a young kid I would walk around the
house with a piece of string and find minimizing curves on all sorts of surfaces that I could find
in our house. This trick of finding the shortest path between two points on a surface even works
on non-smooth surfaces such as two points on the opposite sides of a sharp edge of a shelf.
However, this trick of finding the minimizing curve between two points on a surface obviously
has some limitations since if you’re on one side of a surface that’s curving towards you, then the
tightened string path between your two points will always be a line and not the surface’s
minimizing curve (it will be the minimizing curve in three-dimensional space!).
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But on most surfaces if your standing on the right side of the surface, locally enough to any point
this trick always works.

The problem of finding minimizing curves between two points on a surface fascinated me ever
since my dad showed me the above demonstration with a string and a globe. At one point during
my first year at the University of Washington | decided to sit down and try to write out an
equation for the minimizing curve between two points on an arbitrary surface. | knew that
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finding an explicit equation for the minimizing curve on an arbitrary surface is probably
impossible, but what I can do is try to find the next best thing: a differential equation for the
minimizing curve.

I thought, “Let’s suppose that we have a surface that is the graph of the real-valued function
£ (x, ). Now, take two distinct points (xo, ¥o, f (xo, ¥0)) and (x4, y1, f (x1,1)) on the surface.

Let’s try to find the minimizing curve between them (I was having a conversation with my
conscience).”

(xo: Yo, f (X, YO))

We’re trying to
find the shortest
path, or the
“minimizing
curve,” between
these two points.

(x1»3’1’f(x1’J’1))

I didn’t know how to do this — I didn’t know any calculus of variations at the time. So I decided
to try to find the minimizing curve by the trick that my dad showed me as a kid using a piece of
string. | imagined taking a piece of string and stretching it between the two points on the surface.
Let y(t) denote the curve that represents the path that the string will lie on. Let’s suppose that we
can parametrize this path so that y'(t) is never zero (this is done so as to give some geometric
regularity to the curve). When the string is fully stretched, it will be in a physically stable
position. This means the if we draw the force diagram at each point of the string, all of the forces
have to cancel out. The force diagram at any point p on the string is given by (here t, is the time
when y(t) passes through p):
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Fr, = String force

Fr, = String force

I then thought: “Ok, if the string forces, which arise from the tension on the string, exert any
sideways forces on the differential piece of string at the point p, then the string would start
shifting (or “sliding”) in that sideways direction on the surface. Physically one can see that the
string forces will exert a sideways force on the differential piece of string at the point p if the
curve y(t) is curving sideways on the surface in relation to the tangential vector y'(t,). But
since our string path is stationary, this cannot happen. Now, the direction that is tangent to the
surface and that is perpendicular to the path of the string at p is given by: y'(t,) X N where N is
a unit normal direction to the surface at the point p.”

167



Fr, = String force

Fr, = String force

I continued to think: “So in order for the string path not to curve sideways on the surface in
relation to the tangential vector y'(t,) (in order not to start sliding sideways), we must have that
the component of the second derivative of y(t) at p in the direction y'(t,) X N is zero. Thus, the
path of the string must satisfy the following equation at p:

Y (to) - (¥'(tg) X N) = 0.

Since p can be any point on the string’s path, I concluded that the string path must satisfy the
following differential equation:

y'(@®) - (r'® x N(©))

for all times t where N(t) denotes the unit normal vector to the surface at the point y(t).” Since
the string path is supposed to represent the shortest path on a surface between the two points, |
hypothesized that the above equation was the differential equation that all minimizing curves
must satisfy. It was guess back then and I wasn’t sure whether it was right or wrong. If it was
right, then this would have been an amazing equation because then if | wanted to find the
shortest path between two points on a surface, | just had to solve the above differential equation
for y(t) that satisfied the boundary conditions of passing through my two points.
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| did write the above equation in the above form at the time, but I also wrote it in a particular
parametrization. At the time, my favorite way to parametrize any surface was to set it to be the
graph of a function f (x, y) and any surface curve on it as:

y(®) = (v, f(x,y(x))

where y(x) is some function of x. Then, if you plug this in into the above vector differential
equation you will get that in order to find the y(x) that parametrizes the surface minimizing
curve, you have to solve the following differential equation for y(x) (here all of the partials of f
are being evaluated at (x, y(x))):

of (of  of ,) ),, <6f, 6f> o°f _0*f , 9*f , Of ,\_
( ox <6x+6yy L)y + ox” oy 6x2+26x6yy +6y2y +6yy =0

A scary equation, but the excitement that it stirred in me was beyond measure!

Back then I was very interested in the problem of finding minimizing curves on the paraboloid
(the surface given by the graph of the function f(x,y) = x? + y?). By that point | found the
minimizing curves in the plane and the sphere and so the paraboloid was a natural choice for a
surface to look for minimizing curves on next. If you plug in x2 + y?2 into f(x, y) in the above
equation, you will get that the above differential equation becomes (after a little bit of
rearrangement):

—y"(4x* +4y* + D) + 4xy’ —4yy'”* + 4xy” — 4y = 0.

I cannot solve this differential equation, but it’s cool to consider that this differential equation
describes the minimizing curves on the paraboloid. You can always for example try to tackle this
differential equation using numerical means. | remember that | once showed the above equation
and the above vector differential equation to my first-year calculus teacher as my hypotheses for
differential equations for minimizing curves. After trying his hands for a few minutes at solving
the above differential equation, he couldn’t tell me anything more including whether or not my
hypotheses were correct (which is completely understandable since this problem of finding
minimizing curves is extremely difficult).

My certainty of whether the above vector differential equation was indeed the differential
equation for the minimizing curves on surfaces had its extreme ups and downs, ranging from
being 100 percent that | found the correct differential equation to being 95 percent sure that | was
wrong. It took me a whole 1.5 years before | finally figured out that the above differential
equation for minimizing curves is in fact correct.

I would like to end this section with a comment on the above vector differential equation. It is a
shame sometimes that in many disciplines the solutions to problems are often differential
equations and not explicit forms. For example, this is the case in the calculus of variations where
the solution is always the Euler-Lagrange differential equation. In such fields then, the ability to
make deductions often depend on either your ability to solve differential equations or your ability
to describe the nature of solutions to differential equations — two things that are often very
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difficult. We will prove in the fourth section that the above vector differential equation is indeed
the differential equation for the minimizing curves and it turns out that in practical applications
it’s almost never possible to solve this differential equation explicitly. However, the above
differential equation does have the nice property that it carries behind it a physical statement. It
basically says that minimizing curves can never curve away from the direction that they are
going in. Indeed this is understandable since if you zoom in greatly on any portion of the curve,
the surface will look pretty much flat (just like the Earth seems pretty much flat to humans) and
if we would see some curving sideways of the curve along the surface, then it’s geometrically
clear that we could straighten out the path a little bit in order to get a shorter curve. For this
reason, minimizing curves cannot curve away from the direction that they are going in and
mathematically we write this down as y''(t) - (y’(t) X N(t)) = 0 (y"'(t) describes the
“curving” nature of the curve). Another way to interpret this equation is that y"'(t) must
constantly lie in the plane spanned by y'(t) and N(t). In other words, minimizing curves can
only accelerate in the direction of motion and normal direction to the surface.

In some situations, it may be possible to solve the above minimizing curves equation or at least
tell the nature of its solution by considering the geometric nature of the surface itself. Such a
study will for example be the subject of the next section and a section in Chapter 8 [see future
edition of this book].

Section 3: Minimizing curves on the Plane, Sphere,
and Surfaces of Revolution

An experience that probably all of us went through in our lifetimes at some point is hearing from
our geometry teacher that the straight line is the shortest path between any two points on the
plane or in three-dimensional space and then rolling our eyes thinking “well, that’s obvious.”
Indeed it is intuitively obvious and drawing on the ideas from the previous section one amusing
way to check this is by taking two points in space and tightening a string between them. Indeed
you will get that the shortest path is the straight line! A rigorous proof of the fact that the straight
line is the shortest path on the plane really depends on the starting point of your definition of
“arclength.” There are two main definitions of arclength, one of which defines arclength for a
large class of curves called “rectifiable curves” and the other defines it for all continuously
differentiable curves. Let’s take a look at them.

The first definition of arclength of a curve comes from the natural idea of approximating the
arclength of a curve by polygonal approximations. For example, if we take some curve y :

[a, b] = R? in the plane, we can partition up the domain interval [a, b] into many subdivisions
a=ty,<t;<t,<--<t,_; <t, = bandthen consider the polygonal path that they create (in
the following picture, n = 7):
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y(t2)

y(ts)
y(ty) \ y(t;) = y(b)
V(t3) y(te)

V(t4)
y(to) = v(@)

Now, what is the length of the polygonal approximation to the curve? It is the sum of the lengths
of all the individual line segments:

lly(t) =y @Il + lly (&) =y &l + - + [ly () — v (tn-DIl = Z Iy (tre+1) = v (@I
k=0

Then this is an approximation to the arclength of the curve y(t). If we partition up our domain
interval even more, this approximation will get better and better. One way to define the arclength
of the curve y(t) from here is now to set up a limit. That is a very nice way to define the
arclength and it is connected to the second definition of arclength that we will give below.
However in this case, since each of the polygonal paths under approximate the length of the
actual curve, mathematicians simply defined the arclength of the curve y(t) to be the supremum
of all such approximations. This is our first definition of arclength of a curve.

Definition 5.3.1 (First Definition of Arclength): Let y : [a, b] = R? be an injective curve in
the plane. Let P = {x,, x4, ..., X, } be the any finite partition of the interval [a, b]:

t0=x0<x1<x2<'--<xn_1<xn=t1.

Now consider the sum:

1= ) I (teen) = v @I
k=0
Another way to write this sum is:
Loly(O] = ) Iy (tiera) =yl
P

Now, if the supremum of all such sums is finite, then this supremum is defined as the arclength of
the curve y(t). If this supremum exists, then the curve y(t) is called rectifiable. If we let P[a, b]
denote the set of all finite partitions of the interval [a, b], then the arclength of y(t) can be
neatly written as:

PeP[a,b]

L[y(t)]=?E'S;1[5b]{Lg»[V(t)]}= sup {ley(tm) V(tk)”}

171



The other way to define arclength should be familiar from calculus. In calculus, you were
probably given the following definition of arclength.

Definition 5.3.2 (Second Definition of Arclength): Lety : [a, b] —» R? be an injective C?[a, b]
curve in the plane. Then the arclength of the curve y(t) is given by:

b
Ly(®)] = f Iy (©lldt.

It turns out that the second definition is a special case of the first definition in the sense that the
arclength of any curve y € C?[a, b] in the plane is the same according to both definition. This
fact is a standard theorem that is often proved in a calculus course and so we will not prove it
here. It should also be pointed out that the above two definitions of arclength are well defined in
terms of reparameterizations. Indeed, in the case of the second definition this is just given by the
change of variables formula for integrals: if y € C?[a, b] is a curve in the plane and f(s) is a
reparameterization function of the form f : [c, d] — R (being a reparameterization function
means that it’s strictly increasing and continuously differentiable), then y(f (s)) isa
reparameterization of the curve y(t) and their arclengths according to Definition 5.3.2 are the
same (here | do a change of variables in the integral):

b d d
d
Ly @1 = [y @lide = [ Il (Gl s = [ 2= (r(Fe)l)ds = L (Fe)]

So Definition 5.3.2 is well defined in terms of reparameterizations of a curve. The verification
that Definition 5.3.1 is also well defined in terms of reparameterizations isn’t hard and I will
leave it to the reader. It should also be noted that if p; and p, are two distinct points in the plane,
then the arclength of the line segment between these two points is equal to ||p, — p, || by both of
the above definitions of arclength. The verification of this is an easy exercise that | will leave this
to the reader as well.

Starting from either definition of arclength, it is pretty quick to see that the lines are shortest
paths in the plane. Indeed, take any two distinct points on the plane p, and p, and any curve y :
[a, b] —» R? that goes between them (meaning that y(a) = p, and y(b) = p,). Notice that the
straight line between them is one of the many possible polygonal approximations of the curve
y(t) and so since the arclength of y(t) is the supremum of the length of polygonal
approximations to the curve, we get that the arclength of y(t) is by definition longer than or
equal to the arclength of the straight line between them.
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The straight line is one of the many
polygonal approximations of the
curve y(t). Since L[y (t)] = P2

sup {Lp[y(t)]}, we get that y(t) is
PePla,b]

longer than the line segment.

So if the first definition of arclength is our starting point, then it is almost immediate the lines in
the plane are shortest paths. | only say that they are shortest paths and not the shortest paths in
the plane because the above only proves that they are shorter or equal in length to any other
curve in the plane between any two points. But there might be other such curves in the plane. So
the above argument does not give uniqueness to the minimizing curve in the plane. It does
however turn out, as you probably suspected, that the lines are the unique minimizing curves
between two points in the plane and the argument with circles that we will give below will prove
this uniqueness portion of this argument.

Now, what if the second definition of arclength is our starting point? If the second definition of
arclength is our starting point, then a similar argument like above is possible. However, there is a
much easier way to obtain the same arclength inequality by using the triangle inequality for
integrals. Let’s take the curve y(t) from above but let’s add the assumption that y € C?[a, b].
Notice that we have that:

b b

1Py — 2l = Iy (B) — @Il = j y'(@©dt]| < f Iy’ @©lldt = Ly @©)].

a

Since the length of the line segment is ||p; — p, ||, we get that the arclength of the curve y(t) is
longer than or equal to the length of the line segment. So with the second definition we also get
that the lines are shortest paths in the plane.

The above proofs of the fact that the straight lines are shortest paths in the plane might feel a
little bit unsatisfactory because in both cases the result comes out almost by definition. As
already mentioned, the second definition is nontrivially a special case of the first definition. And
the idea, or as some people say “motivation,” behind the first definition already draws upon the
fact that the line segments are the shortest path in the plane. We drew upon this fact when we
said the phrase “each of the polygonal paths under approximates the length of the actual curve”
right before stating Definition 5.3.1. Although the above are rigorous proofs of the fact that the
straight lines are shortest paths in the plane from the perspective of the above definitions of
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arclength, it would be nice to see if there is a simple geometric reason behind why the straight
lines are the shortest paths in the plane.

The following is a qualitive and geometric reason behind why the straight lines are the only
candidates for the minimizing curves in the plane.?® Let us take any two distinct points in the
plane and call them p, and p,. Suppose that there was some curve y : [t,, t;] = R? between p,
and p, other than the straight-line segment between them that is shorter than or equal to any
curve between p; and p,. Let [ denote the line segment between p, and p,. Since y(t) is not the
straight line, we can find a time t, € [t,, t;] such that y(t,) is not on the line segment [ between
p, and p,. Now, take the projection g of y(t,) onto the line segment [ like so:

V(tz),
! D2

l

P/
™

y (@)

Draw two circles centered at the points p; and p, that go through q.

28 | thought of the following argument while sitting in the car of a family car trip. What’s better to do on a family car
trip than to daydream in math equations and diagrams!
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Notice that we can now throw away the portion of the curve that is not in the circles and take the
portions of the curves that are in each circle and rotate them so that the meet at q.

Notice that with this we were able to construct a shorter path between p, and p, because we
threw out a middle portion of the curve. But this contradicts the fact that y(¢) is a minimizing
curve (or “shortest path”) between p; and p, since y(t) being a minimizing curve means that no
shorter path between p, and p, should exist. We have a contradiction and thus y(t) cannot be a
minimizing curve. Thus this argument shows that the straight lines are the only candidates for the
minimizing curves in the plane. In fact, since we proved that the lines are minimizing curves
between points in the plane, the above argument gives the uniqueness to the minimizing curves
in the plane. Thus the line segment between any two points is the unique shortest path.

| do want to warn you that the above argument with the circles alone doesn’t prove that the
straight lines are the minimizing curves in the plane. Remember, in order to show that the
straight lines are minimizing curves in the plane you have to show that every other curve that
connects your two points is longer or equal to in length to the line segment. The above argument
however only shows that curves that are not line segments cannot be minimizing curves. But the
above doesn’t show that all non-line-segment curves are longer than or equal to in length to the
line segments. It turns out that it’s not too difficult to modify the above circles argument to
actually prove that the line segments are the minimizing curves in the plane. However, any
attempt to do so will inevitably lead you back to Definitions 5.3.1 and 5.3.2 of the arclength of a
curve and so one might as well just use the simpler proofs presented earlier in this section of this
fact.

The above technique with the circles however has much more value when you apply it to the
sphere where the question of what are the minimizing curves is much less trivial. Indeed, you can
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use the above technique to show that the only candidates for the minimizing curves on the sphere
are the great arcs (these are arcs obtained by intersecting planes going through the origin and the
sphere). One of the diagrams in the middle of your argument will look something like:

The two circles in the above picture are obtained by taking spheres centered at each of the
endpoints and then taking their intersection with the surface. In addition, it is possible to give a
separate argument that proves that the great arcs are actual minimizing curves on the sphere
which coupled with the above argument will give that the great arcs are the unique minimizing
curves between two points on a sphere.?®

The whole reason why the above arguments with the circles work on the plane and the sphere is
that both the plane and the sphere are spaces that possess a very nice symmetric property. Both
the sphere and the plane are radially symmetric around any point. I believe that no other surface
has this similar sort of symmetry property, but this doesn’t mean that this circles’ trick cannot be
applied elsewhere. Some surfaces may not possess such a symmetry property around every point,
but they may posses it at one point in which case this trick can be applied in a one-sided fashion.
To illustrate this point, let us take a surface of revolution S that is obtained by rotating a function
of the form z = f(x) around the z-axis. Let p, be the point (0,0,f(O)) and p, be any other point
on the surface. We can now ask the question: what is the minimizing curve from the point p, to

p2?

29 Care has to be taken with this statement since great arcs can go the long way around the sphere and the short way
between the two points. The minimizing curves are always the short way between the two points along a great arc.
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What is the D1
minimizing curve
between them?

Notice that p, has the mentioned symmetry property in relation to the surface. Indeed, the
surface S is radially symmetric around p;. It turns out that the answer to the question of what is
the minimizing curve between p, and p, is rather intuitive. In the context of the above surface of
revolution, which looks like a mountain, you just have start at p; and descend straight
downwards toward p, in order to walk upon the shortest path. In mathematical terms, if we
write:

b1 = (P1x: P1y»P1Z) = (0,0,f(O)),

b2 = (sz,sz,Pzz)-

Then the minimizing curve between p, and p, is given by the curve y : [0,1] —» R3 defined

by:%
y(©) = (sztlpzyt»f< ’Pz,zc + Pzit>>

on any such surface of revolution. And the way this is proven is by exploiting the symmetry of
the surface S around the point p;. You have to start by drawing circles centered at the z-axis and
that lie on the surface. From there, using these circles like before it is possible to prove that the
above curve is indeed the minimizing curve between p; and p,.

%0 This is only one of the many possible parametrizations for this curve.
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+——— Not the
minimizing
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Circles centered at
the z-axis and that
lie on the surface ~ 4

The argument is a bit tricky but not too difficult. In fact, since this argument is of a very
geometric nature it is possible to use this argument on more general surfaces of revolution that
are not simply generated by taking a function of the form z = f(x) and rotating it around the z-
axis. Surfaces of revolution that this argument works on for example include the sphere and so
this type of argument furnishes a nice proof of the fact that the great arcs are the minimizing
curves on the sphere. In Chapter 8 [see future edition of this book] we will talk about another
geometric way of finding minimizing curves, a method I like to call “the method of secants.”

Section 4: The Minimizing Curve Theorem

In this section we finally get to our first variational theorem in differential geometry: The
Minimizing Curve Theorem. This theorem characterizes a necessary condition that all
minimizing curves on surfaces must satisfy and thus provides a good way of finding them in
practice. Before we get to the theorem, let’s give a precise mathematical definition of a
minimizing curve.

Definition 5.4.1: Suppose that S is a smooth 2-dimensional surface sitting in R3 and let p, and
p, be any two distinct points on S. Then a curve y € C?[t,, t;] in R3 that lies on the surface is
called a minimizing curve between p, and p, if it connects the two points:

y(to) =p1 and y(t) =p,,

its derivative is nonvanishing, and for any other surface curve n € C?[t,, t,] that connects these
two points and whose derivative never vanishes, the arclength of y(t) is less than or equal to the
arclength of n(t):

Lly®] = LIn(®].
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In other words, a minimizing curve between two points on a surface is a surface path of shortest
arclength. The reason why we require that the derivatives of the curves involved don’t vanish is
to prevent the image of the curves from having awkward corners. In most situations the
minimizing curve is unique up to reparameterization, but this isn’t always the case. For example,
if our surface is the sphere and out two points are the north and south pole respectively, then by
the symmetry of the surface it clear that the minimizing curve between these two points will not
be unique, even up to reparameterization.

Notice that the problem of finding minimizing curves between two points is naturally a
variational one. In this case, finding the minimizing curve between two points is equivalent to
finding the minimum of the functional that returns the arclength of any curve that goes between
your two points. So using the Euler-Lagrange differential equation to try to find minimizing
curves on surfaces is the most natural approach to this problem. So let us do that in the following
theorem.

The main idea in the following proof came from something that Gelfand and Fomin presented in
their calculus of variations book.

Theorem 5.4.2 (The Minimizing Curve Theorem): Suppose that S is a smooth 2-dimensional
surface sitting in R3 and let p; and p, be any two distinct points on S. Suppose that y € C?[a, b]
is a minimizing curve between p; and p,. Then for any time t € (a, b), our minimizing curve
satisfies the minimizing curve equation:

Y@ - '@ xN)=0
where N is any nonzero normal vector to the surface at the point y(t).

Proof: To prove this theorem we will use the surface Euler-Lagrange vector differential equation
that we derived in Chapter 3 (Theorem 3.3.1). Let us take any time t, € (a, b) and show that the
minimizing curve satisfies the minimizing curve equation at time t = t, (in other words, our
strategy here is to focus on one time in the interval (a, b) at a time). Since S is a smooth surface,
by Theorem 4.3.2 there exists an open set V' that contains the point y(t,) on the surface such that
V n S is the level set of a C™ function g(x, y, z) whose gradient never vanishes on V' N S. Since
V' is open, by the continuity of y(t) we know that there exists some small time interval [a, ] S
(a, b) centered at t, such that y(t) is always inside of I/, and in particular inside of V n S, for all
times t € [a, B].
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The surface S

P1

|

Minimizing
curve y(t)

y(t) fortimes t € [a, S]

Sample curves in
the domain of J

Basically what we’ve done here is locally to y(t,) we represented the surface as the level set of a
C® function. Why did we do this? We did this because we’re about to apply the surface Euler-
Lagrange vector differential equation to y(t) at time t = t,. Let us form the arclength functional

I

B
Ju(®), v(®), w(t)] = J J(u’(t))z+(v’(t))2+(w’(t))2dt

where the domain of the functional is the set of C? curves (w(t), v(t), w(t)) that lie on the
surface S and that satisfy the boundary conditions of agreeing with the minimizing curve at times
t=aandt = g:

(w@,v(@),w(@) =y@ and (u@),v(B)wp)=r®),
(W@, v' (@ w'(@)=y'(@) and (W' (B),v'B)Lw'B)=7'(B),
(W@, v"(@),w"(@)=y"(@) and (u"(B),v"B),w"(B))=r"(B).

We need all possible derivatives (0 through 2) of the curves in the domain of J to agree with the
minimizing curve to make the following claim: the restriction of the minimizing curve y(t) to
the time interval t € [a, 8] is a local minimum of the functional . The reason why this is true
should be clear (a least on an intuitive level). If it were not true that the restriction of y(t) tot €
[a, B] is a local minimum of ], then arbitrarily close to this restriction would exist a curve
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(%(t), 5(t), w(¢)) in the domain of J that has a shorter arclength than y (t) between the points
y(a) and y(B). But then we could construct the curve:

y@® if télapl
(@), v(), w(t)) if te€lap]

and notice that this new curve is still C? (because of the above boundary conditions imposed on
the curves in the domain of J, like (a(t), 7(t), W(t))) and that it has a shorter arclength than

v (t) between the points p; and p,. But this contradicts the fact that y(t) is a minimizing curve
between p; and p,. So the restriction of y(t) to t € [a, 8] indeed must be a local minimum of J.

o

Great! The fact that the restriction of y(t) to t € [a, #] is a local minimum of /] means that it
must be a solution of the surface Euler-Lagrange vector differential equation of this arclength
functional. Let (uo(t), vo(t), wo (t)) denote the restriction of the minimizing curve y(t) onto the
interval t € [, B]. Let F, as in our usual notation, denote the integrand of the integral in the
definition of J. Since (uo(t), vo(t), wO(t)) is a local minimum of J, according to Theorem 3.3.1
it must satisfy the equation:3!

Vs [uo(£), vo(£), wo (£)] = A(t)Vg (uo (), vo (), wo (t))

ont € (a, B) for some real valued function A : (a, B) — R. Let’s calculate the left-hand side of
the above equation:

o0F d /0F\ 0F d (0F\ 0F d /0F
Vs/ [ (0), vo (£), wo()] = %‘E(ﬁ)'%‘&(ﬁ)'%‘&(ﬁ) :

Since the integrand F does not have u, v, w in it, we have that Z—z, Z—:, and g—i are all zero and so:
d (OF\ d (0F\ d [0F d (OF O0F OF
Vollia (0, o (B wo ()] = = (a (W)'E(W)'E(W)) =~ 3t 5w 57 5

o v i
dt

3L There is subtlety that is used here. Technically the way we stated Theorem 3.3.1, we need the whole surface to be
the level set of a function g. But notice that that is stronger condition is never used anywhere in the proof of
Theorem 3.3.1 and that its proof works equally well in the situation where every point on the locally minimizing
curve is in the interior of the place on the surface where the surface is represented as the level set of such a function
g. Here this is the case since every point of (u0 (1), v (t), wy (t)), the restriction of y(t) to [a, 8], is in the interior
of V which is where the surface is represented as the level set of the function g(x, y, z).
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/ (uo, v, Wo) _ (ug, vo, wp) d

dt . adt

Notice that \/ug,z +v5% + w? is never zero since (uo(t), vo(t), wo(t)) is the restriction of the

(uo, vo, wo).

minimizing curve y(t) to [a, B] and by definition the derivatives of minimizing curves never
vanish (see Definition 5.4.1). So we get that out surface Euler-Lagrange vector differential
equation can be rewritten as:

(ug, vy, wo') d \

2 2 dt

Since (uo(t), vo(1), wo(t)) is the restriction of y(t) to [a, B], over t € (a, ) the above equation
can be rewritten as:

(up, v, wg) = A(OVg(u®), v(D), w(t)).

Y )

Solving for y"'(t) finally gives that:

d
y"(®) = =lly' ®©OIA©vg(y(©®) - lly' @1l — Iy @17y @©.

In particular, this equation holds at time t = ¢,:

v (&) = =lly' t)lIAt) Vg (r (to)) — lly’ (to)ll—(ll)f O v (&)

t=tg

Now, let N be any nonzero vector that is normal to the surface at the point y(t,). Let’s take the
vector dot product of both sides with the vector y'(t,) X N:

v (to) - (' (to) X N)

( Iy’ ) 14(t0) Vg (¥ (t0)) = NIy’ (to)II U0l D - V’(to)> (¥'(t) X N).

0
By definition of the vector cross product, clearly y'(t,) L (y'(ty) X N). By our discussion in
Section 3 of Chapter 4, we know that Vg(y(to)) is a perpendicular vector to the surface S at the
point y(t,) and so it is linearly dependent with N (they both span the space that is perpendicular
to the tangent plane T, )(S)). So we have that Vg(y(to)) L (y'(ty) X N) as well. Now, using
the distributive property of the vector dot product on the right hand side of the above equation,
the two facts y'(to) L (¥'(to) X N) and Vg(y(te)) L (¥'(te) X N) imply that the right hand
side becomes zero:
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Y (o) - (' (te) X N) = 0.

Thus the minimizing curve y (t) satisfies the minimizing curve equation at time t = t,! Since t,
was an arbitrarily chosen time in the interval (a, b), with this we have proven that our
minimizing curve y(t) satisfies the minimizing curve equation on all of (a, b).

With this we have proven the great Minimizing Curve Theorem. This theorem has a very
personal connection to me because when | derived it using the calculus of variations in the
summer between my second and third year at the University of Washing | finally got
confirmation that the guess for the differential equation for minimizing curves that | made 1.5
years before using the principles of strings was correct. It was a triumphant moment for me!

The first time | proved the above minimizing curve theorem I did it in a very different
parametrization. At the time | represented all of my surfaces almost exclusively as the graph of a
function z = f(x, y) and my surface curves in the form:

y(0) = (x,y(0, f(x, ()

(this kind of representation can always be done locally to any point of a surface curve). In this
parametrization the arclength functional has the form:

X1

][y]=j

X0

2
d d
1+ (y(x))2 + (% (%, y(x)) + %(x,y(x))y’(x)) dx.

| then proceeded to apply the basic Euler-Lagrange differential equation (Theorem 1.3.3) to the
above functional in order to find the minimizing curve differential equation. The calculation
turned out to be of frightening length and I described its nature as the following in a
correspondence to someone:

“You will get an enormous expression. In fact many of the terms in the resulting
expression will cancel out. To give you an idea of how big this expression gets,
approximately 262 terms cancel out. And I did it all by hand! I never used the aid
of a computer to solve this problem. But I will admit one thing however that | did
do some tricks in the middle of the algebra so that I didn’t have to cancel out all
262 terms. In my algebra | ended up only canceling out 52 terms (I got a lot better
at doing long algebraic calculations without making mistakes). But still, that was
a lot of work. In the end you get that the above Euler-Lagrange Equation becomes
[here the partials of f are being evaluated at (x, y(x)) and | omitted writing the
argument of y(x)]:

o°f of 0°f of 9*fof\ 2 o’fof _ 9°f of\ ,5 O fOf .
2Ly 4 22— L )yt 25— 22— |y -2y
dx? dy dxdydy 0x?0x dy? dy 0x0y 0x dy? 0x
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af\* | (9f\°
w214 (L) 4 (Z) )y o
< 0x ay yy
A quite short equation in fact... [After some manipulation] you will get that the
above equation can be turned into the form:

of (af of ) ) " (af 6f> a’f 9% o’f af AT
( ax 6x+6yy L)y + ox ay/ \ax? +26x6yy +6y v ayy =0
| was ecstatic when | finally did this calculation at the time because it finally confirmed the guess
that I made one and a half years ago about the differential equation for the minimizing curve. |

later went on to think of three more proofs of the above theorem including the one | presented to
you above.

Note 5.4.3: A very important equation for the minimizing curves on surfaces is in the special
case when the minimizing curve is unit speed parametrized. In our definition of minimizing
curve, we allowed our minimizing curve to be parametrized in any way we like as long as the
derivative never vanished. However, it turns out that in many situations in differential geometry
unit speed parametrizations of curves are very useful because they can often help shorten
calculations that would otherwise be longer if we did them instead using non unit speed
parametrizations of the same curve. This never presents an obstacle because theoretically it is not
hard to show that any minimizing curve as in Definition 5.4.1 can be reparametrized to be unit
speed. Indeed, let y : [a, b] = R3 be a minimizing curve as in Definition 5.4.1. Consider the
arclength function:

t
s(t) = f ol

Since our definition of a minimizing curve requires that y’(t) never vanishes, we have that
[ly'(t)|] is always strictly positive and thus the above equation implies that s(t) is a strictly
increasing function. Notice also that by the Fundamental Theorem of Calculus we also know that
s(t) is differentiable. So s(t) being strictly increasing and differentiable implies that it has a
strictly increasing differentiable inverse t(s). Now we can form the new parametrization y(t(s))
of our minimizing curve and notice that now this curve is unit speed:

d 1 1
| (e = ¢ @l Nl = 55 b N = el Nl =1

And notice that reparameterization of minimizing curves still leave the curve a minimizing curve
since the arclength function is invariant under curve reparameterizations and the derivative of
unit speed curve never vanish. So we get that all minimizing curves as in Definition 5.4.1 can be
reparametrized to be unit speed.?

32 In fact this trick of reparametrizing into a unit speed parametrization using the arclength function is a standard
technique that works on all curves whose derivative never vanishes, not only on minimizing curves.
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Great, let’s then see what nice form the minimizing curve equation takes when we parametrize
our minimizing curves to be unit speed. Suppose that y(t) is a minimizing curve with a unit
speed parametrization. The minimizing curve equation that y(t) satisfies is:

Y'@®- ('@ xN®)=0

where N(t) is some vector-valued function such that at each time t € (a, b), N(t) is a non-zero
vector that is perpendicular to the surface at y(t). As | mentioned at the end of Section 2, the
above equation can be reinterpreted in that it says that the vector y"'(t) has to always lie in the
plane spanned by the two vectors y'(t) and N(t). One nice property of unit speed curves is that
the second derivative y"'(t) is always perpendicular to the tangent vector y’(t). The intuitive
reason for this is that if y” (t) did have a nonzero component in the direction of y'(t) at some
point in time, then the curve would accelerate or decelerate at that time while we said that the
curve has constant speed one. Mathematically this can be shown by (the first equality below
holds because ||y’(t)]|? is constantly one):

d ) s o (e
0= V@I =72('©®-v'®) =2/ v"®.

Soy'(t) -y"(t) = 0 and thus they are perpendicular. So the above fact that y"'(t) is in the span
of y'(t) and N coupled with the fact that y''(t) L y'(t) tells us that y"'(¢t) is linearly dependent
with N. So y"'(t) is perpendicular to the surface! With this we get a new principle: the unit speed
parametrization of a minimizing curve satisfies the property that its second derivative is
constantly perpendicular to the surface.

This is an elegant formulation of minimizing curves because it gives a very simple form to the
differential equation that minimizing curves must satisfy in their unit speed parametrization. It
for examples allows us to write down the differential equation for minimizing curves in a surface
parametrization. Let us take a unit speed minimizing curve y(t) and a surface parametrization @
that the minimizing curve enters the range of for some time interval t € [«, B]. Let:

(w(@®,v(®) = 27 (y(®)

be the preimage of the minimizing curve under the surface parametrization for times t € [a, £].
By Lemma 4.2.10 we know that (u(t), v(t)) is C* and so we can do calculus on this curve.

Now, let’s compute y''(t) from the perspective of the surface parametrization. Let N (u, v)

ad 9D ,||0D _ 0D : .
denote the Gauss map N = PR E/ ”E X E”' We have that (in the following, wherever |

omit writing the arguments of the partials of ®, N, and the Christoffel symbols, they are being
evaluated at (u(t), v(¢))):

V”(t)=:—:2(cb(u(t),v(t))):i(aq’ , 0% )

dt\ou " T v’
L0, 0% 0%, 09, 00
B auZ” auav”” avzv au“ va
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L0 90 (0D 0D i
:(Flla_u'i'l—‘ll%_eN)u +(F12E+F12%_f1v>uv

L0 9D 2 00 D
+(F22%+F22%—QN>U +Eu +%U

0P 0P
= (" + Thu'? + TLu'v' + Thv'?) P (v" + TAu? + THu'v' + I‘zzzv’z)%

—(euw? + fu'v' + gv'*)N.

oD oD . . . oD oD
The vectors P and N are linearly independent and thus form a basis of R3 (ﬁ and -, are

linearly independent by condition 3 of a surface parametrization and N is linearly independent
from these two since N is perpendicular to these two vectors). Now, the fact that y"'(t) is always
perpendicular to the surface, and thus linearly dependent with N, tells us that the above equation
implies that the following two equations hold for all t € [a, S]:

2 2

u” + Thu'* + ThLu'v' + THLv' =0,
2 2

U” + Flzlu’ + Flzzu’U, + Fzzzvl = 0.

This system of differential equations is the minimizing curve differential equation for unit speed
minimizing curves. This system of differential equations is of utmost importance in differential
geometry. The fact that it is expressed entirely in terms of the entries of the metric tensor (see
end of Section 6 of Chapter 4) for example shows that geodesics are mapped to geodesics under
isometric maps.

I remember | once saw a cartoon of Einstein writing equations on a blackboard on a National
Geographic magazine and | instantly recognized the equation that he was writing. He was
writing a form of the above system of differential equations for unit speed minimizing curves. He
of course was writing it in physicist notation:

d2y7L+ ) d_)/“d)/v _
dt? B dt dt

(see: https://en.wikipedia.org/wiki/geodesic). But the meaning of this equation is exactly the
same as what we wrote above. Actually, in his notation this equation applies to more general
situations such as when the surface is of higher dimensions and is sitting in higher dimensional
space with codimension possibly being bigger than one (terms to be defined later). But in our
situation this equation in his notation distills to the exact same thing that we have. Einstein has a
very specific enumeration notation which I am not particularly a fan of. For example, in the next
chapter the system of differential equations for minimizing curves will take the form:

n
vme{12,..,n} u, + Z (Flzn]ul’(uj’) =0.
K,j=1
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However, in Einstein’s notation one doesn’t specify what the indices 4, i, and v run over and he
doesn’t even put a £ sum symbol in his equation! To each his own | guess.

One of the cool things about learning mathematics is that as time progresses you are able to read
more and more complicated mathematical texts. As a small lad | was very interested in
minimizing curves and | remember visiting the Wikipedia page on minimizing curves but never
understanding any of the equations. After deriving the above system of differential equations for
minimizing curves, | remember that | was happy that | was finally able to start understanding
those complicated looking equations that intimidated me all those years ago.

Note 5.4.4: An interesting way to verify that we’re getting the right results is to see if the system
of differential equations for unit speed minimizing curves in a surface parametrization indeed
satisfies the Euler-Lagrange differential equations for the arclength functional expressed in terms
of a surface parametrization. Let & be a surface parametrization. The arclength functional over
the space of curves (u(t), v(t)) in the domain of @ is given by:

Jlu@®),v(®)]

B
- f \/ E(u(®), v(®))(w (®))” + 2F (u(t), v(©))w (v’ (£) + 6 (u(®), v(D) (v’ (D) dt

(the fact that the integral on the right-hand side is the arclength integral in a surface
parametrization was discussed in Chapter 4 Section 5). Let’s calculate the system of Euler-
Lagrange differential equations for the above functional (Theorem 2.2.5) (in the following I omit
writing the arguments of E, F, G, they are being evaluated at (u(t), v(t)); | also use the
Newtonian partial notation to write down the partials of E, F, and G):

0
u

0

ou’

(VEu? + 2Fuv' + Gv'?) - %(

(\/Eu’z +2FUY + Gv'2)> =0,

i(\/Eu’2 + 2Fu'v’' + Gv’z) — d ( g

— 12 [ 12 —
. = av,(\/Eu + 2Fu'v' + Gv )) 0.

Let’s first calculate the first Euler-Lagrange differential equation above. We have that:

0
ou'

0
u

(\/Eu’2 + 2Fu'v’' + Gv’z) —%( (\/Eu’2 + 2Fu'v' + Gv’2)>

1 E,(u)?+2Eu'v' + G,(v)? d E-u+F-v
T2 JE@W)? + 2Fu'v' + G(v')? - %<\/E(u’)2 + 2Fu'v' + G(v')? )
Eu'? + 2E,u'v' + Gyv'? (B + E,vu’ + (Bu' + BEv)v' + Eu" + Fv” N
\/E(u’)z + 2Fu'v' + G(v')? \/E(u’)z + 2Fu'v' + G(v'")?

1
2
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(Eu' + Fv)((Eu' + E,v)u? + (Fu' + Ev)u'v' + (Gu' + G,v')v'?)
2JE(u)? + 2Fu'v' + G(v')? ’
(Eu + Fv")(2Eu" + Fu''v' + Fu'v"” + ZGv”)
2¢E()? + 2Fu'v’ + G(v')2

3
Multiplying through by 24/E (u')2 + 2Fu'v’ + G(v')?  gives:
(E,u" + 2Fu'v' + Guv'? — 2(Eu’ + E,vu' — 2(Bu’ + Bv')v' — 2Eu” — 2Fv")(Eu'?
+ 2Fu'v’' + Gv’z)
+ (Eu' + Fv') ((Euu’ + E,v)u'? + (Fu' + Ev)u'v' + (Gu' + Gv)v'?
+ 2Eu" + Fu''v' + Fu'v"' + ZGv”) = 0.

Expanding all of this out and then collecting and cancelling out terms (there is a lot of
cancellation that goes on: specifically 35 terms cancel out!) gives that the above equation
becomes:

(—E,F — E,E + 2F,E)u"*v' + (2G,E — E,G — 3E,F + 2F,F)u’*v'”
+(3G,F — 2E,G — 2F,F + G,E)u'v'> + (G,G — 2E,G + G,F)v'* — 2(EG — F>)u''v'?
+2(EG — F)u'v'v" = 0.

Now, if we plug in the equations for the Christoffel symbols derived at the end of Section 6 of
Chapter 4 you will get that:

(EG — F?)(2TZu"v' + 2(2T% — Tiu*v'? + 2(Tf — 2T5)u'v'® — 2T,v"* — 2u""v'?
+2u'v'v") = 0.
Or dividing through by (EG — F?) gives us that:
2F2u"v" 4+ 2(2r% — Thu'*v'® + 2(T4, — 2IL)u'v'® — 2Tk v'* — 2u"v'? + 2u'v'v" = 0.
Now if calculate the second Euler-Lagrange differential equation above you will get that:
2T u'v'® + 22T, — T)u"*v'? + 2(TY — 2I3)u"*v' — 2FZu'* — 2u'*v" + 2u'v'u” = 0.

It’s actually possible to arrive at the above equation without actually going through a similar
calculation as above by just arguing that the symmetry of the variables u and v imply that the
expanded form of the second Euler-Lagrange differential equation must have the above form. So
we get that our system of Euler-Lagrange differential equations becomes:

12 12

2F2u"v' + 2(2r% — Iiu'*v"? 4+ 2(T4 — 2IL)u'v'® — 2rLv'™* — 2u/"v'? + 2u'v'v" = 0,

2T5u'v"® + 2(2T, — TR *v'® + 2(0Y — 2r3)u’’v’ — 2r3u' — 2u'v” + 2u'v'u” = 0.
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Divide through the above two equations by 2 and then a little bit of rearranging gives that the
above two equations become:

(v" + TAu? + 2T5u' v + THv" 2 Ju'v' — (W + Thu'? + 2Ihu'v' + Thv' 2 )v'? = 0,
(u" + THu' + 2T u'v' + THv* Ju'v' — (v + THu'? + 2I%u'v' + TEHv' )u'? = 0.

Notice that in each equation sit the two quantities u” + ' u'? + 2TLu'v' + TLv'* and v"’ +
rZu'? + 2r3u'v’ + Tv'?, which unit speed minimizing curves makes equal to zero. So all
unit speed minimizing curves satisfy the Euler-Lagrange differential equation for the arclength
function expressed in terms of the surface parametrization, as it should! So our theory holds.

| once wrote the above calculation in a correspondence to someone and | remember that | had
trouble fitting some of the equations on some of the pages in that letter. I didn’t know what to do
at the time; 1 could have for example made the font smaller. | instead however ended up rotating
the pages horizontally in the middle of the letter so that | could fit some of the equations better
(including some very long fractions). As one can witness from the above calculation, differential
geometry is a field that has the charm that many of its discoveries and proofs are attained by long
and elegant calculations. To some this might seem like a daunting property of this field of study,
but for others such calculations are a source of excitement.

Section 5: Minimal Surfaces

Another very interesting variational topic in differential geometry is the topic of minimal
surfaces. Minimal surfaces, colloquially speaking, are surfaces that minimize surface area while
satisfying certain boundary conditions. A simple version of the classical minimal surface
problem was given in Example 2.4.12 in Chapter 2. There we were finding a necessary condition
for a graph of a function that satisfied certain boundary conditions and that generated the surface
of minimal surface area. The Euler-Lagrange differential equation that we derived for the surface
area functional there was:

hax (1 + h2) = 2R hyhyy, + By, (1 + h2) = 0.

Which remember was simplified from its equivalent from:

~hyx (1 +h3) + 2hyhy hyy — by, (1 + RE) 0

J1+hZ+ h§3
By Example 4.4.5 in Chapter 4 we know that this quantity is equal to 2 times the mean curvature
of the surface: 2H. So the above equation really tells us that the minimal surface generated by
the extremum h of the surface area functional has to satisfy the condition that its mean curvature
is constantly equal to zero: H = 0. This in fact almost proves the Graph Version of the Minimal
Surface Theorem. In the following theorem we basically do what we did in Example 2.4.12
except here the region Q is no longer a unit disk but a more general open set.
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Theorem 5.5.1 (Graph Version of the €2 Minimal Surface Theorem): Let QO € R? be a
compact subset of R? that Green’s Theorem applies to. Suppose that () is the closure of its
interior and that its boundary 0} is a set of zero Jordan content. Suppose also that we have a
function of the form f : dQ — R and that the set:

{(x,y,f(x,)) € R®: (x,y) € 00}

can be parametrized by a non-singular 2 curve y(t) in R3. This will serve as our boundary
conditions for the function in the domain of our functional. Let J be the surface area functional:

= ff ’1+h,2€+h32,dxdy
0

whose domain is the set of functions h € C2[Q] that satisfy the boundary conditions:

h(x,y) = f(x,y) if (x,y)€0Q

(in other words, the h'’s pass through the curve y(t) above 9(Q)). Now, suppose that h, is a local
minimum of the surface functional /. In other words, colloquially speaking the graph of h,
generates a surface that minimizes surface area and that satisfies the boundary conditions of
agreeing with the space curve y(t) at the boundary. Then, the surface generated by the graph of
hy has constantly zero mean curvature over 2 (here | omit writing the arguments of the partials
of hy):*

2
H(x y) _ _lhoxx (1 + hO ) - Zhoxhoyhoxy ;l‘ hoyy(]. + hox) 0.

2
\/1 +ho + ho),

Proof: The proof of this theorem is exactly the same as what we did in Example 2.4.12. The
Euler-Lagrange differential equation for J here is given by (Theorem 2.4.4):

8 ) 2

If you calculate out this expression as we did in Example 2.4.12 you will get that the above
expression becomes:

—hax (1 + h3) + 2hehyhyy — hyy (1 +BD)
,/1+h,%+h§

Multiply both sides by 1/2 to get that:

33 Technically we only defined curvatures for smooth surfaces and not surfaces generated by graphs of €2 functions.
But what we can do is just extend the definition of the surface curvatures to such C? surfaces by just setting their
curvatures equal to the expressions for the Gaussian and mean curvatures derived at the end of Example 4.4.5.
That’s what we’re doing here with the mean curvature.
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_ Lhe(1+h)) — 2hehyhyy + hyy 1+ hT) 0

2 JITRZ TR

So the local minimum h, must satisfy the above differential equation over (, of which the left-
hand side is the expression for the mean curvature.

It is possible to prove the above theorem for smooth surfaces by considering h € C*[Q]. We
cannot however do that here automatically because technically our surface Euler-Lagrange
Theorem (Theorem 2.4.4) only applies to functionals over spaces of functions in C2. However it
is not hard to generalize the proof of Theorem 2.4.4 so that it applies to h € C* and in fact the
only thing that’s needed to do this is to prove a C® version of Lemma 2.4.2. The way this is done
is by replacing the m in that lemma with co and thinking of an equation for a C* spike in the
proof of that lemma. There are many ways to write down an equation for a C* spike centered at
a point (x, y,) € R? and one classical way to do such a thing is by setting:

1
h(x,y) = (€GO if - (x,y) € B.(xo,¥0),
0 if (%) B(x0Y0)

And a similar thing goes for the higher dimensional version of Theorem 2.4.4 (Theorem 2.4.8).

Minimal surfaces appear in the study of soap films because soap films in the absence of pressure
configure themselves to take the form of minimal surfaces. The physical reason for this is that
the surface energy of a soap film is proportional to its total surface area and so soap films in their
effort to minimize their total surface energy try to minimize their total surface area.
Demonstration of this phenomenon can be done by taking a closed looped metal wire, deforming
it, submerging it into a soap fluid, and then taking it out. We all did a special case of this by
taking a small circular hoop (usually on the end of a stick), submerging it into bubble fluid, and
then taking it out to blow on it in order to form bubbles. Remember that as you take out the
circular hoop you get that the fluid forms the surface of a portion of a plane. Indeed this is so
because the minimal surface that satisfies the boundary condition of intersecting some set that
lies in some plane (such as a circular hoop) is a portion of a plane itself. Another such interesting
demonstration is if you use the soap fluid to form a soap film that goes between two circular
hoops. If the circular hoops are positioned just right, you will get a catenoid surface of
revolution. These surfaces also turn out to have mean curvature zero.

Section 6: Global Gauss-Bonnet Theorem

The Gaussian curvature turns out to have many magical abilities when it comes to describing the
nature of surfaces. Yes, describing the curvature a surface is one ability in its repertoire, but it
turns out that it can do so much more. In my opinion the most beautiful theorem that I’ve seen
involving the Gaussian curvature is that the difference of the sum of the angles (in radians) of a
small surface minimizing curve triangle and = is equal to the surface integral of the Gaussian
curvature within the triangle. This is called “Gauss’s Theorem on the Sum of the Internal Angles
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of a Small Minimizing Curve Triangle.” A minimizing curve triangle is defined as taking three
points on a surface and connecting each pair of points by their corresponding minimizing curves.
The resulting region will be a surface triangle, something like:

S Surface
Minimizing curve

Minimizing curve triangle region T

Gauss’s theorem then says that:

91+92+93_H=JjKd0
T

where the integrand of the surface integral on the right-hand side is the Gaussian curvature as a
function of points on the surface (in other words, the right-hand side is the surface integral of the
Gaussian curvature over T). This a powerful theorem that is not easy to prove and a slight
generalization of this is a fundamental result that’s used to prove this theorem on more global
scales and on more complicated regions such as “surface polygons.”

Minimizing curve triangles are very natural generalizations of the notion of triangles. In normal
Euclidian 2-dimensional geometry, what is a triangle? A triangle is a figure with three sides
where the three sides are lines. And what are lines in the plane? They are paths of minimal
arclength. In other words, the three sides of a triangle in normal Euclidean geometry are
minimizing curves. So it is a natural choice to define triangles on surfaces as triangles whose
sides are minimizing curves. It turns out that in differential geometry other types of surface
triangles are very interesting to consider and so in order to be precise, we call such triangles
“minimizing curve triangles.”

Gaussian curvature surprisingly also has the ability to describe the global characteristic of a
closed surface. Intuitively this ability is described as follows. The total Gaussian curvature of a
surface S is defined as the surface integral of the Gaussian curvature over the entire surface:
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K[S] =#Kda.
S

Take any surface S that has both an interior and an exterior, such as a sphere, ellipsoid, or a
torus. Then the total Gaussian curvature K[S] can only be a value in the following discrete set:

41,0, —4m, —8m, ...

And intuitively the rule for what the value of the total curvature of a closed surface is given by
the following:

1.) If the surface S can be obtained by continuously deforming and stretching the sphere,
then its total Gaussian curvature K[S] = 4.

2.) If the surface S can be obtained by continuously deforming and stretching the torus, then
its total Gaussian curvature K[S] = 0.

3.) If the surface S can be obtained by continuously deforming and stretching the double
torus (torus with two holes), then its total Gaussian curvature K[S] = —4m.

4.) If the surface S can be obtained by continuously deforming and stretching the triple torus
(torus with three holes), then its total Gaussian curvature K[S] = —8m.

(the rule goes on following the pattern: quadruple torus, quintuple torus, etc.). The precise
statement and proof of the above fact is beyond difficult and is a corollary of a theorem called
the Global-Gauss Bonnet Theorem. The above is really an amazing fact because it partly says
that no matter how your closed surface looks like, the Gaussian curvature will distribute itself
along the surface so that the integral of the Gaussian curvature over the whole surface will
always be a member of the discrete set {4m, 0, —4m, —8m, ... }.

We will prove a bit weaker form of the above fact that will yield to our variational theory.
Intuitively what we’re going to prove is that for any closed surface that can be obtained from one
of the above fundamental surfaces (i.e. the sphere, the torus, the double torus, etc.) via many
local deformations, the total Gaussian curvature of the surface will be the same as that original
fundamental surface. And they way that we’re going to prove this is by showing that the total
Gaussian curvature is invariant under such local deformations.

The local deformations that we will be working with will involve locally deforming surfaces
using graphs. We shall call such local deformations “smooth local graph deformations” and
intuitively all they do is they deform the surface in a small neighborhood using flows written in
forms of graphs. Let’s precisely define them as follows.

Definition 5.6.1: Let S be a smooth 2-dimensional surface sitting in R3 and p € S be any point
on it. In an open neighborhood V of p, S can be represented as the graph of a C* function of the
form f : U > R where U € R? is some open set. Let’s suppose that f is of the form z = f(x, y)
(this definition is similar in the other two cases y = f(x,z) and x = f(y, z)). Let’s also suppose
that our open set V is of the form U X (a, 8) (a set theoretic cylinder), which can always be
arranged by choosing our U and («, 8) small enough.
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Now, let p,,, be the projection of p onto the x-y plane. Since p,, € U and U is open, there exists
an open ball B, (p,,) centered at p,,, such that B, (p,,) S U. Ok, let g € C*[U] be any function
such that g vanishes outside of B, /,(px, ) (note the r/2). Let A : U X [0, a] — R be the co-
smooth linear flow defined by:

Alx,y,t) = f(x,y) + g(x, y)t.

where for each t € [0, a] the graph of A(x, y) is inside of V (we will prove after this definition
that we can always choose a > 0 small enough so that this holds). Finally, for each time t €
[0, a] let S(t) be the surface defined by:

S =EC\VNU{(xy,z)ER3:(x,y) €U and z = A(x,y,t)}.

The function §(t) is called a smooth local graph deformation of S. The surface S(a) is the
surface that S = §(0) deforms to under this deformation.3*

Wow, that was a lot of technical confusion! Let’s break it down a little bit. In the above
definition we started off with a smooth surface S and a point p € S on it. We then took an open
set theoretic cylinder (kind of like a cylinder except that the base is some open set rather than a
disk) as an open neighborhood of p in which the surface is the graph of a function f : U — R of
the form z = f(x, y) (the above definition in the cases y = f(x, z) and x = f(y, z) are defined
similarly).

34 In the other two cases of where f is of the form y = f(x, z) or x = f(y, z), the formula for §(t) is similar. They
are respectively S(£) = (S\ V) U {(x,y,2) ER3: (x,2) EU and y =A(x,z,t)}andS(t) = (S\V)U
{(x,y,2) ER3: (y,z) €U and x = A(y,zt)} where U are in their appropriate spaces.
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The surface S
The open set

cylinder V \

The graph of A at some time
€ [0, a]. A distorts the
surface S locally to p and
we want to choose a > 0
small enough so that
the graph of A
always stays
inside of V.

The intersection
of S(t) and V.

e —_——

The ball B,.5(pxy) The point p

The point p,,,

Then we took any C function g over U that satisfied the boundary conditions of vanishing
outside the small ball B, , (pxy) and then we considered the linear flow A(x, y,t) = f(x,y) +
g(x, y)t for t in a small enough interval [0, a]. Small enough meant that we wanted the graph of
the flow to always remain inside of the above cylinder. The reason why we can choose such a
small enough a > 0 to satisfy this is the following. The closest distance that the graph of f over
By/2(xy) €ver gets to the “floor” or the “ceiling” of the set theoretic cylinder V is given by
(remember the z-values of the floor and the ceiling of V are @ and 8 [see again the above
definition]):

d=min{ min {If(x,y)—al},( min {Iﬁ—f(x,y)l}}-

(x'Y)EBr/Z(pxy) x:)’)EBr/z(pxy)
By the Extreme Value Theorem, we know that this quantity exists and that there exists a point
(x0,¥0) € Br/2(pxy) such that either:
|f (x0,¥0) —a| =d or 1B — f(x0,y0)| = d.

Since (xo, Yo, f (xo, yo)) lies in the interior of V it’s contained in some ball contained in V and
thus d > 0. In other words, we have that both the “distance” between the graph of f and the
floor of VV and the “distance” between the graph of f and the ceiling of IV are bigger than some
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positive constant (d to be specific). Now, as you start to let t vary from t = 0, the closest the
graph of A(x, y, t) will ever get to the floor or the ceiling of V is similarly given by:

min{ min___ _{|A(x,y,t) — al}, min __ {|f —A(x,y, t)|}} =
(x,Y)EBr/z(pxy) (XJ’)EBr/z(ny)

min{ min__ {|f(x,y)+g,y)t—al}, min__ {|f -y +g(x y)t)l}}-
(%,¥)EBr/2(pxy) (%,)EBy)2(Pxy)

At t = 0 this quantity is equal to d > 0. And since this quantity varies continuously in terms of
t, we get that we can choose a small enough a > 0 such that for t € [0, a] the above quantity
still remains positive. This means that for all t € [0, a], the graph of the flow A(x, y, t) will
always stay inside of the set theoretic cylinder V and thus such an a > 0 indeed always exists.

From here in the above definition we formed the function §(t) which for every time t € [0, a],
S(t) was the set:

SO =EC\NU{lx,y,z)eR3:(x,y) €U and z = A(x,y,t)}.

This is really just the set obtained by taking the surface S outside of V and taking its union with
the graph of A(x, y, t) over U. By using the local graph definition of a smooth surface, it
shouldn’t be too hard to see that for each time t € [0, a], S(t) is a smooth surface. This really
comes from the fact that for each such time ¢, A(x, y, t) matches up with f outside of B,., (pxy)
(since g vanishes outside of this ball) and Br(pxy) C U and thus the graph of A(x, y, t) connects
smoothly with the portion of the surface S outside of V: S \ V.*° I will leave the filling of the
details of verifying that S(t) is a smooth surface to the reader (it shouldn’t be too hard, look at
the local graph representation of S(t) at each point on it; Draw a picture like above!).

Notice also the important observation that §(0) = S. Visually if you would play an animation of
what §(t) looks like as t runs from t = 0 to t = a you would essentially see our original surface
S being locally deformed at p and that $(t) is S at t = 0 and it smoothly deforms to the surface
S(a)att =a.

With this idea of a deformation, we are now ready to prove a version of the above corollary of
the Global Gauss-Bonnet Theorem.

Theorem 5.6.2 (Invariance of the Total Gaussian Curvature under Smooth Local Graph
Deformations): Suppose that S is a smooth 2-dimensional surface sitting in R3 and that S (¢) is
a smooth local graph deformation of S defined over the interval t € [0, a] where a > 0. Then,
for any t € [0, a], the total Gaussian curvature of §(t) is equal to:

K[S(t)] = K[S].

% This is in fact why | concentrated on the bit smaller ball B, ,(p,, ) rather than the ball B, (p,, ) which merely fits
inside of U. This way A(x, y,t) has “room” in B,(Pxy ) \ By2(Pxy) to smoothly connect with the surface S outside

of V and thus §(t) is a smooth surface, which can be seen by looking at this surface locally at each point using
graphs of smooth functions.
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In other words, deforming a surface using smooth local graph deformations doesn’t change its
total Gaussian curvature.

Proof: Let’s suppose that our local graph deformation §(t) is of the form:
SO =E\VU{(xy2z)eR3:(x,y) €U and z = A(x,y,t)}
(this proof in the other two cases mentioned in Footnote 32 are done similarly). Let’s carry over

all of the notation that we had Definition 5.6.1 into this proof. In other words, let Br(pxy) c U,
f,g € C*[U] such that g vanishes outside of B, ,(px,), and:

Alx,y,t) = f(x,y) + g(x, y)t.

Att = 0, it’s obvious that K[S§(0)] = K[S] since §(0) = S. So let’s prove that K[S(t)] is
constantly equal to K[S] by just showing that its time derivative is constantly zero.3® We have
that:

d d

S(t)

It’s interesting to note that the task of calculating this derivative and showing that it is equal to
zero is fundamentally equivalent to showing that the Gaussian curvature is unchanging under
such a deformation. Outside of V our surface is not deforming in any way and so the total
Gaussian curvature there is unchanging. In other words, since there is no deformation happening
outside of V we have that:

d

2 Kdo|=o.
dt ?

SO\

So really, we can just rewrite the expression for the time derivative of K[S(t)] as:

d d d
a(K[s(t)]):% # Kdo + ﬁ; K do =a # Kdo |

SO\ sV s@®nv

This is nice because now we expressed the time derivative of K[S(t)] as an integral over a local
piece of the surface which by the way can be represented as the graph of the function A(x, y, t)
for every fixed t. In explanation, the piece of the surface S(t) N V is the graph of A(x, y, t) over
U and so we can rewrite the last surface integral in the above expression as (here | use the
Newtonian notation for partial derivatives):

3 For some of you, the theme of the methods of showing that two functionals are equal will be ringing here. 1l
mention something about this after the proof.
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_(K[S(t) ff J1+(A (x,y, t)) +(A (x,y, t)) dxdy |.

Plugging in the formula for the Gaussian curvature of a graph that we derived at the end of
Section 4 of Chapter 4, we get that the above integral can be rewritten as (here |1 omit the
argument of A and its partials; they are being evaluated at (x, y, t)):

AxxAW 2 2
—(1( [S(O]) 1+ AZ + A2dxdy
d y
P\ (1+03+ A§,)

Agx
[ =y
e JITAZ+ A2

Since we’re going to carry the derivative under the integral sign we, it would be nice to have our
domain of integration compact. Notice that the surface does not change outside of the ball

B3y /4(pxy) since g vanishes outside of B, /,(pxy) (37/4 is just some number I chose between
r/2 and r; we’ll soon see why we need such a radius). So the above expression is in fact
equivalent to:

d A A
—(K[s®) = XYY xy zdxdy |
dt dt = /_I-z{; ) 1+ AZ + AZ
3r/4\Pxy

Now that we have a compact region of integration, we will be able to carry the derivative under
the integral sign. If you just carry the derivative under the integral sign right now and compute
the derivative of the integrand, it will not be immediately clear that the above quantity is zero.
Indeed, you will not get that the derivative of the integrand is zero everywhere since the
Gaussian curvature is changing at each point under the surface deformation. In order to show that
the above quantity is zero you have to use the above integral’s behavior over the whole region of
integration and the crucial fact that the flow A satisfies the smooth boundary conditions of being

completely unchanging near the boundary of Bs, /, (pxy). We have in fact already done this sort
of analysis in Chapter 3 in Section 7 when we used the concept of the functional derivative in
order to compute quantities like above. So let’s apply those results here. A nice way to describe
the above derivative is to instead consider the following local “total Gaussian curvature

functional:”
hx x h3 ; x3 ;
ﬁ =

,/1+h2+h2

defined over the space of functions h € C* |B,.,,(p,, )| that satisfy the boundary conditions of
/ y

B3r/a (ny)

being equal to f(x, y) on the boundary 9B, , (pxy) and that all their first order partials are equal
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to that of f(x,y) on this boundary. Notice that we can now reformulate the equation above for
the time derivative of K[S(t)] as:

d d
—(KIS@D = = (IAD.

It’s easy to check that the restriction of A t0 B/, (pyy ) is a flow that stays inside of the domain J

(to see this just relook at the equation for A in terms of f and g again). But look, we know an
expression for the quantity on the right because we derived it in Theorem 3.7.1. By Theorem
3.7.1 we have that:®’

—(K BO)) ff L [AlAdxady.

B3r/a (pxy)

So if we show that % [A] = 0ont € [0,a], then we will get that the above equation implies that

the time derivative of K[S(t)] is also constantly equal to zero. So let’s show that g—fl = 0. This

task of showing the variational derivative of the local “total Gaussian curvature functional” is
equal to zero is in fact the variational theme behind the statement that the total Gaussian
curvature is invariant under local deformations. Let’s calculate the variational derivative of |
evaluated at any general h sitting inside of this functional’s domain. We have that:

5][h] oF a<aF) 0 (OF +62<6F>+ 0% ([ oF +62 oF
Sh oh 0x\oh,/ 0y\dh,) 0x*\0h,/ 0xdy\0Ohy,) dy?\dh,,
where F is the integrand of the integral in the expression that defines J above. Let’s break down

the computation of each term on the right-hand side separately. In what follows | will use the
equality of mixed partials several times.

Calculating the Z—Z term gives:

OF
oh

: a (OF _—
Calculating the . (@) term gives:

] (aF) 0 (hxxhyy h,%y)h
0x\oh,) 0x\ " AxmzT Rz
—3 (hxxxhyy + hxxhyyx - thy hxyx)hx + (hxxhyy - hazcy)hxx

J1+hs +h§5

37 "1l remind you that the proof of Theorem 3.7.1 involves carrying a derivative under the integral sign. Notice that
here we are satisfying the region of integration being compact assumption in that lemma.
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+15

(Rxxhyy — h2, )Ry (Ry hxx +h hyx)

J1+h2 +h2

: a ( oF -
Calculating the % (a) term gives:

(hxx hyy 925Y)h

g (oF\ 0
dy \dh, _ay

TRt R

2)hyy

_3 (hxxyhyy + hxxhyyy B thyhxyy)hy + (hxxhyy —h

yy(h hyy +h hyx)

J1+h2 +h2

+15 (haxhyy — h3y )by (hchsy + R hyy)
JITRZ+ R
d
Calculating the (ahF )term gives:
02 ( oF ) _ 07 hy, 0 hyyx
0x2\Ohey)  0x*\ TymZ¥R2) O\ ATRTRE
— hyyxx -3 hyyx(hxhxx + hyh'yx)
,/1+h,%+h§3 ,/1+h§+h§5
yyx(h Rox + hyhyy) + hyy (R2, 4 iy + B2, + R hyxx)
JITRI R
oF
Calculating the W <6hxy) term gives:
0? ( oF ) 02 Ry
0x0y \Ohy,) 0xdy \/mg’

yy(h hyx +h hyx)

,/1+h2+h2

— a hxyy _ XY(h hxy th hyy)
oy JITRZTRE N e

=_2 hxyyx 6 hxyy (hxhxx + hyhyx)
1/1+h,2€+h§3 ,/1+h§+h§5
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P hxyx(h hyy +h hyy) + hxy(hxxhxy + hyhyyy + hyxhy, +h hyyx)
TR
xy(h hy, +h hyy)(h hxx +h hyx)

,/1+h2+h2

—30

Calculating the (ai )term gives:

97 < oF > _ 0 P _0 Rxy xx(h hyy + h hyy)
0y2\ohy,) " 0y?\ T+ ) W\Jirmim = JITRIR
_ haxyy 3 My (hxhay + hyhyy)
./1+h,%+h§3 J1+hi+hi
3 Roxy (Rxhxy + hyhyy) + R (h2, + Rehyyy + B2, + R hyyy) xx(h hyy + h hyy)

JITRZTRE JITRZETRE

Plugging all of these into the expression for # [h] gives us that:

5] [h] (hxxxhyy + hxxhyyx - thyhxyx)hx + (hxxhyy - hazcy)hxx
Sh JITRZ R

(hxxhyy - h,zcy)hx(hxhxx + hyhyx)
J1+hi+ h§7
43 (hxxy hyy + hxxhyyy B thy hxyy)hy + (hxxhyy B hﬁzcy)hyy
JITREA R
_15 (hx h hﬁzcy)hy(h hxy +h hyy) Ryysex _3 yyx(h Ry + hyhyx)

JITRIThZ ./71+h,%+h§ JITRZTRE

—15

2
L, Ry (hohyx + hyhyy ) + Ry (B2, + Ryl + h2, + R hyxx) s hyy(Rchox + hyhyy)
TR JITRZ+ R
-2 hxyyx +6 hxyy(hxhxx + hyhyx)
3 5
J1+hZ+h2 J1+hZ+h2
Ry (Pl 4 1yhyy ) + Ry (Raxhay + Rochyyx + hyxhyy + Ryhyyy)

J1+hZ +h§5
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xy(h hxy +h hyy)(h h'xx +h hyX) hxxyy _3 hxxy(hxhxy + hyhyy)
JITRI+ R ,/1+h§+h§3 V1+hE+h
_3 Moy (Rehay + hyhyy) + hae(hdy + Axhoyy + B3y + R hyyy) xx(h hyy +h hyy)
J1+hZ+ h2 m

A quite formidable looking expression. We have to show that it is equal to zero! Nicely a lot of
the terms immediately cancel. For those of you who are reading the color version of this book |
highlighted in different colors groups of terms that cancel each other out in the above expression.
Canceling those terms out gives:

ﬂ [h] -3 (hxxhyyx - thyhxyx)hx + (hxxhyy - hazcy)hxx
Sh JITRZ R
(h h h92€3’)h (h hxx +h hyx) (hxxy yy thyhxyy)hy + (hxxhyy B hi)’)hyy
,/1+h2+h2 1/1+h,%+h§5
15 (hxxhyy — hv%y)hy (hxhxy + hyhyy) 3 hyy (hﬁzcx + hazcy + hyhyxx)
7
V1+hi+hi JITR+ 2
2
15 hyy(hahxx + hyhyy) e Ry (Rax Py + Rl + Ryxhyy + RyRyyy)
xy(h hyy + hyhyy ) (Ry hxx + hyhy,) 4 hox (2, + hohyyy + h2)
,/1+h2+h2 ,/1+h§+h§
Rox (hxhyy + R hyy)
J1+hZ+ hZ
I colored in more terms above that cancel each other out. Canceling these terms out gives:
5] (h] = -3 hyho Is (Rexhyy — hZy)hy(Rehyy + hyhy,y)
oh JITRI R JITRI+ R
g Pyl hZ,hy, s (hexhyy = Ry )by (hhay + hyhyy) , hyyhZ,
,/1+h§+h25 JITRIThZ JITRZTRE
yy(h hxx +h hyx) +6 hx}’(hxxhxl’ + hyxhyy + hyhyyx)

5
w/1+hz+h2 J1+h2+hi

—15

+15

+15
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0 My (Rhyy + hyhyy)(hxh;cx + hyhy) o huchdy 1 N (hychy, + hyhi,y)zl
| colored in some more terms above that cancel each other out. Canceling these terms out gives:
ﬂ [h] = —15 (hxxhyy — hﬁzcy)hx(hxhxx + hyhyx) _ 15 (hxxhyy — hazcy)hy(hxhxy + hyhyy)
oh VTR VTR
hyy(hochox + hyhyx)z 30 Ry (haohyy + hyhyy ) (Rehoy + hyhyy)

M (Rehy + Byhyy )

All of the fractions on the right-hand side have common denominators and so we can combine
them into one big fraction. The numerator of this fraction will be:

+15

+15

—15(hyxhyy — h2y )y (hohyy + hyhyy) — 15(hyyhyy, — h2,)hy (hehyy + hyhy,y)
2
+15hyy (hehyy + hyhyy)” = 30k, (hohyy + hyhyy ) (b + Ryhyy)
2
+15h,y (hyhyy + hyhyy ) .
Expanding this out gives that this numerator is equal to:

—15hZ hyyh% — 15, by Ry hychy + 15h, hZ, hE + 15h3, hyehy, — 15hy by hy hychy,
—15hy h3,h% + 15h3, hyhy, + 15hZ, by, h% + 15hZh%, hy,y, + 30hyy hyy by hochy,
+15h%,hy, b5 — 30hy hZyhy — 30hyyhyy by hohy, — 3003, hyhy, — 30hy,, hi, h3

+15hZhyh%y, + 30hyy Aoy hyyhyhy + 15k, h3 RS

Notice that all of the terms in the above expression cancel out. So the numerator of the fraction
equal to g—fl [h] is equal to zero and thus finally we get that:

5]

—[h] = 0.

sp
Interesting, we get that the functional derivative of J is equal to zero at any h in the domain of
the functional . In particular, the functional derivative of J at A for any time t € [0, a] is equal to

Zero:

38 Just as an interesting note, by a not too hard generalization of Theorem 3.6.5 that is direct corollary of Theorem
3.7.1, this in fact means that J is constant on its whole domain.
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—I|A] = 0.

Sh [A]
Plugging this into our last expression above for the time derivative of total Gaussian curvature
K[S(t)] gives us that:

—(K [S@®D ff 6h AJAidxdy = 0.

B3r/a (pxy)

So, the total Gaussian curvature K[S(t)] is constant for all time ¢t € [0, a] and is equal to
K[S(0)] = K[S]. With this we have proven the theorem.

In the above proof we showed that the total Gaussian curvature is invariant under smooth local
graph deformations and at the heart of the proof was to show that the functional derivative of the
“local total Gaussian curvature functional” described in the above proof:

f f hxxhyy xy3 dxdy
1 + h2 + hZ

is constantly zero everywhere (here | set Q = Bs, /4(pxy)). The fact that the functional derivative
of the above functional is equal to zero is in fact the whole idea behind why the total Gaussian
curvature is invariant under such local deformations. The reason for this is that in essence the
above functional describes the total Gaussian curvature of a small local piece of the surface that
is being deformed a little bit. By showing that its variational derivative is equal to zero you show
that the total Gaussian curvature over this small piece is unchanging under any such deformation

and thus the total Gaussian curvature of the whole surface is invariant under any deformation
that deforms the surface locally at any of its points.

| also do want to mention that the calculation involved in the above proof when we calculated the
functional derivative of the functional J was rather long and intimidating looking. Even though
there is nothing more wonderful than to pass over and get lost in the realm of mathematics while
doing such long calculations, there is a trick that involves rotating the surfaces in the domain of
the functional in order to evaluate the functional’s derivative pointwise that helps shorten the
above calculation around 8-fold. We will discuss this trick in the next chapter and | will show
you how it can be used to do the above calculation much simpler. We will then use this trick in
the proof of the n-dimensional version of the above theorem because there it will be nearly
impossible to do the calculation without this trick of rotating the surfaces. In fact, you may skip
to Section 6 of Chapter 6 right now if you wish to learn how to use this technique to shorten the
above mentioned calculation without loss of continuity.

So what does the above theorem give us? It tells us that if we can obtain a surface by multiple
applications of smooth local graph deformation to one of the fundamental surfaces, then the total
Gaussian curvature of your surface will be the same as that fundamental surface that you
obtained it from. Some examples of such surfaces can look like:
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The surface on the left was obtained by doing a lot of local smooth graph deformations to the
sphere while the surface on the right was obtained by doing a lot of local smooth graph
deformations to the torus. By the above theorem, since the total Gaussian curvature of a surface
is unchanging under each such deformation, we get that the integral of the Gaussian curvature
over the whole surface on the left is 4r (the total Gaussian curvature of a sphere - we will show
this below) and the integral of the Gaussian curvature over the whole surface on the right is 0
(the total Gaussian curvature of a torus). It’s amazing that you can just look at such a surface and
visually tell what is the integral of the Gaussian curvature over the whole surface. It’s all due to
how the Gaussian curvature redistributes itself under such smooth surface deformations.

The total Gaussian curvature of the sphere and torus can be computed directly. Let’s do the
sphere case and | will leave the calculation of the total Gaussian curvature of the torus to the
reader.

Note 5.6.3: Let’s compute the total Gaussian curvature of the sphere of radius r > 0. At the end
of Chapter 4 Section 4 we derived that the Gaussian curvature of a sphere of radius r > 0 at any
point is equal to 1/r2 (see Example 4.4.7). So, the total Gaussian curvature of this sphere is

given by:
K[0B,.(0)] = ﬂ K do = ﬂ —do = J da—— 2 = 4.

0B (0) 0B (0 aBr

And so indeed the total Gaussian curvature of a sphere of any radius r > 0 is 4.
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Chapter 6: Variational
Differential Geometry
In R"

“Oh calculus, thy beauty surpasses most of what | see.
Think about you | do day and night,
Though torture me you do on Thursday night.” — Student

Section 1: Outline

In this chapter we will be doing all of the differential geometry that we have done so far but in
higher dimensions. The generalization of the differential geometry that we have done so far to
higher dimensions is actually quite natural and not too difficult since nothing that we have done
so far was characteristic to the fact that we were working with two-dimensional surfaces or that
we were working in three-dimensional space. For example, most of the foundational definitions
and theorems that we had in the beginning portion of Chapter 4 can easily be restated in higher
dimensions and their proofs are pretty much exactly the same as in the three-dimensional case
except for that you have to keep track of more variables.

In the next section we will state all of the foundational definitions and theorems for n-
dimensional differential geometry and from there we will go ahead and prove the higher
dimensional versions of the three main theorems that we proved in the previous chapter: the
Minimizing Curve Theorem, the Minimal Surface Theorem, and a version of a corollary of the
Global Gauss-Bonnet Theorem. We will end the chapter with an introduction to a more general
manifold theory (including a proof of the general Minimizing Curve Theorem) and a possible
proof of a higher dimensional version of Theorema Egregium [see future edition of this book].
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Section 2: Fundamental Definitions in n-Dimensional
Differential Geometry

Note: In this chapter, the word plane in R™ will mean an (n — 1)-dimensional linear subspace.
A lot of people use the word hyperplane for this.

First order of business is of course to define what a surface in higher dimensional space is. More
precisely, lets define what a surface sitting in R™ for any general n € Z, is. In three-dimensional
space, a surface colloquially speaking was a curved version of the Euclidean space that had
dimension one smaller than 3 sitting in R3. In other words, we had that a surface in three-
dimensional space was a curved version of R? sitting in R3. Same thing is done in higher
dimensional space. A surface in R™ colloquially speaking is a curved version of R”1 that is
sitting in R™.%

One convenient way to represent surfaces sitting in R™ is, just like in R3, to represent them as
graphs of functions of the form f (x4, x5, ..., x,,_1) (note that there are one less amount of
variable of f than the dimension of the space). Indeed, this leads us to our first definition of a
surface.

Definition 6.2.1 (First Definition of a Smooth (n — 1)-Dimensional Surface Sitting in R™): A
set S € R™ is called a smooth (n — 1)-dimensional surface sitting in R™ if it satisfies the
following property: for any point p € S, locally to p S is the graph of a C*[R™~1] function over
some open set. Stated more precisely, S is a smooth (n — 1)-dimensional surface if forany p € S
there exists an open set IV and a function of the form:

Xp = f(X1,X0, w0y Xp_1), Xp—1 = [ (X1, Xy ees Xppe2) X)), we)
Xie = [ (X1, Xy eoe X1y Xk 1y - X)) . or x; = f(xy, X3, 0, Xp)

(in other words, one variable is a function of the rest) where f € C*[U] and U is some open set
in R"! such that V n S is the graph of f over U.

This is the analog of Definition 4.2.1 that we had in Chapter 4 in which we define smooth
surfaces as graph of infinitely differentiable functions. The other equivalent definition of a
smooth (n — 1)-dimensional surface in R™ uses surface parametrizations.

Definition 6.2.2 (Second Definition of a Smooth (n — 1)-Dimensional Surface Sitting in
R™): Aset S € R3 is called a smooth (n — 1)-dimensional surface sitting in R™ if for every
point p € S on the surface, there exists a surface parametrization of S located at p. A surface
parametrization of a surface S is a function of the form ® : U € R*1 - ¥V n S where U and V
are open sets that satisfies the following three properties:

39 Some people like to refer to surfaces sitting in Euclidean space of dimensions higher than three as
“hypersurfaces,” just like we colloquially did in previous chapters when we talked about functions of the form
h(xq, x4, ..., X;). However here | am not going to stick to such a convention since there is really nothing special
about surfaces sitting in three-dimensional space and so | see no need for a special term to refer to them.
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1)
D(Uyg, Uy, ey Upy—1q)
Up_1), Py(Uy, Uy, oy Upy—q), oe, Py (Ug, Uy, ...,

= ((Dl(ul,uz,..., un—l))

is infinitely differentiable. Symbolically this is written as ® € C*[U] or more precisely
&, Dy, ..., D, € C*[U].

2.) @ is a homeomorphism.

3.) The differential of ® has maximal rank everywhere. In other words, for every point

(uq, Uy, ..., uy—1) € U in the domain of @, the differential matrix of ®:
DD (uy, Uy, v, Upy—1)

0o, 09, 0P,
ou, —— (uy, Uz, e Un—q) ou, —— (uy, U, oo Un—q) ou, (ug, Uz, e Un—q)
00, 6(132 00,

-7, — (uq, Uy, ooy Up—q) o, — (uq, uUg, oy Up—q1) o, (uq, Uz, ooy Up—1)
0D, 00, fofe)
50, (ul,uz,...,un_l) o, (ul,uz,...,un_l) W:(ul,uz,...,un_l)_

has maximal rank (“maximal rank” means that some (n — 1) by (n — 1) submatrix of
the above n by (n — 1) matrix has non-zero determinant). An equivalent way to state this
is that the following Jacobians:

a(cblf CDZ' ) cbn—l) a(q)lﬂ (DZ' n 2 n)
a(ull Uy, "'Iu'l’l—l) ' a(ul' Uy, ---'un—l) ' -
(D, Dy, .., Pp_q, Ppyq, on, D) (D, Ps, ..., D,)
0(uy, Uy, ooy Up_q) ’ T 0(uy, Uy, oo, Upy_q)

don’t ever vanish simultaneously on U (these are in factthe (n — 1) by (n — 1)
submatrices of the above n by (n — 1) matrix).

Now we say that the surface parametrization @ is “located atp € S (or simply “atp”) if p €
ran(®). So as already stated above, S is a surface if at every point p € S on the surface there
exists a surface parametrization ® of S located at p.

The proof of the equivalence of the above two definitions of a smooth (n — 1)-dimensional
surface sitting in R™ is very similar to the proof of Theorem 4.2.8 and is left to the reader. You
might notice that there is no convenient cross product reformulation of the third condition of a
surface parametrization in the above definition. This is due to the fact that we don’t have a cross
product in R™. A rather unfortunate fact because in three-dimensional differential geometry the
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cross product was a very convenient tool to for example construct vectors that were
perpendicular to surfaces (which we needed to construct the Gauss map). In R™ we can’t do this
this using the cross product and so we need to find a more direct way of constructing such
perpendicular vectors to surfaces. However, before we can even talk about vectors being
perpendicular to surfaces we need to define the tangent plane to a general surface since
orthogonality is always defined as a relation to a linear space.

Definition 6.2.3: Let S be a smooth (n — 1)-dimensional surface sitting in R™ and let p € S be

any point on this surface. Let T be the set of all C* curves of the form y : [—1, 1] — R" that lie

on the surface S (“lying on the surface” means that for any t € [—1, 1], y(t) € S) and that pass
through the point p attime t = 0: p = y(0). Let T}, (s) be the set:

T,(s) ={y'(0) : y €T}
It turns out that T},(s) is a plane in R* and it is called the tangent plane to S at the point p.

Furthermore, if @ is a surface parametrization of S at p and (ulo,uzo, ""u(n-l)o) = o 1(p),
then the plane T, (S) is spanned by all of the first partials of & at this point:

T,(S)

0P 0P P
= span {a—ul (ulo,uzo, ey U(n_1)0) ;a_uz (u10, Uz o ,U(n_l)o) ) ven ,E (ulo,uzo, ,u(n_l)o)}.

The proof of the fact that T, (S) is indeed a plane is analogous to the proof of Theorem 4.2.11 in
which you will need a higher dimensional version of Lemma 4.2.10.

Lemma 6.2.4: Let S be a smooth (n — 1)-dimensional surface sitting in R® and let® : U - V' n
S be a surface parametrization on this surface where the sets U and V are open in R®*~! and R"
respectively. Suppose that y : [a, b] - R™ is a C*® curve that lies on the surface and is entirely
in V (in other words, y(t) lies entirely in the image of @). Then the inverse image of this curve
under the surface parametrization @:

u(t) =27 (y(®)
is also a C curve lying in the domain of @.

Details and the proof of the above lemma, which is not a difficult generalization of the

arguments in the proof of Lemma 4.2.10, are left to the reader. The fact that the vectors

{a—d) i ai} are linearly independent comes from the fact that the differential matrix D®
n

duy’ duy’ T Bu
always has maximum rank (see the third condition of a surface parametrization in Definition
6.2.2).

Now that we have the concept of a tangent plane to a general surface sitting in R™, we can now
define what it means for a vector to be perpendicular to a surface. As we did before we simply
say that a vector N is perpendicular to a surface at a point if it is perpendicular to the tangent
plane at that point.
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Definition 6.2.5: Let S be a smooth (n — 1)-dimensional surface sitting in R™ and p € S be any
point on it. Then N is said to be “normal” or “perpendicular” to the surface S at the point p if
it is perpendicular to the tangent plane T,,(S) to the surface at the point p.

The difficulty that we now face is: how do we write an explicit equation for a normal vector to
the surface given a surface parametrization. This is not so easy as before since now we are
working in R™ and thus have no access to a vector cross product that could give us such a vector
explicitly. In fact, a more crucial question is how do we prove that in a neighborhood of any
point of a surface there exists a smooth function that each point of the surface in its domain gives
a unit normal vector to the surface. Such functions are called Gauss maps and as before we need
them to be able to define the curvatures of a surface.

Let’s first solve this problem when our surface S is the graph of a function f € C*(U) where U
is some open set in R™~1, Suppose that our function f is of the form:
Xn = f(xl,XZ, "'ﬂxn—l)

and that:
p= (ulo,uzo, ...,u(n_l)o,f (ulo,uzo, ...,u(n_l)o))

is some point on the surface S (which means that (ulo,uzo, ""”(n—l)o) € U).*° Now, we want

to find an explicit equation for a vector that is normal to the surface at the point p. For brevity’s
sake, in the following let us set:

Ug = (ulo,uzo, ---ru(n—l)o)

X = (X1, Xg, o) Xp-1)

so that we can write the arguments of f more compactly. There are many ways of going about
finding such a normal vector and probably the most standard trick is to first notice that S is the
zero level set of the function g(xq, x5, ..., x,) = (X1, X2, o) Xp—1) — Xt

S = {(x1, x5, e, X)) € R™ : g(x1, %3, ..., X)) = 0},

Using the fact from multivariable calculus that Vg is always perpendicular to any of its level set,
we get that the vector:
of of of
5. 5. Yy ) _1)
(5 o) 3 (0 e g ()
is perpendicular to the surface at the point p. This can also be seen directly. Indeed, take any C*
curve y(t) that lies on the surface S and that passes through p at time t = 0. y(t) has an explicit
form:

40 In the other cases of the forms of f mentioned in Definition 6.2.1 the following analysis is similar.
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y(©) = (w (0, u5(0), .., u(0), f (u(®)))
where we set:
u(t) = (ug (), uz (£), .., uz (1))
to be some curve in U. Then we have that:

(52 o o s 7o
n-1
(L L,

axl( 0)»@(“0); --,—axn_1

L (up),~1) - ¥'(0)

(o), —1) - (ui(O),u;(O), e 15(0), V1 (u(0)) - Vu(0))
= Vf(u(0)) - Vu(0) — V£ (u(0)) - Vu(0) = 0

and thus the vector ( (uo) af (uo) (uo) —1) 1 ¥'(0). Since by definition any

vector in T, (S) is of the form y (O) for some C°° surface curve y(t), the above shows that this
vector is indeed perpendicular to the surface S at p. Actually, the above shows more. If we set:

( L, af () g @), -1)

6x1

L@@, g1
1

N(x) =

or more explicitly:

(3L 3L, g0, 1)

dx,
JHZL: ( f())

then we get that N is a C™ function that gives a unit normal vector to the surface in a
neighborhood of p, or more precisely in a neighborhood of its projection onto the x;-x5...-x,_1
plane: u, (since technically the domain of N is a subset of the x;-x,...-x,,_; plane). We don’t
have the trouble that the above denominator is ever zero since it is always bigger than or equal to
1. This function N is important because in the graph of f surface parametrization of S, N is the
Gauss map near p. This can now be used to prove the existence of the Gauss map near any point
in a surface in any type of surface parametrization. Let’s do this in the following theorem.

Equation 6.2.6: N(x) =

)

Theorem 6.2.7: Suppose that S is a smooth (n — 1)-dimensional surface sitting in R™ and that
p € S is some point on it. Suppose also that ® : U — V N S is a surface parametrization of S at
p. Then, there exists an open subset W <€ U that contains ®~1(p) and a function N €
C®[W,R"] such that for any (uy, u,, ..., u,—1) € U, the vector

N(uq, Uy, ooy Up—q)
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is a unit normal vector to the surface at ®(u,, uy, ..., u,—1). Such a function N is called a Gauss
map.

Proof: We already showed the existence of the Gauss map when the surface parametrization is a
graph surface parametrization in the above discussion. We can in fact use that special case to
prove the more general result stated in this theorem. In this proof, let u denote the vector:

u = (U, Uy, e, Up_1)-

Since S is a smooth surface, there exist open sets U € R™®* and J € R" and a function f €
C*(UW) such thatp € J and J N S is the graph of f over U. Let us suppose that f is of the form:

Xp = (X1, X, o) Xn_1)-

This proof in the other cases of the forms of f mentioned in Definition 6.2.1 is pretty much
exactly the same. Notice that V n J is an open neighborhood of p. And ®~1[V n J] is an open
neighborhood of ®~1(p). Let = : R®™ - R™! denote the projection map from R" onto the x;-
Xy-...-Xn_1 plane. Now, define the map N : ®~1[V n g] - R" simply by:

(aa_,}:l ((mo db)(u)),% (o d)W)), ..., 5 ar]:_l ((mod)(W), _1>

X

\/1 +n] <aa—£k ((mo CD)(u)))

N(u) =

Or more concisely:

(a—’z(noqn),;f (rod), .. =L (noCD),—l)

dx X, 0xp_4

2
j1+ ;;;1(%(710@)

| claim that this is a Gauss map. To prove that this is a Gauss map, and thus the map that want,
notice that by the discussion before this theorem for each u in the domain of N, N(u) is a unit
normal vector to the surface at the point (here | use the fact that w o ® = (®,, P, ..., P,,_;)):

(@200, @), .., @y (), (G 0 DY) ) = (@4 (1), D), .., P (10)) = D).

And this function N is C* since it is the composition of many C* functions and a division by a
nonzero C* function (o ® is C* since mo ® = (®4, P,, ..., P,_1)). S0 N is the map that we
want and thus is a Gauss map.

Equation 6.2.8: N =

When one first reads Equation 6.2.8 above they might wonder “where did that come from?” or
“how did you know to do that?” The reason for that is actually pretty simple: you just have to
look at what the right-hand side does procedurally. Notice that all the right-hand side does is it
takes a point u in the domain of the surface parametrization @, takes it to the point ®(u) on the
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surface, projects it into the domain plane of f (the x,-x,-...-x,,_; plane in this case), and then
uses the formula that we derived in the discussion before the above theorem (Equation 6.2.6) to
get a perpendicular vector to the surface right above that projected point. If you mathematically
write this procedure out, you will then write Equation 6.2.6 composed with = composed with &.
This is exactly what Equation 6.2.8 is.

The existence of a Gauss map near any point on a surface in any surface parametrization is
important because it will be the crucial ingredient, as it was in Chapter 4, to define the curvatures
of a general surface sitting in R™. This we will do in the Section 4 below.

Section 3: Level Set Representations of Surfaces

A very important technique in variational differential geometry is to represent surfaces locally as
the level set of nonsingular functions. In the previous chapter we saw that this technique applied
to a surface sitting in R3 allowed us to use the surface Euler-Lagrange vector differential
equation on the arclength functional in order to derive the minimizing curve differential
equation. The same exact thing goes for the case of surfaces sitting in general Euclidean space
R™ and so in order to use the hypersurface Euler-Lagrange vector differential equation to derive
the minimize curve differential equation for general surfaces we will need to be able to represent
them as level sets of nonsingular functions.

As with surfaces sitting in R3, the level set of smooth nonsingular functions are smooth regular
surfaces in R™.

Theorem 6.3.1: Let g : R™ - R be a C*® function (meaning that g € C*[R"]). Let S be the
level set of g:

S={(xy2) eR®: g(x,y,2) = c}

where ¢ € R is some fixed constant. Suppose also that g never vanishes on S. Then S is a
smooth surface.

This is proved exactly like Theorem 4.3.1 by a direct application of the implicit function theorem
except that here more variables are more involved. However to us a more important theorem is
the following because it is what is going to allow us to apply the hypersurface Euler-Lagrange
vector differential equation to arclength functionals on surfaces.

Theorem 6.3.2: Suppose that S is a smooth (n — 1)-dimensional surface sitting in R™. Then
locally to any point p € S, S can be represented as the level set of a C* function. In other words,
for any point p € S there exists an open set V' € R™ that contains p and VV N S is the level set of
a C® function g(x4, x5, ..., x,,) such that the partials dg/dx, for k € {1,2, ..., n} never vanish
simultaneously on V n S (in other words, Vg is never zeroon V N S).

The above theorem is proved by first considering the fact that in a neighborhood of any point p
on a surface S, the surface can be represented as the graph of a function. Let’s suppose that the
surface near that point is the graph of a function of the form:
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Xn = f(X1, X2, w0y Xp_1)-

Then locally near that point the surface is the level set of the function:

g(x1, %9, ey xn) = f (X1, X2, r) Xpn_1) — Xp.

In the other cases of the forms of f mentioned in Definition 6.2.1 the construction of such a g is
similar.

And as before, a magical tool of obtaining a normal vector to a level set of a nonsingular
function g is to just take the gradient of the function: Vg. This is a standard fact that is taught in
many calculus courses and is proved similarly to how we proved it in the case of level sets of
three variables functions g in the discussion after Theorem 4.3.2.

Section 4: Surface Curvatures, the Metric Tensor, and
the Christoffel Symbols

Now that we have the existence of Gauss maps locally to any point on surfaces sitting in R™ in
any surface parametrization, we are now ready to define the surface curvatures of such surfaces.
Their definitions are just a direct generalization of Definition 4.4.5 of the Gaussian and mean
curvature of surfaces sitting in R3.

Definition 6.4.1: Let S be a smooth (n — 1)-dimensional surface sitting in R™ and p € S be any
point on it. By the definition of a smooth surface, we know that there exists some surface
parametrization ® : U > V n S of S at p where U € R* ! and V € R™ are open sets. Let u, =

(ulo,uzo, ...,un_lo) = @~1(p) and let u denote the vector:
u = (Uq, Uy, .o, Uy)

Let N : W — R™ be a Gauss map for S where W is some open subset of U that contains u,. The
first fundamental form of S is defined as:
od

VkjE{12,..,n—1}, B, = o~

0P
(w) 'E(U)-
j

And the second fundamental form of S is defined as:

. oN o
Vk,j€{12,..,n—1}, Y, () = a_uk(u) 'E(u)
j

wherever the Gauss map is defined (on u € W that is). Then the Gaussian and mean curvatures
of S at the point p are defined as:

1/11,1‘(110) l/J1,n—-1(uo) /31,1-(110) ﬁ1,n—‘1(uo)

-1

K(uy) = det : . : : . :
11’n—1,1(u0) ¢n,n(u0) ﬁn—1,1(u0) .Bn—l,n—l(uo)
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-1

ll’l,l-(uo) l/’1,n—-1(uo) 51,1-(110) ,81,n—.1(u0)
¢n—1,‘1(u0) l/Jn,n‘(uo) ﬁn—l,‘l(u()) ﬁn—l,n.—l(uo)

As a point of interest, the second fundamental form is also given by:

H(uy) = - trace

2

Vk,] (S {1,2, e, — 1}, lpk’](U,) = _N(U) . (U),

ou; 0y

which are often easier to calculate than the above alternative equations for the second
fundamental form (see below for proof).

The reason why the above two equations for the second fundamental are the same comes from
the fact that N is orthogonal to every one of the vectors d®/du,: forany k,j € {1,2,...,n — 1},

o0 [y 09\ _ON ov - 0%
- Ouy ouj)  Odu, Oy Ouj0uy
and thus:
N 9D 920
ou, O0uj ou;ouy,

The Gaussian and mean curvatures stem from exactly the same sort of geometric interpretation
that we had for these curvatures of 2 dimensional surfaces in Section 4 of Chapter 4 before
Definition 4.4.5 in higher dimensions. And such a discussion on general surfaces in R™ in fact
shows that the Gaussian and mean curvatures in the above definition are well defined up to sign
even if you use different surface parametrizations of the surface S and/or different Gauss map
near the point p. In fact, it turns out that if the dimension of the surface is even then the value of
the Gaussian curvature at your point will always be the same no matter what surface
parametrization or Gauss map you use for the surface at your point in order to calculate it.

Example 6.4.2: Let us compute the Gaussian and mean curvatures of a surface sitting in R"
when it is parametrized by a graph surface parametrization. Let & : U - R™ N S be the surface
parametrization, where U € R is an open set, given by:

D(x1, X5, ey Xp_1) = (xl, Xy ey Xn—1, [ (X1, X2, ..., xn_l))

where f € C*[U]. Here @ is surface parametrization for the surface generated by the graph of
the function f. Let x here denote the vector:

X = (X1, Xg, o) Xp).

One amazing thing that we have here is that by the discussion in the previous section we can
easily construct a Gauss map defined over all of U:

215



axn—l

j 145 (7L w)

Great! Now, if we compute the partials of ® we will see that forany k € {1,2,...,n — 1},

Of ) 9F Of () —
. (3L O FL @, = ), 1).

2
0P 0P of
Lk (x) = E(X) 'a—xk(x) =1+ <a_xk (x)) .
Andforany k,j € {1,2,..,n—1} : k # j,
=20 20 =L 0w
ﬁk'jx _axk X ax] x _axk x ax] xJ:
Furthermore, forany k,j € {1,2,...,n — 1},
0]
0%d :
W= 0 |
0x;, 0x; 0% f
axkax] (x)

Taking the dot product of this vector with N(x) gives that forany k,j € {1,2,...,n — 1},
aZ
ey

0% 0x;

2
j 14377 (5’—,2{ (x))

Awesome! Having computed the first and second fundamental form we can now compute the
Gaussian and mean curvatures of the surface. If we plug the above expressions into the matrices
with their entries being the first and second fundamental forms respectively, you will get that:

ﬁ1,1.(u0) ﬁl,n—}(uo)
.Bn—l,.l (uo) ,Bn—l,n.—l (uo)

2

®
(x) =

= —N(x) -
V) (x) 0x;,0x;
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] 2 ]
af of _of af af
1+ (a_xl (x)) a_xl(x)a_xz(x) a_xl(x) FI (x)
2
of | of af af af
=| 2%, (x) ox, (x) 1+ (E (X)> 9%, (x) FI ()]
: : - : ,
of of of of of
55, (x) o, (x) x s (x) ox, (x) - 1+ <0xn_1 (X)) |
and:
l 1/11,1-(x) 1/11,n—-1(x)]
Proia® o Pun)
[ 0°f 0°f o*f ]
6_x12 ) 0x,0x, 0x,0x,_4
i o°f o°f
1 -
= =| 0x,0x; dx2 () 0x50%,_1 |
e[ Of : : :
\/1+Zk:1 <E(X)> aZf aZf aZf
[0x,_10x; 0x,_10x;, 0xz_, (x)_

Let us denote the first fundamental form matrix above by Mg (x). And notice also that the matrix
on the right-side of the expression for the second fundamental form matrix is the Hessian matrix
H (x). Thus, the above equations can be neatly rewritten as:

l ,31,1(uo) ﬁ1,n—1(u0)

: : = Mg (%),
Brn-1,1(Wo) Brn—1,n-1(uo)
¢1,1(x) d’l,n—l(x)‘ 1

: : = H(x).
Yn_1,1(x) Ynn(X)

2
j 145 (7L )

Plugging the above two equations into the equation for the Gaussian curvature in Definition 6.4.1
gives us that:
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K(x) = det ! H(x) (Mﬁ (x))_1
j1+2’,§= (af (x ))
det(H (x))

det(Mﬁ(x))\/1+Z’,Z;1< of (x ))

By the Cauchy-Binet equation (see Appendix B [see future edition of this book]), it is not hard to

see that:
2
det (Mp (o)) = 1+ Z (— (x)>

and thus the above equation for the Gaussian curvature becomes:

det(?—[ (x))

j1+zz= ( f())

Plugging the above two equations for the first and second fundamental form matrices into the
equation for the mean curvature in Definition 6.4.1 gives us that:

K(x) =

n+1

1 1 -1
H(x) = —trace H(x) (Mﬁ (x))

2
j1+2;:: ( O (x ))

So we get that the Gaussian and mean curvatures of our surface are given by (here | omitted
writing arguments):

det(H)

2
j 145 (7L )

K =

n+1’
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1 -1
H = —trace }[MB .
n

o)

Similarly to what we had in Chapter 4, the matrix:
l Biai(uo) - Brn—1(uo) }
.Bn—l,l(uo) .Bn—l,n—l(uo)

with its entries being the first fundamental form is called the metric tensor because it locally
describes the metric of the surface in a surface parametrization. Indeed, to see this suppose that
® is a surface parametrization of a surface S and that y : [a, b] = R™ is a C® curve lying on the
surface that is constantly inside of the range of ®. Let:

u(t) = (g (0, uz(£), o, Uup—1 (1)) = @71y ()

be the inverse image of y(t) under ® (u(t) is C* by Lemma 6.2.4). Then the arclength of the
surface curve y(t) fromtime t = a to time t = b is given by:

b b b
L) = [ Iy @©lde = [ @y @ae = | j (0(u(®)) 2 (@) at

b | m-1 N
o
:f < a_(u(t))uk(t)> <Z u(t))u,’{(t)> dt
a k=1
(S (o0 I
= ] = <a (u(®) -a—uj(u(t))) u (Ow(t) dt

p | u(®) u; (t)
_ f < ué-(t) | [ ﬁ1,1£(u0) ﬁl,n—sl(uo) ‘ u'z(t) dt
a u‘;l—‘l (t) Br-1,1 (up) - Prn-1n-1 (uo) u‘;l—.l )

and so:
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ué () 31,1'(u0) ﬁl,n—}(uo) ” u; (t)

b
- f u () | ; s : Z(t) ) dt
a u;z—:l(t) .Bn—l,l(uo) .Bn—l,n—l(uo)

where ( ) denotes the standard Euclidian inner product. Thus, the arclength equation on a
differential level can then be written as (using the differential formula %dt = duy):

_(l jﬂ fuauo) -+ Puna(u) Id“w

ﬁn—1,.1(uo) ﬁn—l,n'—l(uo)

_1(t)

The metric tensor also has the ability to describe the local surface area of surface. Indeed,
suppose that Q € U. Then the surface area of the region ®[Q] on the surface is given by the
integral (here [ denotes an integral over a region in R™1):

B11(we) -+ Pra-1(uo) n
A= f det : : duy,.
Q .Bn—1,1(uo) ﬁn—1,n—1(uo) k=1

which on a differential level takes the form:

Bri(ue) - Brn-1(uo) n
dA = |det : : duy,.
Bn-1,1(uo)  Pn-1n-1(Wo)|/ k=1

This equation can be arrived at from the Cauchy-Binet equation. However, since we won’t need

this general form for surface area I won’t give an introduction to the above fact [check though

future editions of this book]. In fact, the above is often taken to be the definition of surface area

of surfaces in R™.

Just like we saw in the previous chapter, the Christoffel symbols play an extremely important

role in the differential geometry two-dimensional surfaces sitting in R3. And they play a role of

no less importance in the differential geometry of general surfaces sitting in R™, and they are
defined by just a natural extension of their definitions in R3. On the region in the domain of a
surface parametrization ® where you’ve defined a Gauss map, the Christoffel symbols are the

coefficients in the linear basis decomposition of the vectors d%®/du,du; in the following basis
of R™:

{661) ad ad N}
ouy ouy’ " 0u,_q
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in front of the partials of ®. The fact that {a—‘b iid oP

8u1 ! aul P Bun_l

,N} is a basis of R™ comes from the

0d 09 0P
fact that {a—ul, a_ul' 0 P

maximal — see the third condition of a surface parametrization in Definition 6.2.2) and that N is
normal to every vector in this list.

} is a linearly independent list (since the rank of the matrix D® is

Definition 6.4.3: Let S be a smooth (n — 1)-dimensional surface sittinginR®*and ® : U - V' n
S a surface parametrization of S where U € R""! and V < R™ are open sets. Suppose also that
N : W — R" is a Gauss map where W < U is some subset of U. Then the Christoffel symbols

F,i’} : W - Rfork,j,me {1,2,..,n — 1} are the following coefficients in the linear basis
o g0 92y,
6u1 ’ aul y aun_l ’

decomposition of the vectors 9%®/du, du; in the basis {

n-1

0’0 Z (Fd 661)) N
o du; B ki ouy, Y

(here the partials of @, the Christoffel symbols, and N are being evaluated at (uq, u,, ... u,_1) €
w).

The reason that the —,;’s are the coefficients in front of the N in the above equation is given by
the equations for the second fundamental form stated at the end of Definition 6.4.1.

Section 5: The Minimizing Curve Theorem for
Surface in R"

Here we finally get to the exciting task of proving our first variational theorem for general
surfaces sitting in R™: The Minimizing Curve Theorem for general surfaces. Just like we had on
two-dimensional surface sitting in R3, if you take two points on a general surface sitting in R™
and take a path between them of shortest arclength, then that path is called an arclength
minimizing curve, or just simply minimizing curve.

Definition 6.5.1: Suppose that S is a smooth (n — 1)-dimensional surface sitting in R™ and let
p, and p, be any two distinct points on S. Then a curve y € C?[t,, t;] in R™ that lies on the
surface is called a minimizing curve between p, and p, if it connects the two points:

y(te) =p1 and y(t;) = py,

its derivative is nonvanishing, and for any other surface curve n € C?[t,, t,] that connects these
two points and whose derivative never vanishes, the arclength of y(t) is less than or equal to the
arclength of n(t):

Lly®] = LIn(®].

In other words, a minimizing curve between two points on a surface is a surface path of shortest
arclength. The reason why we require that the derivatives of the curves involved don’t vanish is
always to prevent the image of the curves from having awkward corners.
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Just like in the case of two-dimensional surface sitting in R3, we can find a necessary condition
for minimizing curves on general surface by applying the Euler-Lagrange differential equation to
the arclength functional, which in turn gives us a powerful way to find such minimizing curves.

We will do this exactly how we did in the previous chapter except that here we will use the
hypersurface Euler-Lagrange vector differential equation since we are working on general
surfaces. As for Theorem 5.4.2, the main idea in the following proof came from something that
Gelfand and Fomin presented in their calculus of variations book.

Theorem 6.5.2 (n-Dimensional Version Minimizing Curve Theorem): Suppose that S is a
smooth (n — 1)-dimensional surface sitting in R™ and let p, and p, be any two distinct points on
S. Suppose that y € C?[a, b] is a minimizing curve between p; and p,. Then for any time ¢t €

(a, b), our minimizing curve satisfies the minimizing curve equation:

y"(t) € span{y'(t), N}
where N is any nonzero normal vector to the surface at the point y(t).

Proof: The N above does not have to be the Gauss map (which is a pretty strong construction)
and at each point y(t) N is just a nonzero normal vector to the surface at that point. The proof of
this theorem is exactly the same as the proof of Theorem 5.4.2 except that here we have to do
things in more variables. In this proof, let x denote the vector:

X = (X1,%5, ey Xp)-

To prove this theorem, we will use the hypersurface Euler-Lagrange vector differential equation
that we derived in Chapter 3 (Theorem 3.3.10). Let us take any time t, € (a, b) and show that
the minimizing curve satisfies the minimizing curve equation at time t = t, (in other words, our
strategy here is to focus on one time in the interval (a, b) at a time). Since S is a smooth surface,
by Theorem 6.3.2 there exists an open set V' that contains the point y(t,) on the surface such that
V' n S is the level set of a C™ function g(x) whose gradient never vanishes on V N S. Since V is
open, by the continuity of y(t) we know that there exists some small time interval [, 8] <

(a, b) centered at t, such that y(t) is always inside of I/, and in particular inside of V n S, for all
times t € [a, B].

Basically what we’ve done here is locally to y(t,) we represented the surface as the level set of a
C* function. Why did we do this? We did this because we’re about to apply the hypersurface
Euler-Lagrange vector differential equation to y(t) at time t = t,. Let us form the arclength
functional J:

B
a0, 200,00 = [ O + (@) + -+ (w0t

a

where the domain of the functional is the set of C? curves (u1 (1), u,(t), ...,un(t)) that lie on the
surface S and that satisfy the boundary conditions of agreeing with the minimizing curve at times
t=aandt = fg:
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(ul(a),uZ(a), ...,un(a)) =y(a) and (ul(ﬁ),uz(ﬁ), ...,un(ﬁ)) =y(B),
(ui (@), up(@), ., up(@)) =y'(@) and  (ui(B),us(B), ., un(B)) =v'(B),
(uf (@), uy (@), .., uy (@) =y" (@) and (uy(B),uy(B), ... u (B)) =v"(B).

We need all possible derivatives (0 through 2) of the curves in the domain of J to agree with the
minimizing curve to make the following claim: the restriction of the minimizing curve y(t) to
the time interval t € [a, 8] is a local minimum of the functional . The reason why this is true
should be clear. If it were not true that the restriction of y(t) to t € [a, 8] is a local minimum of
J, then arbitrarily close to this restriction would exist a curve (aj(t), u,(t),.., u~n(t)) in the
domain of J that has a shorter arclength than y(t) between the points y(a) and y (). But then
we could construct the curve:

y() if téla/p]
(@), 53 (t),.., 0, (0) if t€lap]

and notice that this new curve is still C? (because of the above boundary conditions imposed on
the curves in the domain of J, like (1’I{(t), u,(t),.., @(t))) and that it has a shorter arclength
than y (t) between the points p, and p,. But this contradicts the fact that y(t) is a minimizing
curve between p; and p,. So the restriction of y(t) to t € [a, #] indeed must be a local minimum
of J.

7(®) ={

Great! The fact that the restriction of y(t) to t € [a, £] is a local minimum of /] means that it
must be a solution to the surface Euler-Lagrange vector differential equation of this arclength

functional. Let (ulo(t), Uz, (£), .o, uno(t)> denote the restriction of the minimizing curve y (t)
onto the interval t € [, B]. Let F, as in our usual notation, denote the integrand of the integral in
the definition of J. Since (ulo(t),uzo(t), ...,uno(t)) is a local minimum of J, according to
Theorem 3.3.1 it must satisfy the differential equation:*!

VsJ [t (0), g (), sty ()] = AV (1134 (8), Utz (0), ., g (D))

ont € (a, B) for some real valued function A : (a, B) — R. Let’s calculate the left-hand side of
the above equation:

V][ (t) (t) (t)]— a_F_i a_F a_F_i a_F 6_F_i<6_F>

oIM1oRE 0 2o 00 Mo\ = o T e \ouy ) o, dt\oug ) Buy,  dt \ouy) |

Since the integrand F does not have u;,’s in it, we have that :TF, are all zero for k € {1,2, ...,n}
k

and so:

41 A comment of a similar sort to the one made in footnote 31 on page 181 applies here.
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d (0F\ d [0F d (0F

_ d(9F 9F  OF
—dt\ou) ou,’ T ou,

’ ’
d Uq 0 Uz 0 uno

2 2 2 2 2 2
\/ulg + Uy Uy, \/ulg +uyy” Uy, \/u10 +uy” + Uy,

_ _i/ (urp, Uzl voes Uny) \

o dt

\/U162 + u262 + + unz)z

(ul”, Uyl ) e, un”) d 1

_ 0 0 0 _ (u " u u I)

- 10, 20,..., ngJ:
2y ey’ T R e

u'l() u20 Up u'10 u20 uno

0

Notice that \/ulgz +uyh? + -+, % is never zero since (ulo(t),uzo(t), ...,uno(t)) is the

restriction of the minimizing curve y(t) to [a, £] and by definition the derivative of minimizing
curves never vanish (see Definition 6.5.1). So we get that out surface Euler-Lagrange vector
differential equation can be rewritten a:

144 n 145
(u1 yUpny oy Up d 1
- _ 0’ Y29 0 -— (wrh, tapy s Unl)
12 412 4 g1 2 12 4 12 gy 12
Uyg Uzg Ung Uig Uzg Ung

= A(t)Vg(u(t),v(t),W(t)).
Since (ulo(t), Uy (£), .or, uno(t)) is the restriction of y(t) to [a, B], over t € (a, B) the above

equation can be rewritten as:

y'@ d

Solving for y"'(t) finally gives that:

d
Y@ = =lly' OBV (r (1)) - lly' @1l = Iy @17y @©.

In particular, this equation holds at time t = ¢,:
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Y (o).

t=t0

d
y"(t0) = =lly' (t)lIAt) Vg (y (to)) — Iy @)ll = Clly" 1™

So y"(t,) is in the span of y'(t,) and Vg (y(to))! Now, let N be any nonzero vector that is
normal to the surface at the point y (¢,). Since both N and Vg(y(t,)) are perpendicular to the
linear subspace T, () (S) which has dimension (n — 1) (that’s on less than the dimension of the
space we’re working in: R™), we get that N and Vg (y(t,)) are linear dependent and thus the
above equation finally tells us that y (t) satisfies the minimizing curve equation at time t = t,:

v"(to) € span{y’(to), N}.

Since t, was chosen arbitrarily in the interval (a, b), we get that the above equation holds for all
t € (a, b) and thus we have proved the theorem.

Note 6.5.3: As it was for minimizing curves on two dimensional surfaces sitting in R3, an
interesting special case of the minimizing curve equation is when we parametrize our curve to be
unit speed. By a similar argument as in the discussion in Note 5.4.3, we can always
reparametrize any minimizing curve to be unit speed and furthermore it satisfies the property that
its second derivative is constantly perpendicular to its first derivative. In other words, if y(t) isa
unit speed parametrization of a minimizing curve, then:

y" @) -y'(®) = 0.
This is a powerful property since then the minimizing curve equation:
y" (@) € span{y’(t), N}

implies that y"' (t) is constantly linearly dependent with N — the non-zero normal vectors to the
surface. In other words, we have that y"'(t) is constantly orthogonal to the tangent plane
T, t)(S). In a surface parametrization @ this behavior can be written down in the following way.

Let (uy (), up (1), .., Un-1(t)) = @ (y(t)) be the inverse image of the unit speed minimizing
curve y(t) under & (which is C* by Lemma 6.2.4) for the times that y(t) is in the image of @.
Then the second derivative of y(t) can be written as (in the following | omit the arguments of
the partials of @; they are being evaluated at (u1 (1), u,(t), ...,un_l(t))):

d? d 0P
r'(© = 25 (S @,u @), o up1 () ) = E(Z Muk(t))
k=1
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n—-1 n-1n-1 n-1
od ad
= (m“ﬁ(”> 3 _ ( (12 ﬁ) B 1”@'”) O )

n-1 n-1n-1 n-1n-1

N ! aq) ! !
y'© =) [{wm®+) ) (Euwowm) |5— |- D veu@y® |,
- - — um —
m=1 k=1 j=1 k j=1
. . . . s - . (9D D oD n oo
This is the linear basis decomposition of y''(t) in the basis {ﬁ,ﬁ, ""T’N} of R™. Since
1 2 n-—1

y"'(t) is linearly dependent with N, or equivalently is orthogonal to T, (S) and thus
perpendicular to each ;T(D, the above equation then implies that y"' (t) satisfies the system of
differential equations:

-1

vme(12,..,n—1},  up()+ (Fmuw(©) = 0
1

-1

S
S

=
1l

1j
since the coefficients in front of the d®/du,,’s in the previous equation must all be equal to
zero. This system of differential equations for the unit speed minimizing curves are extremely
important because they describe the minimizing curves entirely in terms of the entries of the
metric tensor (since the Christoffel symbols can be solved for in terms of the entries of the metric
tensor). As an example of an application of this fact, the above form of the minimizing curve
equation for example shows that minimizing curves are conserved under isometries (metric
preserving maps).

Section 6: Rotation in the Domain of a Functional
Trick

As we have seen multiple times, the field of variational differential geometry can sometimes
involve long and scary computations. For such a reason, tricks and techniques that help shorten
such calculations and achieve the same thing are often sought after and needed. One such
technique is the rotation of curves or surfaces in a functional’s domain in order to compute the
variational derivative at curve evaluated at a single point. Let me demonstrate this technique on a
functional whose domain is a set of curves. This trick applied to other types of functionals,
including functionals over spaces of multivariable functions, works exactly the same.

Let’s suppose that J is a functional of the form:

b

Iyl = f F(x,y,y")dx

a
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where F € C2[R3] and /s domain is the set of curves y(x) € C?[a, b] that satisfy the boundary
conditions:

y(a@)=A and y(b)=B

where A and B are two real numbers. Suppose also that J is a functional that measures some
geometric property of curves — properties that are invariant under translations and rotations
(rotation invariance is what we will need). An example of such a property is arclength. Now,
suppose that we have a curve Y (x) in the domain of ] at which we want to compute the

functional derivative of J at: ::_3], [Y].

Let’s also suppose that in this situation directly plugging Y (x) into the equation for the
functional derivative (which is the left-hand side of the Euler-Lagrange differential equation)
would result in a massive calculation and so we desperately need a trick that helps circumvent
such a long a calculation and that achieves the same result. This rotation technique that | am
about to show you goes about calculating the functional derivative at each single point x, €
(a, b) at a time. The values of the functional derivative at the boundary boundaries will then
follow from the continuity of the functional derivative as a function of x. So fix any point x, €
(a, b) where we want to evaluate the functional derivative of J at Y (x).

A

(XO: Y(xo)) @)

a a xy B b

Now, there exists a small interval [a, 8] S (a, b) centered at x,, such that if you rotate the graph
of Y (x) over this interval [a, 8] (orange in the above picture) around the point (xo, Y (x,)) S0 as

to make the tangent line at the point (xo, Y(xo)) flat (forget about the rest of the blue curve for
nNow):
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Graph of Y (x) over the
/ interval [a, 8] rotated around
the point (xo, ¥ (x)) so now

this point is a local
extremum. Call this Y (x).

[ | i | >
L I 1 =
po Xo o n

it will still be the graph of a function (passes the vertical line test for the younger generation). Let
0 denote the radians that you rotated that piece of the curve by. Let’s also suppose that you
rotated it so that || < % (you can always choose such a direction of rotation). Let’s call this new
curve that we get ¥ (x) whose domain is some interval [, n]. Now let us form a functional J
whose domain is the set of curves $(x) € C?[u,n] that satisfy the boundary conditions of
agreeing with ¥ (x) up to the second derivative at x = § and x = 7:

W =Y and ym) =Y,
W =YW and ym=Ym,
J'W=Y"(w) and 3" =7"),
and for any ¥ in the domain of J, J[#] is the measure of that same geometric property that J

measures on the curves in its domain (such as arclength). Suppose that J can be written in the
form:

n
91 = [ Fes.7,3dx
u
for some F € C?[R2]. Now here comes the heart of the matter: if you show that the functional

derivative of J at ¥ (x) evaluated at x = x, is equal to the functional derivative of J at Y (x)
evaluated at x = x,:

5]

55 [Y]

_9

—@[Y]

X=Xg X=Xo

So basically, rotating a curve in the functional’s domain and evaluating the functional derivative
that way gives the same answer. Let’s prove this. First of all, you might wonder why we even do
this whole thing with the rotation of the curve. The answer is that the computation of the
functional derivative at a curve evaluated at a point is sometimes easier when that point is a
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relative extremum. For example, if the expression for the functional has gradient terms in it, then
all of those terms will go away when you compute its functional derivative at the local extrema.

Ok, so let’s prove that the functional derivative of J at ¥ (x) evaluated at x = x, is equal to the
functional derivative of J at Y (x) evaluated at x = x,. In this proof we will be borrowing ideas
from distribution theory and the technique used in this proof is used in many places of analysis. |
will explain the idea behind the following proof after | present it.

Take any nonnegative function ¢ € C?[R] that is zero on [u, n]¢, that satisfies the boundary
conditions:

ou)=0 and ¢ =0,
'(W)=0 and ¢'(n)=0,
@"(u)=0 and ¢"(n) =0,

and the integral:

o n
_[o @(x)ds =l[(p(x)ds =1.

It will be extremely important later on that ¢ (x) is nonnegative. Such functions are not hard to
construct and the equation for the spike function in the proof of Lemma 1.3.1 shows a good way
to write an explicit equation for such a function. Now let us define the sequence of functions
{@n(x)}=; defined by: forany n € Z,

@n(x) = ng(xo + n(x = x0)).
If you graph this sequence of ¢,,(x)’s for several n’s you will see that these ¢,,’s will get

skinnier onto the point x, and become really tall.

A

/ Pa(x)
®2(x)
‘% Pp(x) = @1 (%)

r/\1

1
s *o o
For those who know what the Dirac delta function is, the ¢,,’s will look more and more like the
Dirac delta function 6 (x — x,). Intuitively that’s what we’re are going to use these ¢,,’s for: we
will use them to get approximate Dirac delta function behavior. And these ¢,,’s don’t converge
onto x, in the fashion described above just randomly. They converge in such a ways that their

areas under the curve are always equal to one: for any n € Z,. (here | do a change of variables),

v
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n %) oo o)

f%(X)dx = f @n(x)dx = f ne(xo + nlx — x0))dx = J pwdu = 1.

u — 00 — 00 — 00

Another very important feature of these ¢,,(x)’s is that the size of the place on the x-axis where
they are nonzero shrinks to zero. Specifically, each ¢,,(x) is zero outside of the interval (careful
not to mix n with n):

Xo — H 1 — Xo
[ro 22y 4 1250).

And the lengths of these intervals go to zero as n — co. Now, let us form the sequence of 2-
smooth linear flows {A,, : [u,n] x [-1,1] - R}:=1 defined by: for any n € Z,,

Ay (x,8) = Y (%) + @, (0.

Intuitively speaking this flow flows through ¥ (x) at time t = 0 with flows speed ¢,,(x). Notice
that these flows always stays inside of the domain of J (meaning, for each fix t € [—1, 1],
A, (x,t) is inside of dom(J)). Notice also that by considering where ¢,,(x) is equal to zero, we
see that for each n € Z.., the flow A,,(x, t) is not deforming ¥ (x) outside of the interval:

Xo — H n- xo]

Xg — Xg +
[0 nlO n

as t varies over [—1, 1]. And the flows always flow up since ¢,,(x)’s are all nonnegative. In
other words, aait” (x, t) is always nonnegative for all n, x, and t. Now, take any n € Z,. For each

time t € [—1,1] take the curve A,,(x, t) and rotate it around the point (xo, Y(xo)) by —6 radians
and replace the section of the curve of Y (x) over [a, 8] with the rotated A, (x, t) curve.

A

v
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Rotated A, (x, t)
replacing the original

orange piece. \

/

I I I ] I
I L | 1 [

a a xy B b

\

Call the new curve Y (x) with the new green section replacement over the interval [, 8] above
A, (x, t) (this new curve is C? because A, (x, t) satisfies the boundary conditions that all of its
derivatives up to order 2 are equal to that of ¥ (x) at the boundaries). It’s not hard to see that for
each n € Z, there exists a small enough time interval [—A,,, A,,] € [—1, 1] centered at 0 such
that for any time t € [—A,,, A, ], A, (x, t) is the graph of a function (to see this just analyze the
maximum and minimum of the derivatives involved). With this we can form a new sequence of
flows {A,, : [a, B] X [-A,, A,] = R};=;. Technically these are not classical linear flows as
defined in Definition 1.2.8 since they is not of the form y, (x) + y,(x)t, but we will still call
them flows because for each fixed time t € [—A,, A,], A(x, t) is a function of x which is in fact
inside of the domain of J. So {A,, : [a, B] X [—A,, A,] = R};-, are flows that stay inside of the
domain of J. Notice that they pass through Y (x) at time t = 0. By geometric consideration we
can also see that the flow A, (x, t) for each n € Z, is not deforming Y (x) outside of the interval:

n—Xo
n

x —
[xo -2 'ucos(H),xo + cos(G)]
as t varies over [—A,,, A,,] since its unrotated cousin A, (x, t) is not deforming ¥ (x) outside of
the interval [x, — (xo — ) /n, xo + (n — x,)/n]. This is important because the lengths of these

intervals are also going to zero. Notice also that A,,(x, t) always moves upwards or downwards.

oA o . :
In other words, a—t" (x, t) is either always positive or always negative for all n, x, and t.

As the flows A,,’s flow, the geometric quantity that J measures of the curve Y (x) is not changing
outside of the interval [a, 8] since the A,,’s are not deforming Y (x) there. So let us restrict our
functional J’s attention only to the interval [a, ] and call that new restricted functional J:

B
Jely] = j F(x,y,y")dx.

a

It’s easy to see that the variational derivative of J,. at Y (x) is equal to the variational derivative of
J at Y (x) over the interval x € [a, 8] since the variational derivative only depends on the
integrand and not the integration bounds. Now let us see how the functional and its rotated form
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are changing as t varies over the interval [—-A,,, A,,] for each n € Z,.. Since both J and J
measure the same geometric quantity, forany n € Z, and any time t € [—4,,, A, ],

Jr[An(x, )] = J[Aq (x, )]

In particular, for any n € Z, their derivatives are equal at t = 0:

d
= UrlAn (G 0)])

d  ..—
=z (EGo)|

t=0

By Lemma 3.6.1 the above equation can be rewritten as:*?

B no. —
Sla . OA, (o] _ of,
SR e 0)dx = f 55171 5 0)dx
a 1

We are soon going to take the limit of both sides as n — oo. But first, since A,, and A,, deform
the curves ¥ (x) and Y (x) only on the intervals [x, — (x, — ) /n, xo + (n — x4)/n] and

[xo — ((xo — 1) /n) cos(8), xo + ((n — x0)/n) cos(8)] respectively, % and aait” are zero
outside of the intervals [xo — (xo — 1) /1, xo + (1 — x0)/n] and [xo — ((xo — p)/

n) cos(8),x, + ((1n — x0)/n) cos(6)] respectively. So the above integral equation can be
rewritten as:

xo+77_nx0 cos(8) x0+n_nx°
) aA 8] . 9A,
f Yr [Y]—==(x,0)dx = f — [V1—"=(x,0)dx.
Sy Jt 6y Jt
xo—xon_ﬂ cos(6) xo—%
By the Mean Value Theorem for Integrals, there exists numbers:
Xo — U 1 — Xo
xle[xO_T;xo+ ]I
Xo — - X
X € [xo _= 'ucos(H) , Xo + 1 - 0 cos(G)],
such that:
x0+77—nxo cos(60) x0+n_nx0 cos(6)
6Jr A, OJr dA,
—_ Y _— ’O d = — Y v ;0 d )
g ena=g| [ R0
xo—ycos(e) ! xo—y cos(6)

42 Technically the way Lemma 3.6.1 was stated it only applies to linear flows. However nowhere in the proof did we
use the fact that the flow was linear and so the result holds for more general flows as well like A here.
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x0+n;lx0 xO+n_71xO
§f .. oA, 5] . o,
I 17127 (03t = 2L 1] | Sreodn
6y Jt 6y s at
Xo—H X=X1 Xo—H
Xo——p Xo———

Here | used the facts that and — are always either nonnegative or nonpositive. This turns
the previous integral equatlon |nto.

Equation 6.5.1:

x0+n_nx° cos(8) X0 +Tl—nxo
1) (')A [ oA,
e [y f —- (x,0)dx = 17 f —--(x,0)dx
oy rex oy e at
! xo—xoT_“ cos(0) -t xo—xOT_H

Now what are the above integrals equal to? The integral on the right-hand side is equal to:

x0+n Xo x0+—n_x0
O
f 6_tn (x,0)dt = J @, (x)dt = 1.
Xo—H _Xo—H

Xo— Xo

n n

What about the integral on the left-hand side of the previous equation? Well, let’s write:

x0+n_nx° cos(6) x0+n_nx° cos(6)
A, d
f — (x 0)dx = T f Ay (x, t)dx
xo—xor:# cos(6) X9 —xOT:M cos(60) =0

n—x n-
Xo+ 0 cos(8) Xo+ cos(@)
fxo X0 “u 05(0) Ap(x,€)dx — f xonu cos(®) A, (x,0)dx

= lim
-0 &

x0+n 0 cos(6)

fo Xo—it Xo~H (e)(A (x,€) — Ap(x,0))dx

-0 &

Since area is invariant under rotations, the area between A,,(x,t) and Y(x) = A,,(x, 0) is equal
to that of the area between A, (x, t) and ¥ (x) = A,,(x, 0) (even up to sign since we rotated less
than g radians). So, the above limit is equal to:
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X0
X0 +TI

fxO X0 m (A (x,€) — A, (x, 0))
lim
£—-0 \ &
xo+1=X0 xo+=X0
(fxoo Xt A, (x, €)dx —fo xollu A, (x,0)dx
= lim LC

£-0 \ &

x0+77—nxo xo+7’_nx“
d — aA
-2 f Eode || = f =2 (x, 0)dx.
xo_% t=0 xo_xorzli

And this last integral we already showed is equal to 1. So, we gave that forany n € Z,

Xo+

n—Xo
n

—_—

f Ay (x,0)dt =1
ot X, = 1.

xo_xor:li

With this we finally have that Equation 6.5.1 can be rewritten as:

A
w5

Taking the limit of both sides as n — oo will make both x;,x7 = x, and thus by the continuity of
the functional derivatives as functions of x we get that:

5]R

8 8
Or since 28 = 2L
Sy Sy

This proves the claim.

| do want to explain the idea behind the above proof. Fundamentally we used the fact that the
functional is invariant under a rotation of its domain because it measures some geometric
property of the elements in its domain (curves that is). Thus variational changes in the functional
are invariant under such rotations. Since differential changes in the functional can be expressed
in the integral form (I omit integration bounds):
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dj = f — dAdx

(Lemma 3.6.1), we get that such differential integral quantities are also invariant under rotations.
Then we proceed to use a trick that is used throughout many branches of analysis: if you want to
evaluate an integrand integrated against a variable function, then use variable functions that have
very spiky positive behavior (or: very “Dirac delta function” behavior) around a point to find the

value of that integrand at that point. Here the integrand that we are trying to evaluate is g—; and

our variable functions on a differential level are dA. In the language of distribution theory, we
are trying to find the values of the function that generates the distribution:

6]
= f @ ¢ (x)dx.

Our proof above is just a rigorous version of these arguments.

This trick works in higher dimensions as well when we deal with surfaces in R3 or in more
general R™. In those cases, in order to evaluate the functional derivative at each point we rotate
surface so that that point becomes a local extremum and then calculate the functional derivative
at that point on the rotated surface. To illustrate the power of this technique, let me show you
how it can be used to simplify the calculation done in Theorem 5.6.2. In that proof we had to
show that the functional derivative of the “local total Gaussian curvature” functional:

hyhyy — h2
J[h] = ff ——t L

at any surface h is equal to zero (here we are using the word “surface” to colloquially mean a
real-valued function of two variables). Notice that this functional does measure a geometric
property of the surfaces h’s in its domain: it measures their total Gaussian curvature, or more
explicitly the surface integral of the Gaussian curvature over them, which is a geometric property
since surface integrals and Gaussian curvature are geometric quantities. So let us apply the
higher dimensional version of the trick discussed above here to show that the functional
derivative of J is indeed zero at any of the surfaces in its domain. Pick any surface h, in the
domain of the above functional J (I decided to call it h, here in order to differentiate between the
surface where we are trying to compute the functional derivative at and the variable of J). Take
any point (xo,y,) € Q and rotate the surface around the point (xo, yo, ho (0, o)) in a similar
fashion as described above with curves such that (x,, y,) becomes a local extremum of the
rotated piece h,. The rotated version of the functional as described in the above trick here will be

of the form:
U y dxdy
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where the domain of this functional is the set of A € C2[Q] that satisfy the property that all of
their partial derivatives up to order 2 (even of order 0) match with those of i, on the boundary
aQ.. The reason that the integrand looks the same is because we are still integrating the Gaussian
curvature here (we’re measuring the total Gaussian curvature of k over Q). The nice thing about
(%0, Vo) being a local extremum of the rotated piece hy, is that:

V%(XO;YO) = (%X(XO,YO)' h~0y(x0,y0)) = 0.

Let F be the integrand in the above expression for J. We have that the functional derivative of |
at h, evaluated at (x,y) = (xo,¥,) is equal to (the F’s here are being evaluated at

(50, Roy oy B By o, ) and the Fy’s are being evaluated (xa, yo)):

R

| >

(o]

>
=1

(xy)=(x0,y0)
_ oF o (0F 0 (9F 4 a2 ( oF 4 a2 ([ oF N 92 ( oF
~\oh 0x\oh,) 0dy\oh,) 0x2\oh,,) 0xdy\oh,,) 03y*\oh,,

Let’s break down the computation of each term on the right-hand side separately. In the
following remember to keep in mind that g (xo, ¥0), ho, (X0, ¥o) = 0.

(x,3)=(x0,y0)

Calculating the oF term gives:
Ol (x,y)=(x0,30)
oF
ORl (2 y)=(xro0)
: a (oF :
Calculating the — ( — term gives:
ox ("’hx) (xy)=(x0,¥0)

_ —_ ~ —~2 — —_ o~ —~2 —
i(@F) _ i _3 (hoxxhoyy B hoxy) ho, —_3 (hoxxhoyy B hoxy) Mo,y
ox \oh ~ ox ———° —

1 ey)=(o.yo) Jl + Top + hoi Jl + T + hoi

Calculating the ai (;%) term gives:
YN e y)=(x0,v0)

_ —_ —~ —~2 — —_ —~ —~2 —
i(@_F) _9 _3 (hoxxhoyy B hoxy) ho,, —_3 (hoxxhoyy B hoxy) hoyy
dy PYA dy — — 5 — — 5 :

Y7 ey)=(o o) \/ 1+ ho, +hy, \/ 1+ hg, + g,
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: a2 ( oF :
Calculating the — ( —=— term gives:
Ox* ("’hxx) (xy)=(x0,¥0)
ik < oF ) 92 ho,,
3.2\ A% = 35,2 3
%% \Ohyx (x,y)=(x0,50) Ox \/ 1+ Egi + h~032/
_ 0 hoyyx hoyy (hoxhoxx t hoyhoyx)
~ ox 33 5
—~2 —~2 —~2 —~2
P — —~2 —~2
_ hoyyxx _3 hoyy (hoxx + hoxy)
- —~2 ~23 —~2 ~25 .
J1+h0x+h0y \/1+h0x+h0y
: a2 ( oF e
Calculating the 2y (%) term gives:

(x,y)=(x0,y0)

92 / ho,,

= -2
dxdy S
(x,y)=(x0,¥0) \/1 + hO + hO
X

y

02 (aﬁ )
0x0y \0h,,

- > i Moy _3 Moy (hoxhoxy + hoyhoyy)
dy — —2 —2
-9 hoxyyx 16 hoxy (hoxxhoxy + hoyxhoyy)
- 2 23 2 2 > .
.
Calculating the % (;_F) term gives:
YENORyy /) ()= (0,30
9? ( oF ) o2 -
avz\ah 9y 3
Y Ny M =ty Y J 1+ h~o,2€ + Egi
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9 Rorey ho,,, (hoxhoxy + hoyhoyy)
- @ 3 3 5
—2 —~2 —~2 —~2
\J1+h0x+h0y J1+h0x+h0y
—_— — —~2 —~2
_ hoxxyy R (hoxy T hoyy)
B 2 23 - 3 2 25 .
\/1+h~0x+h~oy J1+h~0x+h~0y

Plugging all of these into the expression for g—,{; [7{5] gives us that:

R

8] — (hoxxhoyy B hoxy) ho (hoxxhoyy B hoxy) hoyy
ﬁ [hO] =3 5 +3 5
- —2 —2 —_2 2
(x.y)=(x0.y0) \/1+h0x+hoy \/1+h0x+h0y
—_— — —~2 —~2 —_—
g e (Rg?. + Ty Ry
+ yyxx -3 yy ( xx xﬁ) _ > xyyx i
2 —2 —~2 —~2 —~2 —~2
— —_— —~ —_— —~ —_— — —~2 —~2
hoxy (hoxxhoxy + hoyxhoyy) h Oxxyy ho (hoxy + hoyy)
+6 = T~ 3 =
—2 —~2 —~2 —~2 —~2 —~2
\/1+h0x+hoy J1+hox+hoy J1+h0x+h0y

A much shorter expression than what we got in the middle of the proof of Theorem 5.6.2. And it
is not at all a hard task to show that every term on the right-hand side of the above equation
cancels out. Canceling all of the terms on the right-hand side out finally gives us that:
5] —
=[] —o.
(x,y)=(x0,%0)

Thus, by the rotation trick argument we get that the functional derivative of our original
functional at h, evaluated at x, is equal to zero:

(o]

5h =0.

(x,y)=(x0,y0)

Since (xy, yo) Was chosen arbitrarily in Q this shows that :—}IL [ho] is zero everywhere:

%[ho] =0

on Q. In fact, since h, was chosen arbitrarily in the domain of J this shows that the functional
derivative J is zero at any curve in its domain.
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Look at this! with this technique we were able to shorten the calculation done in the proof of
Theorem 5.6.2 by a lot. This rotation trick will be crucial in the proof of the next two theorems
because proving them without this trick is next to impossible.

Section 7: Minimal Surfaces in R™

The next exciting variational theorem on our list is the Minimal Surface Theorem for general
surface in R™. The question that his theorem address is exactly of the same sort that we already
explored in Chapter 5 when we discussed two-dimensional minimal surfaces sitting in R® except
that here we do things in general n dimensions. Suppose that we have a contour in n-dimensional
Euclidean space and we want to find a surface that passes through this contour and that occupies
the minimum amount of surface area. Such a surface is called a minimal surface and it turns out
that as in the case of two-dimensional surface, it will always have constant mean curvature equal
to zero.

We will prove a form of this fact that yields to a nice and easy formulation. However, before we
do that, we need to define the surface area in n-dimensions. Suppose that we have a continuously
differentiable function x,, = f(xy, x5, ..., x,_1) and that Q is a region in the x;-x,-...-x,_; plane.
Then the surface area of the surface generated by the graph of f over ( is defined to be (here I
omit the arguments of the partials of f):

2 2 2n-1
= [ [+ )+ G o

where [ here denotes an integral over a region in R™. This is a formula that’s often presented in a
course on multivariable calculus and can be intuitively introduced using the Cauchy-Binet
equation. Again, as we will do here, this is usually just taken to be the definition of the surface
area of the graph of a function. Here | am going to use the fact that surface area is a geometric
property (specifically that it is invariant under rotation) so that we can apply the trick discussed
in the previous section to the proof of the Minimal Surface Theorem. I will not prove this fact
here. Its proof involves a linear algebra and change of variables argument.

Now we are ready to state and prove a version of the Minimal Surface Theorem.

Theorem 6.7.1 (Graph Version of the €2 Minimal Surface Theorem): Let O € R™ be a
compact subset of R™ that the Divergence Theorem applies to. Suppose that € is the closure of
its interior and that its boundary 01 is a set of zero Jordan content. Suppose also that we have a
function of the form f : Q) — R and that the set:

{(xl,xz, oo X, f (21, X3, ...,xn)) € R™1: (xq,%p, ..., X,) € GQ}

can be parametrized by a non-singular €2 curve y(t) in R™*1. This will serve as our boundary
condition for the functions in the domain of our functional. Let J be the surface area functional:
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n-1
JTh] = f\/1 R e M B 22
Q k=1

whose domain is the set of functions h € C?[Q] that satisfy the boundary conditions:

h(x1, X9, oy Xn) = f(X1, X2, e, Xn)  If (X1, X5, ..., Xp) € 0Q

(in other words, the h'’s pass through y over 9). Now, suppose that h, is a local minimum of
the surface area functional J. Then, the surface generated by the graph of h, has constantly zero
mean curvature:

-1

2
[ 1 + hoxl hoxlhoxz h0x1h0xn—1]
1 1 2
—trace }[Ol hoy,hox, L+ hoy, hoy,hos, , | =0
fromene, |, f
xk lhoxn—1hox1 hoxn—lhoxz w14 hoxn—1J

onx € Q%

Proof: We apply the rotation trick that we discussed in the previous section since /] measures a
geometric quantity of the h’s in its domain. In this proof, let x denote the vector:

X = (X1, X3, ey Xp_1)-
Since hy is a local minimum of J, the functional derivative of J at h is equal to zero:

6] _
ﬁ[ho] =0

on Q. Now, choose any point x, = (xlo,xzo, s x(n-l)o) € Q. We are going to show that the

mean curvature of h, at p, = (xlo, X205 s X(n=1) h (xlo, X2 ...,x(n_1)0)> is equal to zero

(more precisely, we are going to show that the mean curvature of the surface generated by the
graph of h, is equal to zero at p,). In other words, we’re concentrating at one point in Q at a
time. Rotate the surface h, so that the point p, becomes a local extremum in the manner
described in the trick discussion in the previous section. The rotated version of the functional as
described in the trick in the previous section here will be of the form:

43 The same type of note applies here as in Footnote 33 in Theorem 5.5.1 where we looked at minimal surfaces in
R3. We technically didn’t define surface curvatures for surfaces generated by the graph of €2 functions since we
only defined curvatures for C* surfaces. But we can extend the definition of surface curvatures to surfaces
generated by C? functions by just defining them to be equal to the formulas that we derived for the Gaussian and
mean curvatures in a graph surface parametrization at the end of Example 6.4.2. These C? surface curvatures also
can be obtained from similar geometric interpretations as in the beginning of Section 4 in Chapter 4 and thus they
are also geometric properties of C2 surfaces (meaning that they are invariant under rotations and translations).
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n-1

IR = [ 1Rz 0z, e i ] Jdn
k=1

Q

where the domain of this functional is the set of A € C*[Q] that satisfy the property that all of
their partial derivatives (even of order 0) match with those of h, on the boundary a$. The reason

that the integrand looks the same is that we are still measuring the same property: surface area.
Now by the surface version of the argument in the previous section we have that the functional
derivative of J at h evaluated at x = x, is equal to zero since:

5] — 5]

—[ho]

Sh

X=Xq

[ho]

X=Xo

Now, let’s compute the functional derivative of ] at h evaluated at x = x, explicitly. Let F be the
integrand in the integral equal to j[2] above. By Definition 2.4.11 we have that the functional
derivative of J at h evaluated at x = x, is given by: (here the partials of F are being evaluated at

(VRN S Y50 YO YSY Y )}

n-1
~ <6F Z 9 ( OF ))
0h £y 0% \Ohy,

8] —
ﬁ[ho]

X=Xo x=x

0
(e )
B axk ~ ~ ~ '

k=1 J1+h§1+h§2 + -+ hZ
X=Xo

Calculating the above 2 partials, while taking into account that hy_ , hg_ , ..., ho are all
oxy X1 X2 Xn-1

zero at x = x, since x, is a local extremum of hy, gives that (here all of the partials of h, are
being evaluated at x = x,):

]

| =

(o]

=l

n-—1
3 = — Z hoxkxk(xO) = —trace (7—[0 (xo))
k=1

X=Xo

where H, denotes the Hessian matrix of k. So, since the functional derivative of J at &
evaluated at x = x, is equal to zero the above equation finally implies that:

Equation 6.7.2: trace (77[:, (xo)) = 0.

Now comes the heart of the matter: the left-hand side of the above equation turns out to be equal
to n times the mean curvature of the surface h, at p, which is furthermore equal to n times the
mean curvature of h, at p, since mean curvature is a geometric property and thus invariant under
rotation. Let’s prove that this indeed the case. Let H,(x) denote the mean curvature of h, at
above x (at the point (xl, X2y eeey Xp—1, (X1, x5, ...,xn_l)) that is). Plugging everything here into
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the formula for the mean curvature of a graph that we derived in Example 6.4.2 gives us that the
mean curvature of hy at p, is given by:

E)(xo) = ltrace / 1 }FE)(XO) (Mﬁ (Xo))_l
' \ 1+ Xph b, (x0)

where the matrix M is given by:
_ —~2 —_— —_— -
1 + h0x1 h0x1h0x2 hoxlhoxn 1

— o —2 —
MB = hoxzhoxl 1+ hoxz hoxzhoxn 1|

hy. hy. ho. hg
L *0x, 1 Oxy Oxp_q Ox;

Since x, is a local extremum of hy, all of the first order partials of &, in the above expression for

the mean curvature Hy(x,) go away. For example, the denominator \/1 +ynt hZ, (x,) just

becomes 1 and Mg (x,) just becomes the identity matrix. So the above expression for the mean
curvature of hy, at p, can be rewritten as:

Fax) = trace (TTy(xo)).
n
Thus Equation 6.7.2 can indeed be rewritten as:
ni];(xo) =0,
which trivially implies that:
Hy (%) = 0.

Since mean curvature is invariant under rotations, we get that the mean curvature of our original
surface hy at p, is also equal to zero (here H, denotes the mean curvature of h,):

Hy(xo) = 0.

Since x, was an arbitrarily chosen point in €, this finally proves that the mean curvature of h, is
constant zero everywhere:

H, = 0.
With this we have proved the theorem!
]

With the above theorem we have proved a special case of the statement that all minimal surfaces
in R™ have constant mean curvature equal to zero. An amazing fact!
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I think it’s important to go back and see where exactly the trick of rotating the surfaces in the
domain of the functional helped in the above proof. Evaluating the functional’s derivative at
extremum points by rotating the surface each time made all of the first partials of the surface in
the expression for the functional derivative go away. This for example made the equation for the
functional derivative being equal to zero at a point p, in the above proof a very short and elegant
equation, a mere:

trace (}TO (xo)) = 0.

And the most important task of showing that the left-hand side of the above equation is in fact

equal to n times the mean curvature of the surface hy at p,, which implied that the mean
curvature there was zero, was also really easy because at an extremum point the equation for the
mean curvature is the short equation:

— 1 —
Hy(xy) = Etrace (7—[0 (xo)).

Had we chosen not to work with extremum points, then the task of showing that the functional
derivative at x, was equal to n times the mean curvature of h, over x, would have boiled down
to proving the equation (here the partials of hy, and #,, [the Hessian of h,] are being evaluated at

Xo):

—1 1
nz: / hoy, \ + AN o Rox

3
k=1 \\/1 +ynd hoik/ k=1 \/1 + YRt ho,zck

2 -
1 + h0x1 hoxl hoxz hoxl hoxn_l
1 1 2
= —trace H, hOXZ.hOxl 1+ hoxz h0x2 hOxn_1
\/1 + YRt hoi ' ; 5
* hoxn—1h0x1 hoxn—1h0x2 1+ hoxn—1

An incredibly scary equation, which shows what we evaded by employing the above rotation
trick. | think that the rotation trick made the above proof of the Minimal Surface Theorem really
elegant.

Section 8: The Global Gauss-Bonnet Theorem in R™

We finally get to what | consider the culmination of all of the mathematics that we have been
doing so far in this book. We will prove a version of a corollary of the Global Gauss-Bonnet
Theorem in R™. This theorem that we will proving here stems from the same exact set of ideas
that we had in Section 6 of Chapter 5. The fact that we will be proving here is that if you take a
closed surface in R™ that can be obtained by smoothly deforming a fundamental surface, such as
an (n — 1)-dimensional sphere or an (n — 1)-dimensional torus, then the total Gaussian
curvature of your surface will be the same as the total Gaussian curvature of that fundamental
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surface. Here the total Gaussian curvature of a surface S in R™ is defined, just like in Chapter
5, as the integral of the Gaussian curvature over the entire surface:

KIS] =2§Kda

where $ here denotes a surface integral and K is the Gaussian curvature as a function of the
points on the surface. There is one point of technicality that needs to be mentioned here that I've
been sweeping under the rug for some time, and that is the subject of the surface curvatures
being well defined as we do these surface integrals. When we write the above surface integral,
there is a possible conflict in that as we integrate over the surface we don’t know which Gaussian
curvature to use at each point since there are possibly two at that point that differ in sign. As
mentioned before, if the dimension of the surface is even then the Gaussian curvature is always
well defined at each point and there is no problem (as was the case in Section 6 of Chapter 5).
However, if the dimension of the surface is odd then at each point the Gaussian curvature is well
defined only up to sign and that sign turns out to depend on which direction the unit normal to
the surface at each point points in. In that case, in order to make the above surface integral make
sense we have to set a convention about which direction we always make the unit normal to the
surface point in, and that convention is often to let the unit normal to point out of the region
enclosed by the surface. In other words, when we construct the Gauss map for our surface
parametrizations in order to calculate the Gaussian curvature let the Gauss map point away from
the region enclosed, which you can accomplish by multiplying it by —1 if it isn’t already doing
so. That way the above integral makes sense.

Technically the above well-defined issue needed to be addressed in the minimal surface sections
as well since mean curvature is always well defined only up to sign. But there it didn’t really
present much of a problem because in that section we ended up proving that minimal surfaces
have constant zero mean curvature and 0 = —0.

The type of surface deformations that we will be dealing with here are the type that locally
deform surface, just like we had in Chapter 5. So let us take the definition that we had for local
surface deformations that we had in Section 6 of the previous chapter and generalize it to general
surface in R™.

Definition 6.8.1: Let S be a smooth (n — 1)-dimensional surface sitting in R™ and p € S be any
point on it. In an open neighborhood V of p, S can be represented as the graph of a C* function
of the form f : U - R where U € R ! is some open set. Let’s suppose that f is of the form

Xn = f (x4, Xg, ..., Xn_1) (this definition is similar in the other cases mentioned in Definition
6.2.1). Let’s also suppose that our open set V is of the form U x (a, B) (a set theoretic cylinder),
which can always be arranged by choosing our U and (a, 8) small enough.

Now, let p,; be the projection of p onto the x;-x,-...-x,,_; plane. Since p, € U and U is open,
there exists an open ball B, (p,;) centered at p,, such that B,(p,;) € U. Ok, let g € C*[U] be any
function such that g vanishes outside of B,.;,(p,) (note the r/2). Let A : U X [0,a] - R be the
co-smooth linear flow defined by:
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A(xq, %2, ooy Xp_q,t) = (X1, X2, oo, Xn—q) + g(%1, X2, o) X1

where for each t € [0, a] the graph of A(xy, x5, ..., X,_1) is inside of V. Finally, for each time
t € [0, a] let S(t) be the surface defined by:

S) =(GS\V)
U {(x1, X2, o, Xp) € R™ 2 (X1, X5, oo, Xp—q1) €U and x, = A(xq, x5, oo, Xp_1, 0}

The function §(t) is called a smooth local graph deformation of S. The surface §(a) is the
surface that S = S(0) deforms to under this deformation.**

The proof of the fact that such an a > 0 always exists to make A(xy, x5, ..., X,_1, t) stay inside of
7 is similar to the analogous proof in the three-dimensional case that we gave in the discussion
following Definition 5.6.1. | will leave the details to the reader. Now we are ready to prove the
theorem that says that the total Gaussian curvature of a surface is invariant under such smooth
local graph deformations.

Theorem 6.8.2 (Invariance of the Total Gaussian Curvature under Smooth Local Graph
Deformations in R™): Suppose that S is a smooth (n — 1)-dimensional surface sitting in R™ and
that S(t) is a smooth local graph deformation of S defined over the interval t € [0, a] where a >
0. Then, for any t € [0, a], the total Gaussian curvature of §(t) is equal to:

K[S(t)] = K[S].

In other words, deforming a surface using smooth local graph deformations doesn’t change its
total Gaussian curvature.

Proof: Let’s suppose that our local graph deformation §(t) is of the form:
s =(G\V)
U {(x1, x5, e, X)) ER™ 2 (X1, X5, e, Xp_1) EU and x, = A(xq, X5, oo, Xp_1, £)}

(this proof in the other cases mentioned Definition 6.2.1 for the forms of f is similar). Let’s carry
over all of the notation that we had Definition 6.8.1 into this proof. In other words, let B, (p,;) S
U, f,g € C*[U] such that g vanishes outside of B, (p,), and:

A(xl, X2, ey Xn—1, t) = f(xl, X2, ...,Xn_l) + g(xl, X7, ...,xn_l)t.

Att = 0, it’s obvious that K[S(0)] = K[S] since $(0) = S. So let’s prove that K[S(t)] is
constantly equal to K[S] by just showing that its time derivative is constantly equal to zero. We
have that:

d d

4 An n-dimensional version of Footnote 34 on page 194 here as well.
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Outside of V our surface is not deforming in any way and so the total Gaussian curvature there is
unchanging. In other words, since there is no deformation happening outside of I we have that:

d

E %KdO' = 0.

SOV

So really, we can just rewrite the expression for the time derivative of K[S(t)] as

d
ngd0+ jgl(da :d_t fl(da.
SOV sOnv sV

d
at K[S@®D = at

This is nice because now we expressed the time derivative of K[S(t)] as an integral over a local
piece of the surface which by the way can be represented as the graph of the function

A(xq, x5, ..., xy—1, t) Tor every fixed t. In explanation, the piece of the surface S(t) NV is the
graph of A(xq, x5, ..., x,—1, t) Over U and so we can rewrite the last surface integral in the above
expression as (here | use the Newtonian notation for partial derivatives):

n-1 n-—1

—(K [SOD = — fK 1+ Z (A, G102, ...,xn_l,t))z dem\.
\ m=1 m=1 /

Let Hoa ey g, 1,6) (K10 X25 wos Xn—1), OF SIMPlY Hp (X1, X3, ..., X5—1) is we don’t want to write

the arguments of A, denote the Hessian matrix for A(xq, x5, ..., x,,—1, t) as a function of

(%1, x5, ..., x,—1) for each fixed t. By the formula for the Gaussian curvature of a graph that we

derived in Example 6.4.2, we get that the above integral can be rewritten as (here | omit the

argument of A and FH,; they are being evaluated at (x, x5, ..., X,—1, t) and (xq, X5, ..., Xp—1)

respectively):

d d
S@s@h==| |

Since we’re going to carry the derivative under the integral sign we, it would be nice to have our
domain of integration compact. Notice that the surface does not change outside of the ball
Bs,/4(p7) since g vanishes outside of B,.,,(p,) (3r/4 is just some number I chose between r/2
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and r; we’ll soon see why we need such a radius). So the above expression is in fact equivalent
to:

d d ( det(}y) T
— (KIS®ON =— f e
\B 3r/a(Pr) J 1+ 3yt AZ - m=1

Now that we have a compact region of integration, we will be able to carry the derivative under
the integral sign. We will however carry the derivative under the integral sign covertly by using
Theorem 3.7.5 that already does this for us. Let us form the following local “total Gaussian
curvature functional:”

n-1

= | )T Taxm

e J1+2¢n;11 hz m=i

where H, is the Hessian matrix for h (evaluated at (x4, x5, ..., x,—1)), defined over the space of
functions h € C""[Br/2 (pn)] that satisfy the boundary conditions of being equal to
f (x1,x3, ..., xn—1) 0N the boundary 9B, ,(p,) and that all their first order partials are equal to

that of f(x4, x5, ..., x,—1) On this boundary. Notice that we can now reformulate the equation
above for the time derivative of K[S(t)] as:

d d
= KIS®D = —UIAD.

It’s easy to check that the restriction of A to B, /,(p) is a flow that stays inside of the domain J

(to see this just relook at the equation for A in terms of f and g again). But wait, we know an
expression for the quantity on the right because we derived it in Theorem 3.7.5. By Theorem
3.7.5 we have that:

n—-1
. d 6]
Equation 6.8.3: T (K[S(®))D = f 5h [A]A; nl:[l dx,,.

BST/4(1911')

So if we show that % [A] = 0 over t € [0, a], then we will get that the above equation implies

that the time derivative of K[S(t)] is also constantly equal to zero. So let’s show tha % =

Let’s calculate the variational derivative of J at any general hy, sitting inside of this functional’s
domain. Total Gaussian curvature is a geometric property since it is the surface integral of the
Gaussian curvature and both surface integrals and Gaussian curvature are geometric quantities
(specifically they are invariant under rotation). Thus our functional J above is measuring a
geometric quantity of the surfaces in its domain. So we can apply the trick discussed in Section 6
here to evaluate the functional derivative of J at h,. In what follows, let x denote the vector:

X = (X1, X5, ey Xp_1)-
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Now, pick any point x, € (xlo, X2 '"’x("—l)o) € B3,,4(pr). We are going to show that the

functional derivative of J at h, evaluated at x = x,, is equal to zero. Rotate the surface h, so that
the point:

Po = (xlo, xZO, ...,x(n_l)o, ho (xlo, xZO, ...,X(n_l)o))

becomes a local extremum in the manner described in the trick discussion in Section 6.%° The

rotated version of the functional as described in the trick in Section 6 here will be of the form:
n-—1
r e det(H3)
][h] = f . n 1_[ dxm,
o 1B R, e

where 7, is the Hessian matrix for & and the domain of this functional is the set of i € C*[Q]
that satisfy the property that all of their partial derivatives (even of order 0) match with those of

h, on the boundary d{1. The reason that the integrand looks the same is that we are still
measuring the same property: total Gaussian curvature. Now, calculate the functional derivative

of this J at hy evaluated at x = x,. Let F be the integrand of the integral equal to j[1] above.
Then we have that (here F is being evaluated [in indexed argument notation] at

n-1 (c__ n-1)"1
<{xk}k 1»h0'{h0xk}k 1 {{hoxkxj}k=1}j=k>).
e . -1n-1
(oF Z 9 (azr) ZZ 0*
~\ %7~ L ax \oky, 0%.:0%; ah"k"

5] —
ﬁ[ho]

X=Xo
X=Xo

Let’s prove that the right-hand side is equal to zero. If A is matrix, let 4 ; denote the matrix

obtained by removing the k™ row and j™ column. Now, calculating the above partials of F gives
us that the right-hand side of the above equation is equal to:

< 9 i, det(}[ﬁ) k)

I =15
axk

k=1

\/1+2n 1 hz k=1

n-—1

92 | (=D)kt det((f]-[ﬁ)k,j)

n

=1

~.

X=Xo

Calculating the above partials, while remembering that h~0x1, h~ox2 h~0x71_1 at x = x, are all

equal to zero since x, is a local extremum of hy, gives us that the previous equation becomes (1
omit the argument of 75 and h here, they are both being evaluated at x = x,):

45 Here however when you do the rotation procedure you will have to use a C* function ¢ (see Section 6) rather
than a C? one since we are dealing with C* h’s.
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n-—1

( XXk det(}[h)
5|,

+j_ 02 . N
Reky { (D" g (det(FHRe)) (=104 det((Gp)is) S (A P, )

—-n

k=1j=1\ J1+Zn 1 hz \/1+Zn 1 hz

Let’s show that the first and the third terms on the right-hand side cancel out. In other words, let
us show that:

o of (—
Equation 6.8.4: 57 [ho]

X=Xo

n+2

n nz:l { ho,, det(H ) \‘ =n Y ((_l)kﬂ det(()e) Ty (ﬁxm"kﬁxmxj)\.

n+2

\Fosam.) 88T mm

n+2
Canceling n and \/1 +ynt h2 from both sides gives us that this is equivalent to showing

that:

Equation 6.8.5:

i(ﬂxkxk det(?—fﬁ)) = 2 ; <(—1)k+j det((}[ﬁ)k,j) 2 (Exmxkﬁxmxj))

k=1 k=1 j=1 m=1

-

Tucking in (—1)**/ det((#5)y,,;) on the right-hand side into the inner most sum gives us that
the right-hand side of the above equation is equal to (in the first equality below I interchange
summations):

p—l

-1n-1n-

:

(( 1)k+ dEt((}[h)k}) o s mej)

_ (( D det((Hik,j) Py mej)

k=1m=1 j=1
n—-1n-1 n—1
= Exmxk ((_1)k+j det((}[ﬁ)k,j) Exmxj) .
k=1m=1 Jj=1
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Now, the inner sum Y71 ((—1)"*1' det((H)x,;) Exmxj) is equal to the determinant of the

matrix 3 is its k™ row replaced with the row [Ry, ». Ay x, = Ay x._ | Butsuch a matrix

has zero determinant if m # k because in such a case then the m™ row and k™ row are equal and
thus linearly dependent. So the terms in the above sum where m # k go away and for the terms

where m = k, we have that Y7} ((—1)’“’" det((Hp),) lemxj) = det(H7). So the quantity on
the right-hand side of Equation 6.8.5 becomes:

gl

(ﬁxkxk det(}[ﬁ))'
k=1

which is the left-hand side of Equation 6.8.5. Thus Equation 6.8.5 holds and so the first and the
third terms on the right-hand side of Equation 6.8.4 cancel out. So, we have that Equation 6.8.4
becomes:

' 5 n-in-1(— )k+]a 0%, (det((}[h)kj))
Equation 6.8.6: —= [ho] = Z Z n
oh X=X k=1 j=1 \/1 + Zn 1 h2

One final thing to do. We have to show that the sum on the right-hand side is equal to 0. This is
equivalent to showing that the following sum is equal to zero:

n-1n-1 62
. . _1\k+j —~ , =
Equation 6.8.7: (( 1) 9x,,0%; (det((}[h)k,j))) 0.

k=1 j=1

Calculating the 0% /0x;.dx; partial in the above sum gives that the quantity on the left-hand side
of the above equation becomes:

Equation 6.8.8:

3
;.\
3
;_\
3
;_\
:
;_\

47

0*h
— Ok,jr.s 5 .
Z1 <( D axraxsaxkaxjdet(((j{h)k’])r,s)>
rek

=
1l
=
~.
1l
=

d3h d3h

(_1)Tk,j,r,s,d,v 3 det ((((}[ﬁ)k'j)r'S)d,v>>'

0x,0x50xy 0xq0x,0X;

+
=
1l
[uxy
[uny
S S
=
/

rrrrr

:::::

to zero. Let S ﬁrst look at the ﬁrst sum in the above expression. For every fixed integers k, j, 1, s,
the two terms (the following two terms differ because I interchanged places of k and r):
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d*h
(=1)%kirs det (((}[E)k,j)r’s)'

0x,0x50x) 0X;

d*h
(—1)%riks 30 0%:0%,0% det (((f]{ﬁ)r,j)k‘s):
have the same magnitude (absolute value). However, a basic matrix analysis on the matrix H'5
will show that sign of (—1)%kJrs and (—1)°rJks differ by a negative sign. This comes from
basic row counting principles, which is used in the proof of the fact that interchanging two rows
in a matrix changes the sign of its determinant where its determinant is defined through the
cofactor expansion formula. So these two terms in the above sum cancel each other out. Since
every term in the first sum in Equation 6.8.8 can be paired off in this manner, we get that the first
sum in Equation 6.8.8 is equal to zero.

Now let’s show that the second sum in Equation 6.8.8 is equal to zero. For every fixed integers
k,j,r, s, the two terms (the following two terms differ because | interchanged places of  and d):

9%h 9%h
(=1)Teimsdy det ((((Hﬁ)k'f)r,s)dv)'

0x,0x50xy 0xq0x,0X;

93k a3h
(=1)kidsry det ((((Hﬁ)krf)d,s) )’

0xq0x50x) 0x,0X,0X; T

have the same magnitude (absolute value). However, by a similar a basic matrix analysis on the
matrix (H7) ; will show that sign of (—1)"kirsdv and (—1)"kisrv differ by a negative sign.
So these two terms in the second sum cancel each other out. Just as with the first sum, since
every term in the second sum in Equation 6.8.8 can be paired off in this manner, we get that the
second sum in Equation 6.8.8 is equal to zero. So we finally get that Equation 6.8.8 holds and
thus Equation 6.8.6 becomes:

=0.

X=Xo

85 —
ﬁ[ho}

Awesome! By the rotation argument, we have that this functional derivative is equal to the
functional derivative of our original J at h, evaluated at x = x,:

(o]

5h =0

X=Xo

Since x, € Q was chosen arbitrarily, this shows that the functional derivative of J at h is
constantly equal to zero:

o)
Y hel = 0

on Q. Furthermore, since h, was arbitrarily chosen in the domain of J this shows that the
functional derivative of J at any of the surfaces in its domain is equal to zero. Particularly, the
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functional derivative of J at A(xy, x5, ..., Xx,_1, t) for every fixed t is equal to zero. Plugging this
fact into Equation 6.8.3 finally gives us that:

d
—KIS@®D =0

and so K[S(t)] is constantly K[S] forall t € [0,a].
[ |

The above result shows that the total Gaussian curvature of a surface is invariant under smooth
local graph deformations of surfaces. A powerful result because it says that if you take a
fundamental surface, such as the sphere or torus, and apply many smooth local graph
deformations to it, then its total Gaussian curvature will remain unchanged.

What is, for example, the total Gaussian curvature of a surface S that can be obtained by multiple
applications of smooth local graph deformation to the sphere of radius » > 0? Well, it’s not hard
to show that the Gaussian curvature of an (n — 1)-dimensional sphere dB,.(0) of radius r > 0
sitting in R™ is constantly 1/ everywhere (I will leave the verification of this to the reader).
A well-known formula for the surface area of an (n — 1)-dimensional sphere sitting in R™ is
given by:

VZnn
——7
A[0B,(0)] = 5(7:12)/2 2k
" Nz , '
L RV r’ if n is odd
weo | 2k+1

"1 if n is even

which is often written in the compact notation:

0T
n

r(z)

where T is the Gamma function (this equation is not hard to derive; it is just a direct application
of integration). Then, by the above theorem we get that the total Gaussian curvature of S is given

by:

n—-1

A[0B,(0)] =

r

K[S] = K[0B,-(0)] = ngdU= jgrnl_ldazrnl_l % do = 1 ﬂrnﬂ

dB,(0) dB,(0) 0B;(0) e r (%)
r(3)
Thus, the total Gaussian curvature of any such surface S is equal to ﬁ

r(3)
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Section 9: Concluding Words

Whether you’re here because you have reached the end of the book or you flipped to the end to
see how it ends (I admit that I do this myself sometimes), | would like to thank you for being my
audience. | think that the monarchy of mathematics is geometry and number theory, with
geometry being the king of mathematics and number theory being its queen. Geometry is a
subject that has interested human beings since ancient times and “differential” geometry is the
modern offshoot of classical geometry that studies geometric structures using calculus. In this
book I hope that | was able to do justice to a small portion of this field as this is a most beautiful
subject with an endless amount of questions that peer deeper and deeper into the imagination of
the human mind. And it has many applications in physics, the most famous being Einstein’s
General Theory of Relativity.

| sincerely hope that | was able to teach you something and I urge you to explore differential
geometry further than what you took away from this book. If you have any comments,
suggestions, or would like clarification on anything written in this book, please feel free to
contact me. I’ve included my contact information in the preface.
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